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Preface

Classical mechanics is known for its ability to describe the dynamics of macroscop-
ic bodies. Their behavior in the course of time is usually represented by classical
trajectories in the real three-dimensional space or in the so-called phase space de-
fined by characteristic coordinates and momenta, which together determine the
degrees of freedom of the body under consideration. For the description of the dy-
namics of a microscopic system, however, quantum mechanics should be used. In
this case, the system dynamics is qualified by the time evolution of a complex quan-
tity, the wavefunction, which characterizes the maximum knowledge we can obtain
about the quantum system. In terms of the quantum mechanical description, coor-
dinates and momenta cannot be determined simultaneously. Their values should
satisfy the Heisenberg uncertainty principle. At the interface between the classi-
cal world in which we live and the world of microscopic systems, this type of de-
scription is inherently probabilistic. This constitutes the fundamental differences
between classical and quantum descriptions of the system dynamics. In principle,
however, both classical and quantum mechanics describe a reversible behavior of
an isolated system in the course of time.

Irreversibility of time evolution is a property found in the dynamics of open sys-
tems. No realistic system is isolated; it is always subjected to coupling to its en-
vironment, which in most cases cannot be considered as a negligible factor. The
theory of open quantum systems plays a major role in determining the dynamics
and relaxation of excitations induced by an external perturbation. A typical external
perturbation is caused by the interaction of a system with an electromagnetic field.
In resonance conditions, when the characteristic transition frequencies of the sys-
tem match the frequencies of the electromagnetic field, the energy is transferred
from the field to the system and the system becomes excited. The study of the re-
sponse of material systems to various types of external excitation conditions is the
main objective of spectroscopy. Spectroscopy, in general, is an experimental tool to
monitor the features and properties of the system based on the measurement of its
response. More complicated spectroscopic experiments study the response which
mirrors the dynamics of excitation and its relaxation.

Together with the widely used conventional spectroscopic approaches, two-
dimensional coherent spectroscopic methods were developed recently, and they
have been applied for studies of the excitation dynamics in various molecular
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XII Preface

systems, such as photosynthetic pigment–protein complexes, molecular aggre-
gates, and polymers. Despite the complexity of the temporal evolution of the
two-dimensional spectra, some of these spectra demonstrate the presence of
vibrational and electronic coherence on the subpicosecond timescale and even
picosecond timescale. Such observations demonstrate the interplay between the
coherent behavior of the system, which might be considered in terms of conven-
tional quantum mechanics, and the irreversibility of the excitation dynamics due
to the interaction of the system with its environment.

From the general point of view, quantum mechanics is the basic approach for
considering various phenomena in molecular systems. However, a typical descrip-
tion must be based on a simplified model, where specific degrees of freedom are
taken into consideration, and the rest of them are attributed to an environment or
bath. This is the usual approach used for open quantum systems. Thus, complexity
of the molecular system caused by some amount of interacting molecules has to be
specifically taken into account by describing the quantum behavior of the system.
For this purpose the concept of excitons is usually invoked.

As can be anticipated, this area of research covers a very broad range of fields
in physics and chemistry. Having this in mind, we have divided this book into two
parts. Part One, being more general, describes the basic principles and theoretical
approaches which are necessary to describe the excitation dynamics and relaxation
in quantum systems interacting with the environment. These theoretical approach-
es are then used for the description of spectroscopic observables in Part Two.

Consequently, we have many different readers of this book in mind. First of all,
the book addresses undergraduate and graduate students in theoretical physics
and chemistry, molecular chemical physics, quantum optics and spectroscopy. For
this purpose the basic principles of classical physics, quantum mechanics, statisti-
cal physics, and stochastic processes are presented in Part One. Special attention
is paid to the interface of classical and quantum physics. This includes discus-
sion on the decoherence and entanglement problems, the projection operator, and
stochastic classical and quantum problems. These processes are especially relevant
in small molecular clusters, often serving as primary natural functioning devices.
Therefore, the adiabatic description of molecules, the concept of Frenkel and Wan-
nier–Mott excitons, charge-transfer excitons, and problems of exciton self-trapping
and trapping are also presented. This knowledge helps understand other chapters
in this book, especially in Part Two, which is more geared toward graduate students
and professionals who are interested in spectroscopy. Since different approaches to
the problem are widely used to describe the problem of coherence, various meth-
ods used for the description are also discussed. Possible modern approaches for
observation of the processes determining the excitation dynamics and relaxation in
molecular systems are discussed in Part Two, which is mainly devoted to the theo-
retical description of the spectroscopic observations. For this purpose the response
function formalism is introduced. Various spectroscopic methods are discussed,
and the results demonstrating the possibility to distinguish the coherent effects on
the excitation dynamics are also presented.
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1
Introduction

Photoinduced dynamics of excitation in molecular systems are determined by var-
ious interactions occurring at different levels of their organization. Depending on
the perturbation conditions, the excitation in solids and molecular aggregates may
lead to a host of photoinduced dynamics, from coherent and incoherent energy
migration to charge generation, charge transfer, crystal lattice deformation, or re-
organization of the environmental surroundings. The theoretical description of all
these phenomena therefore requires one to treat part of the molecular system as
an open system subject to external perturbation. Since perfect insulation of any
system from the rest of the world is practically unattainable, the theory of open
systems plays a major role in any realistic description of experiments on molecular
systems.

In classical physics, the dynamics of an open system is reflected in the temporal
evolution of its parameters, leading to a certain fixed point in the corresponding
phase space. This fixed point corresponds to a thermodynamic equilibrium, with
the unobserved degrees of freedom determining the thermodynamic bath. Many
situations in molecular physics allow one to apply a classical or semiclassical de-
scription of the evolution of the perturbation-induced excitation in an open system.
Often, the influence of the large number of degrees of freedom can be efficiently
simulated by stochastic fluctuations of some essential parameters of the system.
Such fluctuations may lead to transitions between several stable fixed points in the
phase space of the system, or, in a semiclassical situation, to transitions between
several states characterized by different energies.

Apart from classical fluctuations, a genuine quantum description might be re-
quired when entanglement between constituents of the system has to be consid-
ered. This is especially essential for systems with energy gaps larger than the ther-
mal energy, which is an energy characteristics of the bath defined by macroscopic
degrees of freedom. Only a full quantum description then leads to proper forma-
tion of a thermal equilibrium.

Indeed it is impossible to switch off fluctuations completely. Even if we place a
system in a complete vacuum and isolate it from some light sources, there still exist
background vacuum fluctuations of the electromagnetic field. Even at zero temper-
ature these fluctuations affect the quantum system, and the resulting spontaneous
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4 1 Introduction

emission emerges. All these fluctuations cause decay of excited states and establish
thermal equilibrium and stochasticity “in the long run.”

The first part of this book presents a coarse-grained review of the knowledge
which is needed for a description of excitation dynamics and relaxation in molecu-
lar systems. Basic topics of classical physics which are directly related to the main
issue of this book are presented in Chapter 2. It is worthwhile mentioning that
concepts of classical physics are also needed for better understanding of the basic
behavior of quantum systems. The electromagnetic field, which is responsible for
electronic excitations, can usually be well described in terms of classical electrody-
namics. Thus, the main principles of this theory and the description of the field–
matter interaction are also introduced in Chapter 2. The concept and main ap-
plicative features of stochastic dynamics are presented in Chapter 3. Markov pro-
cesses, the Fokker–Planck equation, and diffusive processes together with some
relationships between these descriptions and purely stochastic dynamics are also
described in Chapter 3. The basic concepts of quantum mechanics, which is the
fundamental theory of the microworld, are presented in Chapter 4. Together with
its main postulates and equations, some typical model quantum systems with ex-
act solutions are briefly discussed. The density matrix and second quantization of
the vibrations and electromagnetic field are briefly introduced as well. Special at-
tention is paid in this book to consideration of molecular aggregates. The adiabatic
approximation, the exciton concept, Frenkel excitons, Wannier–Mott excitons, and
charge-transfer excitons are described together with vibronic interactions, the self-
trapping problem, and the exciton trapping problem in Chapter 5. Chapter 6 is
devoted to a discussion of decoherence and entanglement concepts. The problem
of measurements in quantum mechanics and the relative state interpretation are
also discussed. The basics of statistical physics are then presented in Chapter 7.
The relationship between the statistical approach and thermodynamics is briefly
outlined, and standard statistics used for descriptions of classical and quantum
behavior are presented. The harmonic oscillator model of the system–bath inter-
action is described in Chapter 8. In Chapter 9 we describe the projection operator
technique together with the concept of the reduced density matrix and its master
equations. The path integral technique is then discussed in Chapter 10 together
with the stochastic Schrödinger equation approach and the so-called hierarchical
equations of motions. Excitation dynamics and relaxation in some model systems
are discussed in Chapter 11.
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2
Overview of Classical Physics

In this chapter we will review some of the most important concepts of classical
physics. Despite the eminent role played by quantum mechanics in the descrip-
tion of molecular systems, classical physics provides an important conceptual and
methodological background to most of the theories presented in later chapters and
to quantum mechanics itself. Often classical or semiclassical approximations are
indispensable to make a theoretical treatment of problems in molecular physics
feasible. In the limited space of this chapter we have no intention to provide a
complete review as we assume that the reader is familiar with most of the classical
concepts. Specialized textbooks are recommended to the interested reader in which
the topics presented in this chapter are treated with full rigor (e.g., [1–4]).

2.1
Classical Mechanics

Classical mechanics, as the oldest discipline of physics, has provided the formal
foundation for most of the other branches of physics. Perhaps with the exception
of phenomenological thermodynamics, there is no theory with a similar gener-
al validity and success that does not owe its foundations to mechanics. Classical
mechanics reached its height with its Lagrangian and Hamiltonian formulations.
These subsequently played a very important role in the development of statistical
and quantum mechanics.

In classical mechanics, the physical system is described by a set of idealized ma-
terial points (point-sized particles) in space which interact with each other by a
specific set of forces. The coordinates and velocities of all particles fully describe
the state of the system of the particles. The three laws formulated by Newton fully
describe the properties of motion of this system. The first law states that the parti-
cle moves at a constant speed in a predefined direction if it is not affected by a force.
The second law relates the change of motion of the particle due to the presence of
external forces. The third law defines the symmetry of all forces: particle a acts on
particle b with the same force as particle b acts on particle a.

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
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6 2 Overview of Classical Physics

The dynamics of the system of N particles is described by a set of differential
equations [1, 2, 4]:

mi Rr i D
X

j

F i j (r1 . . . r N ) . (2.1)

Here mi is the mass of the ith particle and F i j is the force created by the j th par-
ticle acting on the ith particle. The velocity of the ith particle is given by a time
derivative of the coordinate Pr i . For a problem formulated in three spatial dimen-
sions the particle momenta p i D mi Pr i together with the coordinates r i create a
6N -dimensional phase space in the three-dimensional real space.

The real phase space is often smaller due to specific symmetries, resulting in
certain conservation laws. For instance, if the points describe some finite body,
which is at rest, the center of mass of all points may be fixed. In that case the
dimension of the phase space effectively decreases by six (three coordinates and
three momenta corresponding to a center of mass equal to zero). If additionally
the body is rigid, we are left with three dimensional phase space, characterizing
orientation of the body (e.g. three Euler angles).

A single point in the phase space defines an instantaneous state of the system.
The notion of the system’s state plays an important role in quantum physics; thus,
it is also useful to introduce this type of description in classical physics. The motion
of the system according to Newton’s laws draws a trajectory in the phase space. In
the absence of external forces, the energy of the system is conserved, and the trajec-
tory therefore corresponds to a particular energy value. Different initial conditions
draw different trajectories in the phase space as shown schematically in Figure 2.1.
The phase space trajectories never intersect or disappear. Later in the discussion of
statistical mechanics this notion is used to describe the microcanonical ensemble
of an isolated system.

Note that in Newton’s equation, (2.1), we can replace t by �t and the equation
remains the same. Thus, the Newtonian dynamics is invariant to an inversion of
the time axis, and the dynamics of the whole system is reversible. This means
that Newton’s equation for a finite isolated system with coordinate-related pairwise
forces has no preferred direction of the time axis. Because energy is conserved,
the whole system does not exhibit any damping effects. The damping is often in-
troduced phenomenologically. In order to achieve irreversible dynamics using a

q

p

Figure 2.1 Motion of the system in a phase space starting with different initial conditions.
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2.1 Classical Mechanics 7

microscopic description, one has to introduce an infinitely large system so that the
observable part is a small open subsystem of the whole. In such a subsystem the
damping effects occur naturally from statistical arguments. Various treatments of
open systems are described in subsequent chapters.

2.1.1
Concepts of Theoretical Mechanics: Action, Lagrangian, and Lagrange Equations

Some problems in mechanics can be solved exactly. The feasibility of such an exact
solution often depends crucially on our ability to express the problem in an ap-
propriate coordinate system. Let us find now a more general way of expressing me-
chanical equations of motion that would have the same general form in an arbitrary
system of coordinates, and would therefore allow a straightforward transformation
from one coordinate system to another. This new form of the representation of
Newton’s equations is called the Lagrangian formulation of mechanics.

Let us start with Newton’s law, (2.1), in the following form:

X
i

(F i � mi Rr i ) D 0 . (2.2)

Here we sum up over all particles in the system, and F i D P
j F i j is the total force

acting on the ith particle. With a given initial condition, the whole trajectory r i (t)
of the ith particle satisfies (2.2). At every point of the trajectory, we can imagine a
small displacement of the trajectory δ r i (t) from r i (t) to r i (t) C δ r i (t), that is, an
infinitesimal variation. We multiply each term of the sum in (2.2) by δ r i (t) and
integrate it over time from t1 to t2. The right-hand side of the equation remains
zero. On the left-hand side we assume that the force can be expressed by means of
a gradient of the potential V as F i D �@V/@r i , so we get

t2Z
t1

dt

 X
i

@V

@r i

C mi Rr i

!
� δ r i (t) D 0 . (2.3)

The first term on the left-hand side of (2.3) can obviously be written as a variation
of an integral over the potential:

t2Z
t1

dt
X

i

@V

@r i

� δ r i (t) D δ

t2Z
t1

Vdt . (2.4)

The second term on the left-hand side can be turned into a variation as well. We
apply integration by parts and interchange the variation with the derivative to ob-
tain

t2Z
t1

dtmi Rr i � δ r i D [mi Pr i � δ r i ]
t2
t1

�
t2Z

t1

dtmi Pr i � δ Pr i . (2.5)
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8 2 Overview of Classical Physics

By assuming now that variation of the trajectory δ r i (t) is zero at times t1 and t2,
that is, δ r i(t1) D 0 and δ r i (t2) D 0 for all i , we set the first term on the right-hand
side to zero. Therefore, (2.3) reads

δ

t2Z
t1

dt

 X
i

1
2

mi jPr i j2 � V

!
D 0 . (2.6)

Here we used the rules of variation of a product, and we multiplied the equation
obtained by �1. Now, the first term denotes the total kinetic energy of the system.
The second term is the full potential energy. Thus, the variation of the kinetic en-
ergy must be anticorrelated with the variation of the potential energy. This result is
also implied by the conservation of the total energy.

We next denote the kinetic energy term
P

i 1/2mi jPr i j2 by T , and introduce two
new functions:

S D
t2Z

t1

Ldt , (2.7)

where

L D T � V . (2.8)

Here, S denotes the action functional or simply the action. The scalar function L is
the Lagrangian function, or the Lagrangian. The whole mechanics therefore reduces
to the variational problem

δS D 0 , (2.9)

also known as the Hamilton principle. According to this principle, the trajectories
r i (t), which satisfy Newton’s laws of motion, correspond to an extremum of the
action functional S . In Chapter 10, we will see that the action functional plays an
important role in the path integral representations of quantum mechanics.

This formulation is independent of any specific choice of coordinates. Trajecto-
ries r i (t) can also be expressed in terms of coordinates different from the original
Cartesian coordinates r . Let us have the Lagrangian expressed in terms of general-
ized coordinates fqig D fq1, q2, . . . , q3Ng and their time derivatives f Pqig, where N

is the number of particles. The variational problem, (2.9), then leads to

t2Z
t1

dt

�
@L

@qi

δqi C @L

@ Pqi

δ Pqi

�
D 0 . (2.10)

By integrating the second term by parts under the assumption that δqi(t1) D
δqi(t2) D 0 as done for (2.6), we obtain

t2Z
t1

dt

�
@L

@qi

� d
dt

�
@L

@ Pqi

��
δqi D 0 . (2.11)
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2.1 Classical Mechanics 9

This can only be satisfied for an arbitrary value of δqi if

d
dt

�
@

@ Pqi

L

�
� @

@qi

L D 0 . (2.12)

Equation (2.12) is the famous Lagrange equation of classical mechanics in a form
independent of the choice of the coordinate system.

There is some flexibility in choosing a particular form of the Lagrangian. If we
define a new Lagrangian L0 by adding a total time derivative of a function of coor-
dinates,

L0(qi , Pqi , t) D L(qi , Pqi , t) C d
dt

f (qi , t) , (2.13)

the equations of motion remain unchanged. The corresponding action integral S 0

is

S 0 D
t2Z

t1

dt L C
t2Z

t1

dt
d
dt

f (qi , t)

D
t2Z

t1

dt L C f (qi(t2), t2) � f (qi(t1), t1) , (2.14)

where the last two terms do not contribute to a variation with fixed points at times
t1 and t2. By means of (2.13), the Lagrangian can sometimes be converted into a
form more convenient for description of a particular physical situation. We will
give an example of such a situation in Section 2.4.3.

2.1.2
Hamilton Equations

A more symmetric formulation of mechanics can be achieved by introducing gen-
eralized momenta p i as conjugate quantities of coordinates qi . So far the indepen-
dent variables of the Lagrangian were qi and Pqi . Now we will define the generalized
momentun corresponding to the coordinate qi as

pi D @

@ Pqi

L . (2.15)

It can be easily shown that in Cartesian coordinates the momentum p i D m Pqi is
conjugate to the coordinate ri . Let us investigate the variation of the Lagrangian:

δL D
X

i

@L

@qi

δqi C
X

i

@L

@ Pqi

δ Pqi . (2.16)

First, from (2.12) and (2.15) we obtain a very symmetric expression:

δL D
X

i

Ppi δqi C
X

i

p i δ Pqi , (2.17)
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10 2 Overview of Classical Physics

which can also be written as

δL D
X

i

Ppi δqi C δ

 X
i

p i Pqi

!
�
X

i

Pqi δ pi . (2.18)

This in turn can be written in such a way that we have a variation of a certain
function on the left-hand side and an expression with variations of p i and qi only
on the right-hand side:

δ

 X
i

p i Pqi � L

!
D
X

i

Pqi δ pi �
X

i

Ppi δqi . (2.19)

The expression on the left-hand side,

H D
X

i

p i Pqi � L , (2.20)

must thereqfore be a function of parameters p i and qi only, that is, H D H(p i , qi).
By taking its formal variation and using (2.19), we arrive at

δH D
X

i

@H

@qi

δqi C
X

i

@H

@pi

δ pi D
X

i

Pqi δ pi �
X

i

Ppi δqi . (2.21)

Comparing the coefficients of variations of δqi and δ pi , we get two independent
equations:

Ppi D �@H

@qi

(2.22)

and

Pqi D @H

@pi

. (2.23)

Equations (2.22) and (2.23) are known as the canonical or Hamilton equations of
classical mechanics. We usually call the momentum p i the canonically conjugated

momentum only to the coordinate qi . The Hamilton equations represent mechanics
in a very compact and elegant way by the set of first-order differential equations.

The Hamiltonian or Lagrangian formalism applies to systems with gradient
forces, that is, those which are given by derivatives of potentials. This assumption
is true when considering gravitational, electromagnetic, and other fundamental
forces. However, frictional forces often included phenomenologically in the me-
chanical description of dynamic systems cannot be given as gradients of some
friction potential. Thus, the Hamiltonian description cannot describe friction phe-
nomena. The microscopic relaxation theory and openness of the dynamic system
are required to obtain a theory with the relaxation phenomena.
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2.1 Classical Mechanics 11

2.1.3
Classical Harmonic Oscillator

Let us consider a one-dimensional case describing the movement of a particle along
coordinate x . Correspondingly the potential is defined as V(x ). The force acting on
the particle is then F(x ) D �gradV D �@/@x V(x ), and according to Newton’s laws
we can write the equation of motion as

m Rx D � @

@x
V(x ) . (2.24)

In the Lagrange formulation we can define the Lagrangian as the difference of
kinetic and potential energies, getting for a particle with mass m

L D m
Px2

2
� V(x ) . (2.25)

From (2.12) it follows that @/@ Px L D m Px , @/@x L D �@/@xV(x ), and thus

d
dt

(m Px) C @

@x
V(x ) D 0 , (2.26)

which is equivalent to the Newton’s equation as demonstrated in the previous sec-
tions.

Similarly, we can write the Hamiltonian

H D p 2

2m
C V(x ) , (2.27)

where the momentum p D m Px . In this case the Hamilton equations of motion
read

Pp D � @

@x
V(x ) , (2.28)

Px D p

m
. (2.29)

Again we get the same set of equations of motion, which means that the dynamics
is equivalent whatever type of description is chosen. However, the Hamiltonian
formulation gives one clue about the number of independent variables. In this case
we obtain two equations for variables x and p , the coordinate and the momentum,
respectively. Thus, in the context of dynamic equations, it is a two-dimensional
system (two-dimensional phase space).

We can easily solve the equations of motion when the potential surface has a
parabolic form as shown in Figure 2.2. In this case the dynamics corresponds to
the time evolution of the harmonic oscillator with the potential defined by V(x ) D
kx2/2. Then the equation of motion is

m Rx C kx D 0 , (2.30)
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12 2 Overview of Classical Physics

V (x)

x

x

p

(a) (b)

Figure 2.2 Parabolic potential of the harmonic oscillator (a), and the two-dimensional phase
space of the oscillator (b). The trajectory is the ellipse or the circle.

and the solution is given by

x (t) D A cos(ω t) C B sin(ω t) , (2.31)

which yields

ω2 D k/m . (2.32)

Let us take the initial condition x (0) D x0, Px (0) D Px0. We then get A D x0 and
B D Px0/ω. The final solution is then

x (t) D x0 cos(ω t) C Px0

ω
sin(ω t) . (2.33)

We thus find that the frequency of the oscillator is described by the stiffness of
the force parameter k and the mass of the particle m. Keeping this in mind, we can
write the potential energy as

V(x ) D mω2 x2

2
. (2.34)

The oscillator equation can be given in somewhat more convenient form by in-
troducing dimensionless parameters. Let us take Hamiltonian (2.27) and denote
mω2 l2 D αω, where l is some typical length of the oscillation and α is a constant.
Denoting y D x/ l and z D p/(mω l) or z D Py/ω, we get the Hamiltonian in a
symmetric form where the coordinate and the momentum are dimensionless:

H D 1
2

αω(y 2 C z2) . (2.35)

Later we will find that this form of the Hamiltonian is equivalent to the Hamilto-
nian of the quantum harmonic oscillator and the constant α is associated with the
reduced Planck constant.

The solution of the dynamic equations can now be written as

y (t) D Re
�

x0

l
C Px0

il ω

�
eiω t , (2.36)
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2.2 Classical Electrodynamics 13

z(t) D �Im
�

x0

2l
C Px0

2il ω

�
eiω t , (2.37)

which shows that the phase space defined by the y and z axes corresponds to
the complex plane and a point x0/ l C Px0/(il ω) in this space draws a circle. In
the following we often face the application of classical or quantum oscillators. The
latter is described in Section 4.6.1.

2.2
Classical Electrodynamics

For our introduction to classical electrodynamics, the microscopic Maxwell–
Lorentz equations provide a convenient starting point. They enable us to view
matter as an ensemble of charged particles, as opposed to the continuum view
of macroscopic electrodynamics. The microscopic electric and magnetic fields are
usually denoted by E and B , respectively. Let us assume that there are particles
with charges qi located at points r i in space. The density of charge and the density
of current can be then defined as

ρ(r) D
X

i

q i δ(r � r i ) , j (r) D
X

i

q i Pr i δ(r � r i ) . (2.38)

The Maxwell–Lorentz equations for the fields in a vacuum read [3, 5]

r � E D ρ(r)
�0

, (2.39)

r � B D 0 , (2.40)

r � E D � @

@t
B , (2.41)

r � B D 1
c2

@

@t
E C µ0

@

@t
j . (2.42)

We introduced the usual constants – vacuum permittivity �0, magnetic perme-
ability µ0, and the speed of light in a vacuum c, which are all related through
c D 1/

p
�0µ0. r� denotes divergence, and r� is the curl operator as described

in Appendix A.1.
The same equations are valid for the microscopic and macroscopic cases. The

difference is only in the charge and current densities, which in the macroscopic
case are assumed to be continuous functions of space, while in the microscopic
case the charge and current densities are given as a collection of microscopic points
and their velocities.
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14 2 Overview of Classical Physics

2.2.1
Electromagnetic Potentials and the Coulomb Gauge

For the subsequent discussion, it is advantageous to introduce the vector potential

A which determines the magnetic field through the following relation:

B D r � A . (2.43)

The magnetic field given by such an expression automatically satisfies the second
Maxwell–Lorentz equation, (2.40). Since for any scalar function � we have the iden-
tity r � (r�) D 0, the vector potential is defined up to the so-called gauge function

�, and the transformation

A ! A C r� (2.44)

does not change the magnetic field.
The same identity allows us to rewrite the third Maxwell–Lorentz equation, (2.41),

in a more convenient form. Applying definition (2.43) to (2.41), we obtain

r �
�

E C @

@t
A
�

D 0 , (2.45)

which can be satisfied by postulating a scalar potential φ through

�rφ D E C @

@t
A . (2.46)

It is easy to see that if A is transformed by (2.44), the simultaneous transformation

φ ! φ � @

@t
� (2.47)

keeps (2.46) satisfied. The transformation composed of (2.44) and (2.47) is known
as the gauge transformation, and the Maxwell–Lorentz equations are invariant with
respect to this transformation. This phenomenon is denoted as gauge invariance.

The freedom in the choice of A and φ can be used to transform Maxwell–Lorentz
equations into a form convenient for a particular physical situation. Here we will
use the well-known Coulomb gauge, which is useful for separating the radiation part
of the electromagnetic field from the part associated with charges. The Coulomb
gauge is defined by the condition

r � A D 0 , (2.48)

which can always be satisfied [6].

2.2.2
Transverse and Longitudinal Fields

The Maxwell–Lorentz equations provide a complete description of the system of
charges and electromagnetic fields, including their mutual interaction. In most of
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2.2 Classical Electrodynamics 15

this book we will be interested in treating radiation as a system that interacts weakly
with matter represented by charged particles. It would therefore be extremely use-
ful to separate electromagnetic fields into those fields that are associated with the
radiation, that is, those that can exist in free space without the presence of charges
and currents, and those fields that are directly associated with their sources. Such a
separation can be achieved by the so-called Helmholtz theorem [6]. This states that
any vector field a can be decomposed into its transverse (divergence-free – denoted
by ?) and longitudinal (rotation-free – denoted by k) parts. That is, any vector field
a can be written as

a D a? C ak . (2.49)

The transverse field is defined by

r � a? D 0 , (2.50)

while the longitudinal component satisfies

r � ak D 0 . (2.51)

The magnetic field is purely transverse due to (2.40), and thus the decomposition
of electric and magnetic fields reads

E D E? C Ek , B � B? . (2.52)

The Maxwell–Lorentz equations for the transverse and longitudinal fields can then
be given separately:

r � Ek D ρ
�0

, (2.53)

r � E? D � @

@t
B , (2.54)

r � B D 1
c2

@

@t
E? C µ0 j ? , (2.55)

and

0 D 1
c2

@

@t
Ek C µ0 j k . (2.56)

The last of these equations can be converted into the well-known continuity equation

by applying r and using (2.53):

@

@t
ρ D �r � j k . (2.57)

This means that the longitudinal current density is related to the change of the
charge density and the charge is conserved in the absence of currents.
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16 2 Overview of Classical Physics

From (2.39) and (2.46) we can derive the Poisson equation which relates the
scalar potential and the charge density,

r2φ(r) D � ρ(r)
�0

, (2.58)

and so in the Coulomb gauge the scalar potential is given by the instantaneous
charge distribution. Equation (2.46), which relates the scalar potential to vectors A
and E , can also be decomposed into transverse and longitudinal parts, yielding

Ek D �rφ (2.59)

and

E? D � @

@t
A . (2.60)

Equations (2.59) and (2.60) therefore decompose the electric field into the Ek part
generated by the charge distributions through the scalar potential and the E? part
associated with the vector potential A.

The vector potential, and therefore also the transverse part of the electric field,
can exist without charges. This part then naturally represents the radiation part of
the electromagnetic field and it is necessarily related to the magnetic field. The oth-
er part is all due to charges: the charges create the scalar potential, which generated
the longitudinal electric field. Equations (2.54) and (2.55) lead to

�r � (r � A) � 1
c2

@2

@t2 A D
�

r2 � 1
c2

@2

@t2

�
A D �µ0 j ? , (2.61)

where we used the Coulomb gauge condition, (2.48), and the vector identity, (2.60).
The term on the right-hand side is a natural source of the light–matter interaction.

2.3
Radiation in Free Space

In this section we will show that the relationships of electrodynamics also yield
to the Lagrangian and Hamiltonian formalisms discussed in Section 2.1. For this
purpose we have to identify proper conjugate momenta for the selected “coordi-
nate” variables of the field. For now, we will consider the radiation in a space free
of charges.

2.3.1
Lagrangian and Hamiltonian of the Free Radiation

We now consider the case where the charge density ρ(r) is zero and thus in the
Coulomb gauge the scalar potential φ(r) is taken to be zero as well. All electric
and magnetic fields are then necessarily given by the vector potential A. We can
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2.3 Radiation in Free Space 17

therefore choose A as a suitable “coordinate” for the description of the radiation.
The equation of motion for the vector potential is given by

1
µ0

r � (r � A) C �0
@2

@t2
A D 0 , (2.62)

which follows from (2.61) in the case when the current is zero. We multiplied (2.61)
by 1/µ0 for later convenience.1)

Let us take the Cartesian coordinate system. Equation (2.62) can be understood
as the equation of motion for the vector potential. We express the equation in com-
ponents A x , A y , and A z and multiply the components by their variations (a dot
product) to obtain

X
i

2
4 1

µ0

X
j k l m

ε i j k

@

@x j

�
εk l m

@

@xl

A m

�
C �0

@2

@t2
A i

3
5 δA i D 0 . (2.63)

Here we used the Levi-Civita symbol ε i j k to express the cross product a � b (see
Appendix A.1). In order to convert the expression on the left-hand side into a varia-
tion of a functional, we have to integrate it not only over time (as we did in the case
of classical mechanics), but also over space. We will use the same trick to treat the
double spatial derivative as in the case of the time derivatives – we will integrate it
by parts. We also assume that the variations are zero at times t1 and t2 (the limits of
the time integration) and at the limits of the spatial integration. Under the spatial
integration, the first term on the left-hand side of (2.63) yieldsZ

d3r
X

i

X
j k l m

ε i j k

@

@x j

�
εk l m

@

@xl

A m

�
δA i

D �
Z

d3r
X

i

X
j k l m

ε i j k εk l m

�
@

@xl

A m

�
δ
�

@

@x j

A i

�

D
Z

dr
X

k

(r � A)k δ (r � A)k , (2.64)

where we used the properties of the Levi-Civita symbol, ε i j k D εk i j D �εk j i . The
second term in (2.62) is handled in the same way as in classical mechanics, and the
resulting variational problem reads

δ
Z

dr

t2Z
t1

dt
�0

2

"
c2 (r � A)2 �

�
@

@t
A
�2
#

D 0 . (2.65)

Consequently, the Lagrangian density of the radiation field defined as

Lrad D �0

2

h PA2 � c2(r � A)2
i

(2.66)

1) We divided (2.61) by µ0 in order to obtain the Hamiltonian corresponding to the energy density.
We could derive the Lagrangian function and the Hamiltonian function without this step and
multiply them by a suitable constant at the end.
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18 2 Overview of Classical Physics

leads to correct equations of motion, which can be verified by inserting them into
the Lagrange equations, (2.12) [6].

The momentum p conjugate to A is given as

Π (r) D @L
@ PA D �0 PA , (2.67)

and the Hamiltonian density H (given by H D Π � A � L) of the radiation field is

Hrad D �0

2

"
Π 2

�2
0

C c2(r � A)2

#
. (2.68)

Using (2.43) and (2.60), we can recast this result in a more familiar form,

Hrad D �0

2

Z
d3r

h
(E?)2 C c2B2

i
, (2.69)

with transverse electric and magnetic fields.
We find that the Hamiltonian of the electromagnetic field has a quadratic form

reminiscent of a harmonic oscillator described in Section 2.1.3. Note that in the
theory of electromagnetic fields we need to distinguish the Lagrangian and Hamil-
tonian from their densities. The latter are denoted by calligraphic letters L and H,
respectively. We use this distinction throughout this chapter.

2.3.2
Modes of the Electromagnetic Field

It is very useful to introduce the notion of field modes. With this concept we will be
able to show that the free radiation is formally similar to an ensemble of harmonic
oscillators. This idea will be very useful when we turn to field quantization.

A natural way of attacking the solution of (2.62) would be to apply the Fourier
transform in time and space to it, that is, to expand the vector potential in terms of
exponential functions e�iω tCik�r . These exponential functions solve (2.62) if ω D
ck, k D jkj; ω is now the carrier frequency and k is the wave vector. The expansion
of the (real) vector potential can be written as Fourier series

A(r , t) D
X

k

�
Ak e�iωk tCik�r C A�

k eiωk t�ik�r
�

. (2.70)

The Coulomb gauge requires that for each k

r � Ak D ieik�r k � Ak D 0 , (2.71)

and consequently Ak is a vector in a plane perpendicular to k. As k is essentially the
propagation direction of the field modes, the vector potential is perpendicular to the
propagation direction. Defining unit vectors e1k and e2k , which are perpendicular
to each other and to k , we can write

Ak D
X

λD1,2

eλk A λk , (2.72)
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2.3 Radiation in Free Space 19

where A λk D eλk � Ak . It is possible to integrate the Hamiltonian density resulting
from the discrete sum, (2.70), only when the field is limited to a finite integration
volume Ω . We imagine the field to be enclosed in a large cubic box with side of
length L, that is, the integration volume is Ω D L3. We assume a perfectly reflective
box, so only the field modes for which eik�r D 0 at the borders of the box are allowed.
Such modes can only have components

k1 D π
L

n1 , k2 D π
L

n2 , k3 D π
L

n3 , n1,2,3 D 1, 2, . . . (2.73)

The exponential factors with components, (2.73), form a Kronecker delta under the
integration over space,

1
Ω

Z
d3rei(k�k0)�r D δkk0 D

(
1 , for k D k0

0 , for k ¤ k0
, (2.74)

as one can verify by direct integration. The Hamiltonian of the radiation, (2.69),
then reads

Hrad D
Z
Ω

drHrad D 2Ω �0

X
λk

ω2
k A�

λk A λk . (2.75)

If we define two real variables,

qλk D
p

Ω �0
�
A λk C A�

λk

�
(2.76)

and

pλk D �iωk

p
Ω �0

�
A λk � A�

λk

�
, (2.77)

it turns into a notoriously well known form:

Hrad D
X
λk

1
2

�
p 2

λk C ω2
k q2

λk

�
. (2.78)

Equation (2.78) represents the radiation as an ensemble of independent harmonic
oscillators of unit masses. This makes quantization of the radiation rather straight-
forward, and enables us to apply to the radiation all sorts of results derived origi-
nally for harmonic oscillators.

A very important class of such results are those concerning the statistical ther-
modynamics of radiation as will be described later in the book. Radiation is an
omnipresent thermodynamic bath into which the energy is damped during radia-
tive decays of excited states of molecules. It is therefore important to know how
many oscillators (i.e., degrees of freedom) interact with a molecular transition at a
given frequency ω. We are thus interested in the density of modes n(ω), which gives
the number of modes (per unit volume) in the frequency interval (ω, ω C dω) by
n(ω)dω. The easiest way to determine the number of modes is to consider the
number of allowed vectors k which correspond to a given interval (k, k C dk) in
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20 2 Overview of Classical Physics

accord with the dispersion relationship ω D ck [7]. The endpoints of all vectors
k with a given absolute value k form a sphere with surface 4πk2, and the corre-
sponding interval (k, k C dk) forms a spherical layer with a volume of 4πk2dk.
Equation (2.73) tells us that a cubic volume of π3/L3 corresponds to each endpoint
of an allowed k. In the spherical layer with radius k there are therefore 4k2 L3dk/π2

endpoints. Since according to (2.73) all components of k are positive, only 1/8 of
the volume is relevant. Finally, for each vector k we can have two orthogonal po-
larization vectors, and thus the number of endpoints we counted so far has to be
multiplied by 2. Dividing by L3, we obtain the desired density as a function of k

and using ω D ck also as a function of ω:

n(k)dk D k2

π2
dk , n(ω)dω D ω2

c3π2
dω . (2.79)

This result finds use, for example, in the description of spontaneous emission in
Section 4.8, where the radiation forms a bath or environment for an excited emitter.

2.4
Light–Matter Interaction

In the previous section we described the radiation field free of any matter. How-
ever, the full description of the system of fields and charged particles by (2.61)
contains some matter properties on the right-hand side. We write Lagrangian Lmat

to describe Newton’s laws for the particles and Lagrangian L rad to describe the free
radiation. The transverse current j ? influences the vector potential A, and at the
same time it depends on Pr. It will therefore play a role in the mechanical part of the
equations of motion. This opens a way to define the Hamiltonian that will describe
the light–matter interaction.

2.4.1
Interaction Lagrangian and Correct Canonical Momentum

In order to find the Hamiltonian formulation corresponding to (2.61) we will be
looking for a light–matter interaction Lagrangian,

L int D
Z

drLint , (2.80)

which produces the desired right-hand side term in the equations of motion. The
free space Lagrangian density of the radiation field does not depend explicitly on A
(it only depends on PA and rA). The term @L/@A in the Lagrange equation, (2.12),
is therefore equal to zero. This term can be used to obtain the right-hand side
of (2.61). Defining the interaction Lagrangian density by

Lint D j ? � A (2.81)

correctly leads to (2.61).
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2.4 Light–Matter Interaction 21

The current j D j ? C j k explicitly contains Pr (see the definition given by (2.38)),
and its presence in the total Lagrangian L therefore complicates the definition of
the conjugate momentum:

p D @L
@Pr . (2.82)

The Lagrangian of the isolated matter leads to the purely kinetic conjugate momen-
tum p D m Pr , and (2.82) gives

p D m Pr C @

@Pr
Z

d3r j ? � A . (2.83)

To evaluate (2.83) we have to identify the transverse part of j which gives zero
under application of r. Using the definition given by (2.82), we can write

r � j D
Z

dk
(2π)3

X
i α

qi Pxi α
@

@xα
eik�(r�r i )

D i
X

i

q i

Z
dk

(2π)3
Pr i � keik�(r�r i ) , (2.84)

where in the first line of (2.84) we use the component of vectors Pr i D ( Pxi1, Pxi2, Pxi3).
It is now clear that j ? is formed by the components of Pr i which are perpendicular
to k. The following decomposition of the velocity vector

Pr i D (Pr i � n)n C
X

λ

(Pr i � eλk )eλk , n D k
jkj , (2.85)

can be used to identify the longitudinal and transverse parts of j . The decomposi-
tion can be written in a tensor manner using the components of the unit vector n
as follows:

Pxi α D
X




δα
 Pxi 
 D
X




[nα n
 C (δα
 � nα n
)] Pxi 
 . (2.86)

The components of the transverse part of Pj are thus defined as

j ?
α D

Z
dk

(2π)3

X
i 


qi Pxi 
(δα
 � nα n
)eik�(r�r i ) D
X

i 


qi Pxi 
 δ?
α
(r � r i ) ,

(2.87)

where we defined the decomposition of a unity tensor,

δα
 δ(r) D δ?
α
(r) C δk

α
(r) , (2.88)

by two tensors:

δ?
α
(r) D

Z
dk

(2π)3 (δα
 � nα n
)eik�r (2.89)
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and

δk

α
(r) D
Z

dk
(2π)3 nα n
eik�r . (2.90)

Using δ?
α
(r) and δk

α
(r), we can obtain the longitudinal and transverse parts of
any given vector field a as

ak
α(r) D

Z
d3r a
 δk

α
(r) , a?
α (r) D

Z
d3r a
 δ?

α
(r) . (2.91)

Now we can finally evaluate the new conjugate momentum, (2.83). For its com-
ponents we obtain

pi α D m Pxi α C qi

X



Z
d3r δ?

α
(r � r i )A 
(r) D m Pxi α C qi A α(r i ) . (2.92)

Here the fact that A is completely transverse is taken into account. As a result
of incorporation of the interaction Lagrangian, the conjugate momentum of the
particles becomes dependent on the vector potential A.

As we can see, the momentum of a particle is directly affected by the vector po-
tential. We should remind the reader once again that this expression is meaningful
only for the Coulomb gauge, and is not applicable to a general gauge. The vector
potential is fully defined only in a specific gauge.

2.4.2
Hamiltonian of the Interacting Particle–Field System

In the previous subsections we defined the canonical variables, the Hamiltonian
and the Lagrangian of the material system and the radiation field. We also deter-
mined the interaction Lagrangian. This allows us now to derive the full Hamilto-
nian of the interacting material system plus radiation. Combining (2.20), (2.66),
(2.67), and (2.81), we can write the Hamiltonian of the interacting system as

H D
X

i

p i � Pr i C
Z

d3rΠ � PA � L tot , (2.93)

where L tot is the total Lagrangian of the material system, the radiation and their
interaction, and Π is the momentum conjugate to A. This leads to

H D
X

i

1
2mi

(p i � qi A(r i ))2 C V(r1, . . . , r N )

C 1
2

Z
d3r

�
Π 2

�0
C �0c2(r � A)

�
. (2.94)

Here we introduced the symbol V(r1, . . . , r N ) instead of φ for the electrostatic
Coulomb potential, which is now equivalent to the scalar potential of the longi-
tudinal field. Equation (2.94) represents the total classical Hamiltonian of an inter-
acting system of charges and fields.
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2.4 Light–Matter Interaction 23

For our purposes we will group the particles into molecules or supramolecules
(such as clusters or aggregates of molecules), and split the potential V into inter-
molecular and intramolecular parts:

V(�1, . . . , �Nmol ) D
X

i

V(�i ) C
X
i< j

V(�i , � j ) , (2.95)

where �n denotes the particles forming the nth molecule (or supramolecules). This
splitting is essential. Some interactions, for example, those inside the molecules
or their aggregates, will be treated explicitly (by quantum chemistry, an excitonic
model, or a similar theory), and some, for example those occuring between the
aggregates or the molecules, can be included in the description of the light–matter
interaction.

Our aim is now to write the Hamiltonian in a form suitable for studying the
interaction of molecules with light. First, we split the Hamiltonian into three terms,
where the first term describes the pure material system, the second term describes
the radiation field, and the third term contains the mixed terms:

H D Hmol C Hrad C Hint . (2.96)

Hamiltonian Hmol of the molecules should include only the longitudinal fields,
that is,

Hmol D
X

i

Hmol(�i ) C
X
i< j

V(�i , � j ) , (2.97)

where

Hmol(�i ) D
X
j 2�i

1
2m j

p2
j C V(�i ) . (2.98)

The radiation Hamiltonian is given by (2.68) and thus the rest of (2.94) composes
the light–matter interaction Hamiltonian:

Hint D
X

i

q i

mi

p i � A(r i ) C
X

i

q2
i

2mi

A(r i )2 . (2.99)

Equation (2.99) is the so-called minimal coupling Hamiltonian or the p A Hamilto-
nian, which represents a convenient starting point for the discussion of interaction
of small molecules with light.

2.4.3
Dipole Approximation

The characteristic dimensions of molecular systems are usually much smaller than
the wavelength of light. The radiation field can therefore be assumed to be homoge-
neous within the extent of the molecule or the molecular aggregate, and the vector
potential A(r i ) can be replaced by its value at a chosen reference (e.g., the mass or
the charge center) point inside the molecule:
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24 2 Overview of Classical Physics

A(r i ) � A(R� ) , i 2 � . (2.100)

Now we will use the fact that the equations of motion will remain the same if
we add a total time derivative of a function of coordinates and time to the La-
grangian (see Section 2.1). Let us for simplicity assume that we have just two supra-
molecules or aggregates denoted by �1 and �2. We will add the following term:

Ladd D � d
dt

Z
d3rP?(r) � A(r) , (2.101)

where

P(r) D
2X

nD1

X
i2�n

q i(r i � R�n
)δ(r � R �n

)

D µ�1
δ(r � R �1 ) C µ�2

δ(r � R�2 ) (2.102)

is the polarization of the two molecules, and µ� is the dipole moment of mole-
cule � . In the dipole approximation we can also write

d
dt

P?(r) D j ?(r) , (2.103)

and, therefore,

Ladd D �
Z

d3r j ? � A �
Z

d3r P? � PA . (2.104)

Consequently, addition of (2.104) to the total Lagrangian replaces the term contain-
ing the product j ? � A by a term containing p? � PA. As a result, the conjugate
momentum of the particle is again purely kinetic,

p i D mi Pr i , i 2 �1, �2 , (2.105)

and the momentum conjugate to the vector potential reads

Π D ��0E? � P? . (2.106)

The Hamiltonian that results from the Lagrangian L0 D L C Ladd reads

H D Hmol C 1
2

Z
d3r

"
Π 2

�0
C �0c2(r � A)2

#

C 1
�0

Z
d3r P? � Π C 1

2�0

Z
d3rjP?j2 . (2.107)

The transverse polarization consists of contributions of the two molecules, P? D
P?

1 C P?
2 , and thus the last term can be divided into intramolecular and inter-

molecular parts:

1
2�0

Z
d3rjP?j2 D 1

�0

Z
d3r P?

1 � P?
2 C 1

2�0

X
�D1,2

Z
d3rjP?

� j2 . (2.108)
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2.4 Light–Matter Interaction 25

It can be shown [6] that in the dipole approximation the intermolecular part (the
first term on the right-hand side) exactly cancels the interaction between the supra-
molecules

P
i< j V(�i , � j ) provided V(�i , � j ) includes only dipole–dipole interac-

tion as well. The Hamiltonian therefore contains only the noninteracting part of
Hmol D P

i Hmol(�i ). The second term on the right-hand side is an intramolec-
ular contribution of the polarization which we will disregard with the provision
that it does not play an important role in the radiative processes. The last step of
our analysis of the Hamiltonian is the definition of a new field D(r), the so-called
displacement vector, as

D(r) D �0E (r) C P (r) . (2.109)

From (2.105), we can see that Π D �D?. The total Hamiltonian can therefore be
written as

H D
X

i

Hmol(�i ) C 1
2

Z
d3r

 
D? 2

�0
C �0c2B2

!

� 1
�0

X
i

µ�i
� D?(R �i

) . (2.110)

Hamiltonian (2.110) is a possible starting point for studies of the light–matter
interaction for nanoparticles and molecular aggregates. This interaction Hamilto-
nian (the last term) is in the convenient form of a product of the molecular dipole
moment and the transverse field. In practical calculations, we can often assume
that the polarization is linearly proportional to the electric field, that is,

P(r) D �0�E (r) (2.111)

and

D(r) D �0(1 C �)E (r) D �0�rE (r) , (2.112)

where � and �r are the linear susceptibility and the relative permittivity, respectively.
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3
Stochastic Dynamics

Many dynamic processes can be characterized as so-called stochastic. This class
of dynamic processes is widely used to describe the time evolution of open sys-
tems [8, 9]. In open systems, the degrees of freedom of the system under consid-
eration constitute a small part of the total number of degrees of freedom of the
system and its environment. If the environment coordinates are not followed ex-
plicitly, we can only observe the system dynamics affected by a large number of
unknown forces. These forces may drive the system in an unpredictable way and
we cannot use simple deterministic differential equations to describe the degrees
of freedom of the system. To provide a convenient description of this situation, we
can introduce the concept of stochasticity and characterize the stochastic evolution
by probabilities that the system is in certain states, and the dynamics between these
states is stochastic.

One such stochastic process is the celebrated Brownian motion of a microscop-
ic bead in a liquid, first described by Brown in the 1830s. The bead in a liquid is
pushed randomly by fluctuating molecules from the surroundings. As the particle
interacts with many degrees of freedom of the liquid simultaneously, the net fluc-
tuating force becomes Gaussian due to the central limit theorem. Not only classical
Brownian motion falls under this category, but an arbitrary process in the system
coupled to the fluctuating environment can also be described by a stochastic pro-
cess of some sort. It will be demonstrated later that quantum mechanics describes
some intermediate case between the deterministic and probabilistic nature of the
dynamics where the wavefunction is defined by the deterministic equation, and the
measurement process is purely probabilistic.

3.1
Probability and Random Processes

To introduce random processes we have to turn back to the probability theory. The
elementary starting point is the concept of a set of random events. We define certain
indivisible elementary events which compose the so-called probability space. The
probability space can then be divided into various regions covering some groups
of elementary events which are associated with observable random events. It is

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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28 3 Stochastic Dynamics

Probability space

Elementary events
Event B

Event A

Event C

Figure 3.1 Probability space of random events: black dots represent the elementary events, and
events A–C cover some elementary events. All elementary events create the probability space.

thus easy to think of a random event as a set of elementary events. This concept
is presented graphically in Figure 3.1. Let us now introduce some concepts of set
theory which are useful in the description of random events.

Consider two sets A and B . If set A is said to be a part of set B , A is a subset
of B , and this dependence is denoted by

A � B . (3.1)

Union of sets denoted by

C D A [ B (3.2)

creates a new set, the elements of which are given by elements of A and B . Thus,
sets A and B become subsets of the resulting set C . Intersection of sets

D D A \ B (3.3)

creates set D , which is formed by the elements shared by A and B . For complete-
ness we also introduce the concepts of an empty set ; and the full set Ω . The empty
set has no elements and the full set has all elements of the probability space.

A set complement to set A contains all elements of the full space which are not
present in A. We denote such a set by Ac. We next introduce the complementarity
operation,

C D B n A , (3.4)

which removes all elements from B which are in A, and we can write

Ac D Ω n A . (3.5)

By definition we thus have

Ac \ A D ; (3.6)

and

Ac [ A D Ω . (3.7)
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Ω Ω
AC

A

B ⊂ A

A

B

C = B ∪ A

A BC

C = B ∩ A

A BC

C = B ∩A

A B

C

Figure 3.2 Main definitions and operations of sets: Ω denotes the set covering the full space, A
is a “finite” event, and Ac is the complement set. The bottom row describes the union, intersec-
tion, and subtraction operations as described in the text.

Geometrically these operations are represented in Figure 3.2.
A random event is now understood as a realization of the elementary events be-

longing to a specific set: event A happens when one of its composing elementary
events is realized. To quantify the event we introduce the probability of the event
P(A). Three axioms of Kolmogorov fully characterize the probability of events. The
first axiom states that the probability is defined as a nonnegative number. The sec-
ond axiom denotes that the full set is characterized by probability 1:

P(Ω ) D 1 . (3.8)

The empty set then has

P(;) D 0 . (3.9)

The third axiom states that the probability of the union of nonintersecting sets is
given by

P([i A i) D
X

i

P(A i) . (3.10)

It follows that a union of an arbitrary two sets has probability

P(A [ B) D P(A) C P(B) � P(A \ B) . (3.11)

In practice for all other events (or sets), the probability is given as a limit of the
ratio of the realizations of event A, which we denote by mA, and the number of
trials N ; thus,

P(A) D lim
N!1

mA

N
. (3.12)

This relation is known as the theorem of large numbers. It represents the proper
recipe to experimentally determine probabilities of various events, and it is behind
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30 3 Stochastic Dynamics

the idea of the Monte Carlo simulation of stochastic processes. However, this re-
quires a lot of trials, but some events should not be tested experimentally (e.g., the
reliability of a nuclear power plant).

Conditional probability is one of the important concepts for discussion of physical
processes. Consider an event A. It may happen that in some instances of realization
of event A, event B happens at the same time. Such an event should be related
to the overlap region of sets A and B . Let event B be the additional necessary
condition that we want to include in describing event A. In this case the space of
possible events is limited by set B , because realization of B is necessary. We denote
this conditional probability as P(A/B). The event that A and B happen at the same
time is given by the set A \ B and the probability is thus proportional to P(A \ B).
However, since event B is a necessary condition with its own probability P(B), the
proper normalization requires that the conditional probability satisfies

P(A/B) D P(A \ B)
P(B)

. (3.13)

Alternatively, we can define the probability of the intersection as

P(A \ B) D P(A/B)P(B) . (3.14)

This allows us to define the independent events. If A is independent of B , the con-
ditional probability that A happens with the condition of B is just the probability
of A, that is,

P(A/B) D P(A \ B)
P(B)

� P(A) . (3.15)

This also means that for independent events we have

P(A \ B) D P(A)P(B) . (3.16)

Let us now consider the space of events Ω and disjoint events B j which fill the
whole space as shown in Figure 3.3. It holds that

[ j B j D Ω . (3.17)

An arbitrary event A can then be given as

A D [ j (A \ B j ) , (3.18)

which for the probabilities gives

P(A) D
X

j

P(A \ B j ) . (3.19)

Now we use the properties of the conditional probability and obtain the following
important relation:

P(A) D
X

j

P(A/B j )P(B j ) . (3.20)
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B1

B2

B3 BN

A

Figure 3.3 Sets B j are nonintersecting and they span the whole probability space. Set A is given
by union of intersections with whole B j .

The interpretation of (3.20) is as follows. Let us consider the system at a specific
time described by a set of states B j with their probabilities P(B j ). If at a later time
the system arrives at state A with probability P(A), the conditional probabilities
P(A/B j ) can be regarded as the probabilities of the transitions from states B j to
state A. The conditional probability thus becomes a central concept of the stochastic
description of dynamics.

Having defined the set of events and the probabilities, we move to another impor-
tant concept, namely, the one of random variables. A random variable is a specific
representation or mapping of the elementary event onto real numbers. All elemen-
tary events ω are associated with real variables, which we denote by x (ω). If this
mapping is unique, that is, different elementary events are mapped onto different
numbers, the random variables can be assigned to probabilities of the correspond-
ing elementary events.

Random variables can be characterized by various means. For instance, the nth
moment is defined by the following average:

hx ni D
X

ω

x n(ω)P(ω) . (3.21)

The most important random variables in the stochastic description are the low
moments, the mean value hx1i, and the dispersion

D(x ) D h(x � hxi)2i D hx2i � hxi2 . (3.22)

The dispersion characterizes the width of the spread of the random numbers.
Higher moments are less important in most cases with physical relevance.

When we introduce the time axis, and order the random variables in time, we ob-
tain a set of numbers which describes a so-called random process. In this process we
have random variable x1 at time t1, then x2 at time t2, and so on. It is advantageous
sometimes to describe a so-called characteristic function of a random process, as
described in Appendix A.2.
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32 3 Stochastic Dynamics

3.2
Markov Processes

The random process introduced in the previous section describes some time tra-
jectory of variable x . Let us assume that at time t1 it has value x1, at time t2 value
x2, up to value xn at time tn . We denote the probability of such a composite event
as

P(xn tn , . . . , x2 t2, x1 t1) . (3.23)

This probability describes the trajectory as a whole. We may now ask what is the
probability of this composite event if we know that before it we had a process
x 0

1 t0
1, x 0

2 t0
2, . . . , x 0

m t0
m . As described in the previous section when we introduced con-

ditional probabilities, such a composite event can be characterized by a conditional
probability. If we denote the probability of the composite event as

P
�
xn tn , . . . , x2 t2, x1 t1, x 0

m t0
m , . . . , x 0

2 t0
2, x 0

1 t0
1

�
, (3.24)

we can write

P
�
xn tn , . . . , x2 t2, x1 t1/x 0

m t0
m , . . . , x 0

2 t0
2, x 0

1 t0
1

�
D P

�
xn tn , . . . , x2 t2, x1 t1, x 0

m t0
m , . . . , x 0

2 t0
2, x 0

1 t0
1

�
P

�
x 0

m t0
m , . . . , x 0

2 t0
2, x 0

1 t0
1

� . (3.25)

We thus imply a relation between all n C m points in time. If we take tn > tn�1

> � � � > t1 > t0
m > � � � > t0

1, we imply a long “memory” for the process: the present
state depends on a long chain of previous events.

The Markov process is a subset of the process described above with the assump-
tion of a short memory. The Markov assumption is that the process or the present
state depends only on a single previous time. This condition means that

P
�
xn tn , . . . , x2 t2, x1 t1/x 0

m t0
m , . . . , x 0

2 t0
2, x 0

1 t0
1

�
� P

�
xn tn , . . . , x2 t2, x1 t1/x 0

m t0
m

�
. (3.26)

Consider now three different time moments. A process with three steps is char-
acterized by the probability P(x3 t3, x2 t2, x1 t1). According to (3.25), we can write

P(x3 t3, x2 t2, x1 t1) D P(x3 t3/x2 t2, x1 t1)P(x2 t2, x1 t1) . (3.27)

From the Markov assumption we have P(x3 t3/x2 t2, x1 t1) D P(x3 t3/x2 t2), and we
get

P(x3 t3, x2 t2, x1 t1) D P(x3 t3/x2 t2)P(x2 t2/x1 t1)P(x1 t1) . (3.28)

Again, the conditional probabilities describe the probability of a transition from
state x1 to state x3. Also according to (3.16), different transitions in the Markov
process are independent. Generalization of (3.28) is straightforward:

P(xn tn , . . . , x2 t2, x1 t1) D P(xn tn/xn�1 tn�1) . . . P(x2 t2/x1 t1)P(x1 t1) . (3.29)
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The conditional transition probability P(x t/x 0 t0) essentially represents a propa-
gator of the process, and it has the following obvious properties. The probability of
a transition to an arbitrary state of space is

X
x

P(x t/x 0 t0) D 1 , (3.30)

also X
x 0

P(x t/x 0 t0)P(x 0 t0) D P(x t) , (3.31)

while for a transition at the vanishing time interval

lim
t!t 0

P(x t/x 0 t0) D δx x 0 . (3.32)

Let us now consider three states in space x again. For the transition from state
x1 to state x3 we can write

P(x3 t3, x1 t1) D P(x3 t3/x1 t1)P(x1 t1) . (3.33)

Also note that

P(x3 t3, x1 t1) D
X

x2

P(x3 t3, x2 t2, x1 t1) , (3.34)

and using additionally (3.28), we have

P(x3 t3/x1 t1) D
X

x2

P(x3 t3/x2 t2)P(x2 t2/x1 t1) . (3.35)

This is the so-called Chapman–Kolmogorov equation for conditional probabilities.
Its interpretation is straightforward. For a system or a particle in state x1 to reach
state x3, the system must propagate through all possible intermediate points of
space, and the resulting probability is additive in all intermediate states. In this
description the conditional probability corresponds to the system propagator. The
propagator of the Chapman–Kolmogorov equation thus defines the Markov pro-
cess. It is often not possible to solve the integral Chapman–Kolmogorov equation
directly, and its differential form, which is considered next, is often a more conve-
nient alternative.

3.3
Master Equation for Stochastic Processes

As we have already pointed out, the differential form of the Chapman–Kolmogorov
equation is often preferential, since the solution of differential equations is easier.
It should be noted, however, that differential equations do not cover the whole set
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34 3 Stochastic Dynamics

of possible Markovian problems. They allow one to describe only continuous-time
problems with differentiable propagators. Most of the physical problems consid-
ered in this book satisfy this condition, so we will not worry about undifferentiable
processes.

Let us assume we have a time-continuous process and let the probability be dif-
ferentiable with respect to time. In this case we can take the Taylor series for the
probability

P(x , t C ∆) D P(x , t) C a1∆ C a2∆2 C . . . , (3.36)

where a j are some constants. We then define the derivative of the probability

d
dt

P(x t) D lim
∆!0

1
∆

[P(x , t C ∆) � P(x , t)] . (3.37)

Note that when ∆ ! 0, the probability P(x , t C ∆) approaches P(x , t) linearly
with ∆, so the difference P(x , t C ∆) � P(x , t) � a1∆.

We now apply the probability expansion, (3.31), to the probability P(x , t C ∆):

P(x , t C ∆) D
X

x1

P(x , t C ∆/x1 t1)P(x1 t1) . (3.38)

For the derivative we thus obtain

d
dt

P(x t) D lim
∆!0

1
∆

"X
x1

P(x , t C ∆/x1 t1)P(x1 t1)

�
X

x1

P(x , t/x1 t1)P(x1 t1)

#
. (3.39)

By separating the “diagonal” terms x1 D x , and taking t1 D t, we have

d
dt

P(x t) D lim
∆!0

1
∆

2
4x1¤xX

x1

P(x , t C ∆/x1 t)P(x1 t)

� (1 � P(x , t C ∆/x t))P(x , t)

3
5 . (3.40)

The conditional probability P(x , t C ∆/x1 t) for x1 ¤ x and ∆ D 0 is actually zero,
that is, P(x , t/x1 t) D 0. When ∆ ! 0, the probability should behave at least as
P(x , t C ∆/x1 t) / ∆. Similarly, the conditional probability for x D x1 behaves as
P(x , t C ∆/x t) / 1 � ∆ (the minus sign denotes that the probability is always less
than 1).

We can introduce the probability transfer rates:

kx x1 D lim
∆!0

1
∆

P(x , t C ∆/x1 t) , x ¤ x1 (3.41)
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3.3 Master Equation for Stochastic Processes 35

and

kx x D lim
∆!0

1
∆

(1 � P(x , t C ∆/x t)) . (3.42)

The diagonal and off-diagonal rates kx y and kx x are both positive quantities, and
we can thus write the differential system of equations:

d
dt

P(x t) D
x1¤xX

x1

kx x1 P(x1 t) � kx x P(x , t) . (3.43)

This equation is known as a master equation for probabilities. It can be direct-
ly obtained from the Chapman–Kolmogorov equation, (3.35), which means that
the master equation, (3.43), is essentially the differential form of the Chapman–
Kolmogorov equation.

The rates now have a very clear physical meaning: kx x1 denotes the rate of supply
of the probability at state x , originating from state x1, and kx x denotes the rate of
loss of the probability from state x . Note that if we sum up the probabilities over
the whole space, we must obtainX

x

P(x t) D 1 , (3.44)

which means that the probability of being found in an arbitrary state or at an arbi-
trary coordinate is 1. Applying this to the master equation, we have

d
dt

X
x

P(x t) D 0 (3.45)

or

X
x

2
4x1¤xX

x1

kx x1 P(x1 t) � kx x P(x , t)

3
5 D 0 . (3.46)

We can now rewrite this asX
x1

X
x

�
(1 � δx x1 )kx x1 � δx1x kx x

�
P(x1 t) D 0 , (3.47)

and the result should be independent of state x1. We thus get the following require-
ment for the rates

kx1 x1 D
x¤x1X

x

kx x1 , (3.48)

which is called the detailed balance condition. It signifies that the total rate of the
probability loss of a given state is equal to the sum of all possible escape channels
from that state. This condition guarantees that the total probability is conserved at
all times.
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36 3 Stochastic Dynamics

3.3.1
Two-Level System

As an example, let us consider a system with two possible states a and b. The rates
of the transitions between these states are kab and kba ; the system is sketched in
Figure 3.4.

The system dynamics is defined by the following master equation:

d
dt

P(a, t) D �kba P(a, t) C kab P(b, t) ,

d
dt

P(b, t) D Ckba P(a, t) � kab P(b, t) . (3.49)

Since this is a linear first-order equation, its solution must be of the form

P(x , t) D A x λ exp(λ t) . (3.50)

Inserting this form into the master equation, we get its characteristic equation

λA aλ D �kba A aλ C kab A bλ ,

λA bλ D Ckba A aλ � kab A bλ , (3.51)

or in the matrix form we get the eigenvalue equation:

��kba kab

kba �kab

� �
A aλ

A bλ

�
D λ

�
A aλ

A bλ

�
. (3.52)

This allows us to determine the values of λ1 D 0 and λ2 D �(kab C kba) � �K ,
and correspondingly the probabilities of states a and b are given by

P(a, t) D A a1 C A a2 exp(�K t) (3.53)

and

P(b, t) D A b1 C A b2 exp(�K t) . (3.54)

kba kab

b

a

P a

P b t

(a) (b)

Figure 3.4 The two-level system. It is described by upward kba and downward kab rates (a). The
exponential relaxation toward equilibrium is shown in (b).
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Since for completeness we must have P(a, t) C P(b, t) D 1 at all times, this results
in

A a1 C A b1 D 1 (3.55)

and

A a2 C A b2 D 0 . (3.56)

We are therefore left with two unknown constants which should be determined
from the initial conditions. The exponential dynamics of (3.53) and (3.54) is shown
in Figure 3.4b, where the initial occupation P(b, t D 0) of state b is 1 and P(a, t D
0) D 0. At long times the probabilities equilibrate exponentially.

We can see that systems of this type should have the following property: one
solution of the characteristic equation is λ1 D 0. This signifies the existence of
an “equilibrium” at t ! 1. In the present case we have P(a, t D 1) D A a1

and P(b, t D 1) D 1 � A a1. The second insight is that all other solutions of the
characteristic equation are negative, that is, λ j � 0. All negative λ signify transient
processes.

3.4
Fokker–Planck Equation and Diffusion Processes

So far we have considered a discrete space of events although we allowed arbitrary
transitions between system states in continuous time. In this section we consider
the continuous space of states, or processes which take place on a continuous axis.

Assume that a process takes place on the real number axis. In the case when the
number axis is infinitely dense, the probability P(x ), describing the probability of
being at coordinate x , has to be replaced by the probability density. We denote the
probability of finding the system in the interval from x to x C dx by �(x )dx ; �(x )
thus has the dimension of the inverse coordinate, while the probability remains
dimensionless.

The resolution expression for the probability, (3.31), in the case of a continuous
space reads

�(x3 t3) D
Z

p (x3 t3/x2 t2)�(x2 t2)dx2 . (3.57)

The propagator P(a/b) has been replaced by the transition density p (x3 t3/x2 t2)dx3,
which denotes the transition from coordinate x2 into the interval [x3, x3 C dx3).

Following the derivation of the master equation for probabilities, (3.43), as given
in the previous section, we can now obtain the equation for the probability density.
The time derivative of (3.57) reads

d
dt

�(x t) D
Z

dx2
dp (x t/x2 t2)

dt
�(x2 t2) , (3.58)
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where

dp (x t/x2 t2)
dt

D lim
∆!0

1
∆

(p (x , t C ∆/x2 t2) � p (x t/x2 t2)) . (3.59)

We now take t2 D t to get

dp (x t/x2 t)
dt

D lim
∆!0

1
∆

(p (x , t C ∆/x2 t) � δ(x � x2)) . (3.60)

Here the expression seems to have a discontinuity at x D x2; however, the first
term on the right-hand side (p (x , t C ∆/x2 t)) approaches δ(x � x2) as ∆ ! 0, and
the discontinuity is therefore canceled.

We can now assume the probability of jumping by a distance y D x � x2 to
decrease rapidly as the length of the time interval for the jump decreases to zero.
This implies that only jumps to nearby positions are possible. To emphasize this
behavior, we rewrite the probability of jumping from x2 to x as follows:

lim
∆!0

1
∆

(p (x , t C ∆/x2 t) � δ(x � x2)) � f (x2, x � x2, t) . (3.61)

Now x � x2 D y can be taken as the small jump increment. Function f (x , y , t)
represents the rate of transfer from x to x C y at time t.

Let us now turn back to (3.58). Changing the integration variable to y (while x is
kept constant), we get a master equation in continuous space

d
dt

�(x t) D
Z

dy f (x � y , y , t)�(x � y , t) . (3.62)

As only transitions into regions near x are possible, f (x , y , t) is a smooth function
of x , but it is a sharp function of y . It has a maximum at y D 0, and it decays as
jy j > 0. Let us consider now the transition from some original point xo to the final
destination point xf. Such a transition is characterized by the density increment
f (xo, y , t)�(xo, t). As f (xo, y , t) is a slowly varying function of the origin xo, and it

is nonzero only for small y , while �(xo, t) is a smooth function of x0, we can expand
the density increment around the final destination point xf D xo C y as follows:

f (xo, y , t)�(xo, t) � lim
xo!xf

�
@

@xo
( f (xo, y , t)�(xo, t)) � (xo � xf)

C 1
2

@2

@x2
o

( f (xo, y , t)�(xo, t)) � (xo � xf)2
�

. (3.63)

Notice that we do not have the zero-derivative term as described in the previous
paragraph. We replace xo � xf by �y and we obtain

f (xo, y , t)�(xo, t) � lim
xo!xf

�
� @

@xo
( f (xo, y , t)�(xo, t)) � y

C 1
2

@2

@x2
o

( f (xo, y , t)�(xo, t)) � y 2
�

. (3.64)
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Plugging this expansion in the master equation, (3.62), we get its simplified form
where limxo!x can now be realized. DenotingZ

dy f (x , y , t) � y D g(x , t) (3.65)

and Z
dy f (x , y , t) � y 2 D D(x , t) , (3.66)

we finally obtain the well-known Fokker–Planck equation in the form

d
dt

�(x t) D � @

@x

�
g(x , t)�(x , t)

� C 1
2

@2

@x2

�
D(x , t)�(x , t)

�
. (3.67)

So far we have obtained the Fokker–Planck equation only formally. The physical
interpretation of its parameters will be given below. However, we can now write the
equation in the form of the continuity equation:

d
dt

�(x , t) D � @

@x
J(x , t) , (3.68)

where

J(x , t) D g(x , t)�(x , t) � 1
2

@

@x
D(x , t)�(x , t) (3.69)

is the probability flux in the x space.
Let us consider now as an example the case when g D 0 and D D const. In this

case we get the famous diffusion equation which describes Brownian motion:

d�(x t)
dt

D D

2
@2�(x , t)

@x2
. (3.70)

Its solutions are Gaussian functions, and the parameter D is the diffusion coeffi-
cient. Thus, one type of process that the Fokker–Planck equation describes is dif-
fusive flow. Other types of processes are described in the next section. A more de-
tailed discussion of various types of stochastic processes can be found in relevant
textbooks (e.g., [10]).

3.5
Deterministic Processes

In the previous sections we described the stochastic Markov process. The deter-
ministic processes were described in Chapter 2. It turns out that an arbitrary deter-
ministic process is a Markov process. Both of these types of processes are usually
described in different representations, however, they can be unified. Let us consid-
er a process described by a set of dynamic variables xn . The deterministic evolution
of the variables is fully described by a set of differential equations:

@xn

@t
D gn(x1 . . . xN ) . (3.71)
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Instead of specifying all xn , we will use a vector field x . The solution of this equa-
tion for the initial value x i can be denoted by φ t (x i ) D x f. Thus, we can also write

φ tCs(x i ) D φ t (φ s(x i )) . (3.72)

The evolution of the system in the phase space is given by infinitesimally narrow
phase space trajectories, and the propagator is therefore given by the following
δ distribution of trajectories:

p (x f tfjx i ti ) D δ(x f � φ tf�t i
(x i )) . (3.73)

Using (3.72), we can write

δ(x f � φ tCs(x i )) D
Z

dx δ(x f � φ t (x ))δ(x � φ s(x i )) , (3.74)

which is essentially the Chapman–Kolmogorov relation for the propagator. So as
the deterministic process satisfies the Chapman–Kolmogorov equation, it must be
Markov.

Later we will describe statistical ensembles of systems, so we turn to work with
probability densities for the deterministic dynamics. If we have the probability den-
sity at some initial time �(x ti ), its time evolution can also be calculated using (3.62).
For the deterministic process we thus have

d
dt

�(x t) D
Z

dx2
d
dt

δ(x � φ t�t2(x2))�(x2 t2) . (3.75)

Here x2 is a point in phase space different from point x , and φ t�t2(x2) � x 0(t)
is the phase space trajectory as a function of time t. The derivative is calculated by
using the usual chain rule

d
dt

δ(x � x 0(t)) D
X

n

@x 0
n(t)
@t

@

@x 0
n

[δ(x � x 0(t))] , (3.76)

and in the integral we can take the limit t2 D t, which also gives x2 D x 0. Apply-
ing (3.71), we get

d
dt

�(x t) D
Z

dx 0
X

n

gn(x 0)
@

@x 0
n

�
δ(x � x 0)

�
�(x 0 t) . (3.77)

Integrating the delta function, we finally obtain

d
dt

�(x t) D �
X

n

@

@xn

�
gn(x )�(x t)

�
. (3.78)

Equation (3.78) is the celebrated Liouville equation for a deterministic process in
the phase space. We can now immediately look back at the Fokker–Planck equa-
tion, (3.67), and associate its first term with the deterministic drift of the probabili-
ty, and the second term describes the diffusive irreversible spread of the probability.
Thus, most dynamic processes in physics are Markov processes.
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A typical deterministic process can be described by the Hamiltonian dynamics of
the classical dynamic system. Given the Hamiltonian H in the space of coordinates
qn and momenta pn , as described in the previous chapter, the evolution of the
system is described by Hamiltonian equations:

dqn

dt
D @H

@pn

, (3.79)

dpn

dt
D � @H

@qn

. (3.80)

According to mechanics, the probability density in the phase space follows the clas-
sical Liouville equation of the form

@�(q, p )
@t

D fH, �(q, p )g , (3.81)

where f f, gg denotes the Poisson brackets. Denoting the dynamic variables by q1 D
x1, . . . qN D xN , p1 D xNC1, . . . pN D x2N , and @H/@pn D gn , @H/@qn D �gNCn ,
we get the Liouville equation in the form of (3.78). Thus, the classical Hamiltoni-
an dynamics is essentially described by the Fokker–Planck equation without the
diffusion part.

3.6
Diffusive Flow on a Parabolic Potential (a Harmonic Oscillator)

Let us now consider a one-dimensional parabolic potential:

V(x ) D k
x2

2
. (3.82)

In this case the driving force is defined as

F(x ) D �kx , (3.83)

and the Fokker–Planck equation is given by

d
dt

�(x , t) D k
@

@x
x�(x , t) C D

2
@2

@x2 �(x , t) . (3.84)

If we introduce dimensionless time τ D k t, and replace the coordinate byr
2k

D
x D y , (3.85)

we have

d
dτ

�(y , τ) D @

@y
y�(y , t) C @2

@y 2 �(y , t) . (3.86)
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42 3 Stochastic Dynamics

Consider now a stationary state so that d�/dτ D 0. In this case we have the
equation

�00 C y�0 C � D 0 . (3.87)

To find the solution we make an ansatz �(y ) D exp(g(y )), which gives

1 C g00 D �(y g0 C g0 2) . (3.88)

The solution of this equation is simply

g D � y 2

2
. (3.89)

So we find that the steady state or the equilibrium distribution is represented by a
Gaussian function:

�(y ) / e�
y2

2 . (3.90)

It is centered at zero and decays to the ends. This is tightly connected with the
statistical canonical distribution of the probability on the parabolic potential as will
be described in Section 7.3.2, which is devoted to problems in statistical physics.

Since the steady-state solution is Gaussian, we look for a Gaussian form of the
solution of the nonstationary problem as well. We take an ansatz

�(y , τ) D exp(�A(τ)y 2 � B(τ)y � C(τ)) . (3.91)

Plugging this into (3.86) and comparing the coefficients at equal powers of y , we
get the set of three equations

PC D �1 C 2A � B2 , (3.92)

PB D B(1 � 4A) , (3.93)

PA D 2A(1 � 2A) . (3.94)

We can solve these equations starting with one for A. The solution is

A D � 1
e�2 tCa � 2

, (3.95)

B D e�tCa�b

e�2 tCa � 2
, (3.96)

where a and b are still undetermined constants. The function C can be obtained
from the normalization of the probability density.

These expressions now have two undetermined constants a and b. We obtain
them by assuming that the initial probability distribution is

�(τ D 0) D δ(y � y0) . (3.97)
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In order to relate this with our form of the solution, we take for the initial condi-
tion a Gaussian representation for the delta function, that is, we take a Gaussian
centered at y0 with vanishing dispersion. Around τ D 0 we therefore have

�(τ ! 0) D exp(�S(y � y0)2) (3.98)

with S ! 1. In this limit we must have

�A(τ)y 2 � B(τ)y � C(τ) D �S y 2 C 2S y y0 � S y 2
0 (3.99)

or

S D A , (3.100)

2S y0 D �B . (3.101)

From the first condition we find that ea D 2 satisfies the requirement that the
dispersion approaches infinity as τ ! 0. From the second condition we find e�b D
y0. This gives the unnormalized density

�(y , τ) D n(τ) exp
�

� 1
2

y 2 � y0 ye�τ

1 � e�2τ

�
. (3.102)

From the normalization requirementZ
dy�(y , τ) D 1 (3.103)

at arbitrary time we get the normalization factor

n(t) D 1p
2π(1 � e�2τ )

exp
�

� 1
2

(y0e�τ )2

1 � e�2τ

�
, (3.104)

which finally gives

�(y , τ) D 1p
2π(1 � e�2τ)

exp
�

� 1
2

(y � y0e�τ)2

1 � e�2τ

�
. (3.105)

This expression shows that the distribution remains Gaussian at all times. It ap-
proaches the steady-state solution defined by (3.90) exponentially as shown in Fig-
ure 3.5. We thus find that in a parabolic potential the relaxation of the displacement
is exponential,

hyi D y0e�τ , (3.106)

while the dispersion of the distribution is

hy 2 � hyi2i D 1 � e�2τ . (3.107)

We have described only a simple theoretical model here. A more direct application
of stochastic theory to physical problems of this kind can be found in relevant
textbooks (e.g., [8]).
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Figure 3.5 Decay of the probability distribution on a parabolic potential into the equilibrium
Gaussian according to solution (3.105).

3.7
Partially Deterministic Process and the Monte Carlo Simulation of a Stochastic
Process

In practice the system may be often described by the Fokker–Planck equation,
which includes a deterministic drift and a diffusive flow. It is, however, not triv-
ial to obtain a solution of the Fokker–Planck equation in many dimensions. This
is an important problem especially in the theory of many-body quantum systems.
Instead of the Fokker–Planck equation, it is often possible to get specific stochastic
trajectories x (t) that describe particular processes occurring in the system. Later
the averaging of stochastic trajectories may be used to obtain the dynamics of the
probability density.

The partially deterministic process (PDP) is one of the processes which can be de-
scribed by the above scheme [9]. The PDP is considered a deterministic process in
certain time intervals. Between these intervals the system makes stochastic jumps.
Using the ideas of previous sections about the transition probability, we can write
the propagator of the PDP similarly to the description used to characterize the de-
terministic process. Additionally, we have to introduce the rates of jumping from
state x to state x 0, denoted by k(x 0jx ). The propagator for a small time interval ∆
can be written as

p (x , t C ∆jx 0, t) D (1 � Γ (x 0)∆)δ(x � φ∆(x 0)) C k(x jx 0)∆ . (3.108)

For the deterministic trajectory we can assume a short-time limit φ∆(x 0) � x 0 C
g(x 0)∆, while

Γ (x 0) D
Z

dx k(x jx 0) (3.109)

is the total rate of a jump out of point x 0. The quantity (1 � Γ (x 0)∆) thus repre-
sents the probability that the system does not jump out of state x 0. In this case
the propagation proceeds according to the deterministic evolution described by the
Kronecker delta.
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t t + τ

τ dτ

1 − W (τ |x, t)

W (τ |x, t) dW (τ |x, t)

Figure 3.6 Definition of the waiting time distribution in the partially deterministic process.

The Liouville-like equation for the PDP is now given by

@

@t
p (x , t) D � @

@x
[g(x )p (x , t)] C

Z
dx 0[k(x jx 0)p (x 0, t) � k(x 0jx )p (x , t)] .

(3.110)

The first term here describes the deterministic drift, and the second term denotes
the stochastic jumps between states. This equation is similar to the Fokker–Planck
equation; the jumps, however, do not occur continuously. The equation is also often
referred to as the Liouville equation.

Next we introduce the most important quantity in this section – the waiting time

distribution W(τjx , t). It describes the probability of a jump realization during the
time interval from t to t C τ when the system is in state x at time t (see Figure 3.6).
The difference

W(τ C dτjx , t) � W(τjx , t) D dW(τjx , t) (3.111)

is the probability of a jump occurring in the infinitesimal interval dτ after t C τ. If
we now divide dW by the probability that no jump occurs in the interval τ, which is
1� W(τjx , t), we get the normalized conditional probability of a jump occurring in
the interval dτ after tCτ when no jumps occurred during τ. If there were no jumps
during τ, the system propagated along a deterministic trajectory φτ(x ), and later
there was a jump in the interval dτ at a rate Γ (φτ(x ))dτ. This can be summarized
in the relation

dW(τjx , t)
1 � W(τjx , t)

D Γ (φτ(x ))dτ . (3.112)

Equation (3.112) is a differential equation which can be easily integrated into

W(τjx , t) D 1 � exp

0
@�

τZ
0

dτ0Γ (φτ0 (x ))

1
A . (3.113)

This expression immediately implies an exponential character of the waiting
time distribution. For instance, if the process is purely stochastic so that φτ0 (x ) D
x , we get the simple exponential distribution

W(τjx , t) D 1 � exp(�Γ (x )τ) . (3.114)
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46 3 Stochastic Dynamics

In general the distribution of the PDP can be nonexponential due to deterministic
drift, and (3.113) should be integrated numerically for each trajectory. It should also
be noted that Γ , being a transition rate, is a nonnegative function, and the integral
in (3.113) therefore increases monotonically. When τ ! 1, the probability W

thus grows with time τ until some constant value. If that value is 1, the system will
always perform a jump from the original state. However, if the value is smaller than
1, the state may become a trapping state in which the system stays indefinitely.

The waiting time distribution allows us to introduce a continuous time stochas-
tic simulation procedure for the PDP. Let us assume that the initial system state
is x at time t. To obtain the next state we need to either propagate the system on
the basis of its dynamic set of equations or realize the jump process. The waiting
time distribution function W(τjx , t) allows us to determine the time required for
the deterministic propagation until the jump. For this purpose we draw a random
linearly distributed value η from the interval (0, 1]. We obtain the time τ before the
jump from the solution of the equation

η D W(τjx , t) . (3.115)

The solution is obtained by numerical simulation of the deterministic propagation
by calculating φτ0 (x ) and at the same time calculating the integral in (3.113) until

τ0Z
0

dsΓ (φ s(x )) D � ln(1 � η) . (3.116)

When this equality is reached, the deterministic propagation is stopped, and the
jump process is realized. The jump process is realized stochastically according to
the set of rates k(xfjx 0), where x 0 is the final point reached in the deterministic
propagation, and xf is the final point after the jump. The selection of the final state
xf is obtained by taking a linearly distributed random number.

By repeating these steps, we obtain the Monte Carlo algorithm for system dy-
namics. As we found before in this chapter, the stochasticity leads to relaxation
behavior in the master equation for probabilities or the Fokker–Planck equation.
The PDP represents a classical or even quantum relaxation algorithm, which can
be easily adapted to a particular physical system.

3.8
Langevin Equation and Its Relation to the Fokker–Planck Equation

In the previous section we described a process which is partially defined by the
deterministic equations, with their solutions interrupted by stochastic jumps. This
type of stochasticity can be embedded in the dynamic equations via external fluctu-
ating forces. Starting with (3.71), we can then postulate the dynamic equation

dx
dt

D γ (x ) C � (t) , (3.117)
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where the function γ (x ) is the force vector depending on all dynamic variables
x D fx1 x2 . . .g, and � (t) is the fluctuating force. Equation (3.117) is usually termed
the Langevin equation of motion. We will provide a more rigorous backing of the
Langevin equation in Section 8.2.

The fluctuating force introduces irreversibility in the dynamics as � is assumed
to be an irreversible function. Its functional form thus cannot be defined explicitly.
Instead, its moments are usually given. We assume that the force has zero mean
value

h
i (t)i D 0 . (3.118)

We assume 
 is completely random, and its timescale is much shorter than the
system dynamical timescale, so its correlation function is of the form

h
i (t)
 j (0)i D Qδ i j δ(t) , (3.119)

where Q is the dispersion of the fluctuations. When all odd higher-order moments
vanish, and the even moments factorize into products of the second moment, the
stochastic force is denoted as the Gaussian noise (it should be noted that only
the first two cumulants are nonzero for the Gaussian process as described in Ap-
pendix A.2). The external force of this type is denoted as the white noise. Other
types of fluctuating forces will be described later.

The Langevin equation for the harmonic potential describes the relaxation of the
harmonic oscillator. Let us take, for example, a particle in a parabolic potential (the
case of the harmonic oscillator). The force is proportional to the displacement, and
we assume the Langevin equation

dx

dt
D �γ x C 
 (t) . (3.120)

Without the stochastic force the solution is the exponential function Ae�γ t . Thus,
taking x (t) D y (t)e�γ t , we simplify the equation and can easily integrate it. For
initial condition x (t D 0) D x0, we get

x (t) D x0e�γ t C
tZ

0

dτe�γ (t�τ)
 (τ) . (3.121)

This trajectory is not determined as long as 
 (t) is not given. However, using the
moments of the stochastic force, we can describe the statistical properties of the x

variable. The mean value is given by

hx (t)i D x0e�γ t . (3.122)

This result agrees with the solution of the Fokker–Planck equation presented in
the previous section which gives the exponential relaxation of the oscillator. The
dispersion is

h(x � hxi)2i D
tZ

0

dτ

tZ
0

dτ0e�γ (2 t�τ�τ0)h
 (τ)
 (τ0)i . (3.123)
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Using (3.119), we get

h(x � hxi)2i D Q

2γ
�
1 � e�2γ t

�
. (3.124)

We can see that the dispersion is initially zero, and at later times it grows to a
stationary value equal to Q/2γ . This result is also confirmed by the Fokker–Planck
equation (see (3.106) and (3.107)).

Here we found that the two lowest moments of the Langevin equation coincide
with the moments obtained by the Fokker–Planck equation. What about higher
moments? From (3.121) we observe that the function x (t) is a linear superposition
of 
 (t) at various times. Since the linear superposition of Gaussian variables is a
Gaussian variable, we conclude that x (t) is a Gaussian process. The Gaussian pro-
cess is completely described by its first two moments. As the first two moments
of the Langevin equation, (3.120), and of the Fokker–Planck equation, (3.84), coin-
cide, and they are both Gaussian processes, these two equations describe the same
process. Thus, the description of the process using both equations is equivalent.

The procedure described in this section can be generalized for an arbitrary fluc-
tuating system into the so-called Langevin approach. Here we just discuss the is-
sue, and for a more complete description the reader is referred to other textbooks
(e.g., [8]). The first step is to write the deterministic equations describing the drift-
related process or forces acting on the system. In the second step, the fluctuating
force can be added to describe the thermally induced fluctuations (or fluctuations
induced by some other means). In the third step, the strength of the fluctuations
has to be adjusted to properly reflect the equilibrium fluctuations on the basis of
either the experimental or the physical considerations (see Chapter 7).

This general approach may properly describe the dynamics but its connection
to the Fokker–Planck equation is not trivial. Note that in the example of the har-
monic potential the dynamic variable x was linear in fluctuating force 
 . For this
reason the dynamics of the variable was necessarily Gaussian, and this resulted in
an equivalence with the Fokker–Planck equation. In the general case, the forces in-
volved in the system may be nonlinear, and the equivalence relation to the Fokker–
Planck equation is not exact. So the linearity becomes the necessary condition.
Thus, for equations of the type

Px D F(x ) C 
 (x ) , (3.125)

where F(x ) is some nonlinear function, the equation is still linear in the fluctuating
force, and the relation to the Fokker–Planck equation

@�

@t
D � @

@x
(F(x )�) C Q

2
@2�

@x2 (3.126)

can be established.
However, equations of the type

Px D F(x ) C G(x )
 (x ) (3.127)
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are intrinsically nonlinear in the fluctuating force, and the general connection with
the Fokker–Planck equation cannot be exactly established because the x (t) trajec-
tory is not Gaussian. Further examples in this book are not related to these types
of nonlinear equations, so we do not discuss this issue in more depth. The reader
interested in this topic may consult specialized textbooks (e.g., [8]).
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4
Quantum Mechanics

In this chapter we review the basic concepts of quantum mechanics. We will
start with the Schrödinger equation, which defines reversible behavior of a closed
quantum system. This fundamental equation introduces eigenstates and the cor-
responding eigenvalues (energy spectrum) of the system. These quantities play
an important role in the representation of various quantum states and quantum
dynamics among them. We also introduce the density matrix, which is widely used
for the description of system dynamics. Some typical examples of general interest
will be presented for demonstration purposes. The perturbative scheme, which is
especially important for considering the influence of an external impact on the
system, will also be discussed. Finally, special attention will be paid to the effects
caused by an external electromagnetic field. However, we will not discuss here all
the inconsistencies in observations with classical mechanics and electrodynamics,
which itself is very interesting. Some aspects of this issue will be considered in
Chapter 6. Over recent decades many textbooks describing quantum mechanics at
different levels have been written, and are recommended for further reading [11–
16].

4.1
Quantum versus Classical

As follows from Chapter 2, classical physics is based on two fundamental concepts:
the concept of a particle, which behaves in accordance with Newton’s laws, and the
concept of an electromagnetic wave, which describes an extended physical entity.
Both of these concepts are inseparable when considering some experimental ob-
servations of radiation interacting with matter and some constituents of matter
(atoms, molecules, etc.). In order to explain black-body radiation (Max Planck), the
photoelectric effect (Albert Einstein), and the Compton effect (see, e.g., [11, 13, 14],
for details) a new concept of photons as particles of the electromagnetic field was
developed. However, this new concept had to reconcile with the wavelike proper-
ties of electromagnetic radiation. The principle of duality was later postulated in an
attempt to come to terms with the classically irreconcilable dual character of obser-
vations in the microworld. This principle of duality was postulated to be also ap-

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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52 4 Quantum Mechanics

plicable to particles of matter (Louis de Broglie) [12–14]. The common relationship
between the particle momentum p and its wavelike characteristics, wavelength λ,
was defined as

λ D h

p
, (4.1)

where h D 6.626 � 10�34 J s is the Planck constant. This wavelength is now usually
called the de Broglie wavelength of the quantum particle. Many subsequent experi-
ments supported this relationship demonstrating that electrons, protons, neutrons,
atoms, and even molecules have wavelike properties. The conceptual implications
of these properties are best explored by considering the two-slit interference exper-
iment, which will be described in Chapter 6.

The dual properties of light and matter, that is, the wavelike properties and the
particle-like properties, cause the uncertainty relationship between the position and
the momentum of the system under consideration (Werner Heisenberg). Indeed,
the degree of uncertainty of the position of the particle along a particular direction,
∆x , should be connected with the level of uncertainty of the projection of the mo-
mentum along the same direction, ∆px , in accord with the Heisenberg uncertainty

principle:

∆x∆px � h . (4.2)

This relationship follows directly from (4.1) for a freely moving particle. It asserts
that greater accuracy in position is possible only at the expense of greater uncer-
tainty in momentum, and vice versa. Indeed, according to the Heisenberg uncer-
tainty principle, precise determination of the position of a particle, ∆x D 0, is only
possible with infinite uncertainty of the momentum ∆px . Thus, the inferred prop-
erties of a quantum particle depend on the experimental conditions. The relevant
discussion of this issue is given in Chapter 6.

In order to fulfill the requirement of the duality principle, quantum system be-
havior does not follow the requirement of classical mechanics, where the position
of a particle, x (t), is defined at any given time, t. In this case the position of the
particle and its momentum should correspond to the Heisenberg uncertainty prin-
ciple. In order to take this aspect of duality into account in quantum mechanics, all
measurable physical properties are attributed to corresponding mathematical op-
erators according to the so-called correspondence principle, while the system state
(and its time evolution) is attributed to a vector from a mathematical vector space,
where these operators act. In the so-called coordinate representation, the particle
coordinate operator coincides with its coordinate r, and the momentum operator is
defined as Op D �i„r , where „ D h/2π is the reduced Planck constant. Thus, the
projection of the momentum in a particular x direction is Opx D �i„@/@x . In this
representation, the state vector coincides with a complex function of coordinates
and time, the so-called wavefunction. Similarly to momentum and the coordinate,
the Hamiltonian of the quantum system, defined as the sum of kinetic and po-
tential energies, can also be attributed to its corresponding operator. According to
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the definitions of the kinetic energy given in Chapter 2, it is directly related to the
momentum operator,

OT D Op 2

2m
� �„2r2

2m
, (4.3)

and the potential energy is the corresponding function of the coordinate. The un-
certainty between two measurable quantities is reflected in the commutational re-
lationship between the corresponding operators. In the case of coordinate Ox and
momentum Opx it gives the following result:

[ Ox , Opx ] � x Opx � Opx x D i„ . (4.4)

4.2
The Schrödinger Equation

Quantum mechanics can be formulated in terms of a set of postulates. For the
dynamics, the most important postulate is the one prescribing the time evolution
of a quantum system in a state defined by a wavefunction Ψ (x , t). It postulates that
the wavefunction should satisfy the Schrödinger equation:

i„ @

@t
Ψ (x , t) D OH Ψ (x , t) , (4.5)

where OH is the Hamiltonian of the system under consideration and the variable (a
set of variables) x usually represents the coordinates of the system (the wavefunc-
tion can, however, also be represented in terms of different variables, such as mo-
mentum). An unambiguous solution of (4.5) is defined for fixed initial conditions
of the wavefunction Ψ (x , t0). The Hamiltonian OH is the operator corresponding to
the total energy of the system under consideration. The wavefunction encapsulates
the wavelike properties of the quantum system, and it determines the probability
amplitude for finding a system in a particular state. Thus, Ψ (x , t) can be a sta-
tionary waveform or a localized wavepacket reflecting dual properties of quantum
systems. As we show later, the wavefunction is related to the probability of the sys-
tem being observed in certain states, that is, jΨ (x , t)j2 determines a probability
density in accord with the so-called Born rule. More details on this issue are given
in Chapter 6.

The time evolution of the quantum system can be represented as the evolution of
the elements (state vectors) in the so-called Hilbert space. As we show later, the time
evolution of a closed system is the pure phase rotation. The action of an operator
on the vector causes the displacement of these elements in the Hilbert space. The
wavefunction introduced above is a particular representation of the state vector de-
fined by the eigenstates of the coordinate operator. So (4.5) should be understood
as the coordinate representation of the Schrödinger equation and is a linear differ-
ential equation. With the following ansatz

Ψ (x , t) D ψ(t)'(x ) , (4.6)
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54 4 Quantum Mechanics

and assuming that the Hamiltonian is independent of time, we can separate it into
two equations for the time and space variables. In this way we obtain an eigenvalue
equation (the stationary Schrödinger equation),

OH'(x ) D E'(x ) , (4.7)

for the spatial wavefunction '(x ). Here E being a number is the eigenvalue and
'(x ) is the eigenfunction of the Hamiltonian OH . Usually, (4.7) determines a set of
eigenvalues En together with corresponding eigenfunctions 'n(x ); the numbers n

become a set of quantum indices or quantum numbers. For ψ(t) we have

i„dψ
dt

D E ψ . (4.8)

This can be solved for known values of eigenenergies En . So, one particular so-
lution of the Schrödinger equation is exp(�iEn t/„)'n (x ), and the complete wave-
function is then defined as a linear superposition of these particular solutions:

Ψc(x , t) D
X

n

cne� i
„ En t'n(x ) . (4.9)

It is noteworthy that the eigenfunctions of any operator compose a full basis
set. As a result, an arbitrary wavefunction φ(x , t) of an arbitrary system can be
expanded via this (or any other) set of eigenfunctions:

φ(x , t) D
X

n

dn(t)'n(x ) , (4.10)

where the time evolution can be embedded in the coefficient dn(t) D dne�i/„En t ,
and dn is a corresponding expansion coefficient. This is the outcome of the so-
called superposition principle. Evidently, in the case of the continuous spectrum of
energy E , (4.10) corresponds to

Ψc(x , t) D
Z

c(E )e� i
„ E t'E (x )dE . (4.11)

The Schrödinger equation (4.5) defines the “shape” of the wavefunction, but does
not define its amplitude. So the wavefunction can be chosen to be additionally
normalized, soZ

'�
n (x )'n(x )dx D 1 . (4.12)

In that case the eigenfunctions of the Hamiltonian form an orthogonal and nor-
malized (orthonormal) set with respect to the scalar product defined by the integral
over the variables x :Z

'�
n (x )'m(x )dx D δnm . (4.13)
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Here (and further on) the asterisk denotes the complex conjugation. The coeffi-
cients of the decomposition

ψ(x , t) D
X

n

cn(t)'n(x ) (4.14)

are then

cn(t) D
Z

'�
n (x )ψ(x , t)dx , (4.15)

and according to the standard interpretation of quantum mechanics, the square
of the expansion coefficient jcn(t)j2 defines the probability of finding the system
in the corresponding nth quantum state. As the wavefunction corresponding to a
given state is itself a representation of the state in the basis of the eigenstates of the
coordinate operator, the values 'n(x ) are thus the “coefficients” of this representa-
tion. j'n(x )j2 then determines the probability density for finding the system which
is in the nth eigenstate with the value of the coordinate equal to x . More details on
the interpretation are given in Chapter 6. This is denoted as the Born rule for prob-
ability. According to such an interpretation, the wavefunction itself is a probability

amplitude, and has no direct physical meaning (in the sense of being measurable).
While the probability density is real and nonnegative, the wavefunction is complex.

As denoted above, the operators act on wavefunctions and create new wavefunc-
tions:

OF φ(x ) D ψ(x ) . (4.16)

The operators usually represent some physical quantities. The operators are taken
as linear. The normalized wavefunction allows one to determine the values of the
outcomes of a repeated experimental observation of a system in a particular quan-
tum state. This so-called expectation value hFi associated with the operator OF for a
system in a given state φ(x ) is defined as

F � h OFi D
Z

dx φ�(x ) OF φ(x ) . (4.17)

This is usually termed the Born rule as well. We can also introduce the action of an
operator to the left by φ(x ) OF D OFTφ(x ), where OFT denotes the transposed operator.
For an arbitrary operator the expectation value can be complex. We can thus write

h OFi� D
Z

dx φ(x )( OF φ(x ))� �
Z

dx φ�(x ) OF†φ(x ) . (4.18)

Operator OF† is denoted as the conjugate operator to operator OF . From the equation
above we can write

( OFT)� D OF† . (4.19)

As the expectation value of the physically measurable quantity must be real,

OF D OF† . (4.20)

Such operators always have real expectation values and are denoted as the Hermi-

tian.
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56 4 Quantum Mechanics

4.3
Bra-ket Notation

Many quantum mechanical expressions can be greatly simplified by adopting the
Dirac bracket notation. In this notion, the fact that the wavefunction 'n(x ) of
state n in the coordinate representation is a representation of an abstract state vec-
tor jni in the bases of the vectors corresponding to different values of x is repre-
sented by

'n(x ) D hx jni , (4.21)

Here bra-ket hx jni represents a scalar product of two vectors, jxi and jni, both
defined on an abstract Hilbert space. The part jni of the bra-ket is the so-called ket

vector. Similarly, hnj is the so-called bra vector, denoting the conjugate state in the
scalar product. For the wavefunction, the conjugation corresponds to the complex
conjugation. More properly jni D (hnj)†, and because the scalar product is a num-
ber, we have hx jni D hnjxi�. The scalar product hx jni denotes the projection of
vector jni on vector jxi in the Hilbert space.

According to these notations, the integral of two wavefunctions can be expressed
as follows:

hbjai D
Z

'�
b (x )'a(x )dx . (4.22)

And similarly,

hbjF jai D
Z

'�
b (x ) OF (x )'a(x )dx . (4.23)

On the left-hand side of these expressions we have abstract notation for which the
wavefunctions do not have to be expressed in the coordinate representation. For
normalized state vectors we have

hajai D 1 , (4.24)

which means that the elements (vectors) are determined by their direction in the
Hilbert space but not by their amplitude.

The eigenfunctions of Hermite operators representing physical observables are
orthogonal to each other (unless the eigenvalues are degenerate), which means
that the overlap factor is zero. The orthonormal set of eigenfunctions should then
satisfy the following conditions:

hmjni D δm ,n . (4.25)

Since the eigenfunctions of any operator compose the full set, any vector jai in the
Hilbert space can be projected onto this full set, thus giving

jai D
X

n

jnihnjai , (4.26)
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where hnjai determines the projection of vector jai onto vector jni. Similarly,

hx jai D
X

n

hx jnihnjai . (4.27)

The latter equation connects wavefunctions in different representations. If the
wavefunctions are normalized, that is,Z

hajxihx jaidx D
Z

hnjxihx jnidx D 1 , (4.28)

we will get

hajai D
X

hajnihnjai D 1 , (4.29)

or otherwiseX
n

jnihnj D OI , (4.30)

where OI is the unity operator. Equation (4.30) demonstrates the completeness of
the wavefunction set.

Direct generalization of (4.30) can be used for representation of any operator OF :

OF D
X
n,m

Fnmjnihmj , (4.31)

where Fnm is the matrix element of operator OF in a particular representation.

4.4
Representations

4.4.1
Schrödinger Representation

The above formulation of quantum mechanics is termed the Schrödinger repre-
sentation. A formal solution of the Schrödinger equation, (4.5), can be given by

Ψ (x , t) D OU(t, t0)Ψ (x , t0) , (4.32)

where OU(t, t0) is the so-called evolution operator, which satisfies the following ini-
tial condition:

OU(t0, t0) D 1 . (4.33)

From normalization conditions it follows that the evolution operator has to be a
unitary operator since

h OU Ψ j OUΨ i D hΨ j OU† OUΨ i D hΨ jΨ i . (4.34)
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58 4 Quantum Mechanics

Indeed, inserting (4.32) into the Schrödinger equation, (4.5), we get

i„@ OU(t, t0)
@t

D OH OU(t, t0) . (4.35)

In the case of a time-independent Hamiltonian the solution can be formally ex-
pressed by the evolution operator

OU(t, t0) D e� i
„

OH (t�t0) , (4.36)

and the wavefunction is

Ψ (x , t) D e� i
„

OH(t�t0) Ψ (x , t0) . (4.37)

In the case of a time-dependent Hamiltonian it follows from (4.35) that

OU(t, t0) D 1 � i
„

tZ
t0

OH(τ) OU(τ, t0)dτ . (4.38)

This integral relation can be solved iteratively. The first iteration of (4.38) gives

OU(t, t0) D 1 � i
„

tZ
t0

OH (τ)dτ

C
�

� i
„
�2 tZ

t0

dτ

τZ
t0

dτ1 OH(τ) OH(τ1) OU(τ1, t0) , (4.39)

and applying further iterations, we get

OU(t, t0) D 1 C
1X

nD1

�
� i

„
�n

tZ
t0

dτn

τnZ
t0

dτn�1 . . .

τ2Z
t0

dτ1

� OH(τn) OH (τn�1) . . . OH (τ1) , (4.40)

with time ordering: t0 � τ1 � � � � � τn�1 � τn . By analogy with the definition of
an exponential function, it can also be represented symbolically as

OU(t, t0) D expC

0
@� i

„

tZ
t0

dτ OH(τ)

1
A . (4.41)

Similarly, the Hermitian conjugated operator can also be defined accordingly:

OU†(t, t0) D exp�

0
@ i

„

tZ
t0

dτ OH(τ)

1
A . (4.42)

Evidently, in the case of the time-independent Hamiltonian the evolution operator
and its conjugated operator coincide with the evolution operator given in (4.37) and
its conjugated operator.
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4.4.2
Heisenberg Representation

In the Schrödinger equation considered so far, the time evolution of the system is
reflected in the wavefunction. However, the time evolution can also be relocated
from the wavefunction to the operators, resulting in the so-called Heisenberg rep-
resentation. This can be achieved by means of action of the evolution operator on
the wavefunction in the Schrödinger representation:

ΨH(x ) D OU†(t)ΨS(x , t) , (4.43)

where ΨS(x , t) is the wavefunction in the Schrödinger representation as defined
by (4.32). Correspondingly, ΨH(x ) is the wavefunction in the Heisenberg repre-
sentation and it is time-independent. Evidently, any operator should also be trans-
formed by means of the evolution operator accordingly, giving

OFH(t) D OU†(t) OF OU(t) . (4.44)

The operator OFH(t) is thus the operator OF in the Heisenberg representation, and it
is now time-dependent. Since OU†(0) D OU(0) D 1, we get

OFH(0) D OF , (4.45)

which means that operators in both representations coincide at some chosen initial
time. From (4.44) it follows that the time evolution of the operator OFH(t) over a short
period of time ∆ t can be given as

OFH(t C ∆ t) D OU†(∆ t) OFH(t) OU(∆ t) . (4.46)

Assuming that the Hamiltonian of the system is time-independent, and expanding
the exponent in (4.36), we get

OFH(t C ∆ t) D OFH(t) C i
„ [ OH , OFH(t)]∆ t C . . . (4.47)

From this equation it follows that

d OFH

dt
D 1

i„ [ OFH, OH ] . (4.48)

The equation obtained allows us to conclude that operators which commute with
the Hamiltonian are time-independent in the Heisenberg representation. Since
operators in the Schrödinger and Heisenberg representations coincide at t D 0,
it is evident that the operators commuting with the Hamiltonian are the same in
both representations. As a result, the Hamiltonian of the system is the same in
both representations.
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60 4 Quantum Mechanics

4.4.3
Interaction Representation

Let us consider a situation in which the Hamiltonian of a system can be represent-
ed as a sum of two terms:

OH D OH0(t) C OH1(t) . (4.49)

If we invoke the definition of the evolution operator given in (4.35), the evolution
operator for the system defined by Hamiltonian OH0(t) should satisfy the following
equation of motion:

@

@t
OU0(t, t0) D � i

„
OH0(t) OU0(t, t0) . (4.50)

The solution of this equation can be given in terms of a corresponding evolution
operator, (4.40):

OU0(t, t0) D expC

0
@� i

„

tZ
t0

dτ OH0(τ)

1
A . (4.51)

Let us define the wavefunction in the interaction representation, ΨI(t), via the
following relation with the wavefunction in the Schrödinger representation, ΨS(t):

ΨS(t) D OU0(t, t0)ΨI(t) . (4.52)

By inserting this relation into the Schrödinger equation, (4.5), we get the equation
of motion for ΨI(t) in the form

@

@t
ΨI(t) D � i

„
OH1

I (t)ΨI(t) , (4.53)

where

OH1
I (t) D OU†

0 (t, t0) OH1(t) OU0(t, t0) . (4.54)

Similarly to (4.32), let us now define the evolution operator OUI(t, t0) describing the
solution of (4.53) as

ΨI(t) D OUI(t, t0)ΨI(t0) . (4.55)

Evidently, the evolution operator OUI(t, t0) should satisfy the equation of motion with
Hamiltonian,(4.54):

@

@t
OUI(t, t0) D � i

„
OH1

I (t) OUI(t, t0) . (4.56)

By analogy with (4.35), it follows that

OUI(t, t0) D expC

0
@� i

„

tZ
t0

dτ OH1
I (τ)

1
A . (4.57)

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c04 — 2013/6/3 — page 61 — le-tex

�

�

�

�

�

�

4.5 Density Matrix 61

Taking into account definition (4.52), we get

ΨS(t) D OU0(t, t0)ΨI(t) D OU0(t, t0) OUI(t, t0)ΨI(t0)

D OU0(t, t0) OUI(t, t0)ΨS(t0) , (4.58)

because ΨI(t0) D ΨS(t0). From comparison with (4.32), it follows that

OU(t, t0) D OU0(t, t0) OUI(t, t0) D OU0(t, t0) expC

0
@� i

„

tZ
t0

dτ OH1
I (τ)

1
A , (4.59)

or more explicitly

OU(t, t0) D OU0(t, t0) C
1X

nD1

�
� i

„
�n

tZ
t0

dτn

τnZ
t0

dτn�1 . . .

τ2Z
t0

dτ1

� OU0(t, τn) OH1(τn) OU0(τn , τn�1) OH1(τn�1) . . .

� OU0(τ2, τ1) OH1(τ1) OU0(τ1, t0) . (4.60)

Thus, both wavefunctions and operators are time-dependent in the interaction
representation. The time dependence of the latter is defined by analogy with (4.54)
for any operator OF in the Schrödinger representation by the following relation:

OFI D OUC
0 (t, t0) OF OU0(t, t0) . (4.61)

Similarly to (4.48) derived in the Heisenberg representation, operator OFI in the
interaction representation should satisfy the following equation:

d OFI(t)
dt

D 1
i„
h OFI, OH0

i
. (4.62)

All representations described in this section are equivalent to each other. They
should be used depending on the convenience they provide in the search for the
solution of the problem under consideration.

4.5
Density Matrix

4.5.1
Definition

The wavefunction introduced above is not an experimentally observable physical
entity. Its square determines the probability density for finding a quantum me-
chanical system in some associated state. It is possible to construct a quantity, the
so-called density matrix, which operates directly with the notion of the “square”
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of the wavefunction and has therefore a more direct interpretation. The density
matrix provides an alternative description of a system state. Formally, the densi-
ty matrix represents the so-called density operator. The main advantage of such a
representation of the quantum system is due to the possibility to encompass statis-
tical ensembles beyond those of identical molecules assumed in the probabilistic
interpretation of the wavefunction.

Let us assume that the system is characterized by a wavefunction Ψ defined in
the basis set of wavefunctions 'n :

Ψ (x ) D
X

n

cn'n(x ) . (4.63)

The probability of finding the system in the state characterized by the wavefunction
'n is given by c�

n cn . The expectation value hAi of an operator OA for a system in
state Ψ is given by (4.17) or in the chosen basis of 'n functions,

hAi D
X
mn

A mn cn c�
m , (4.64)

where

A mn D
Z

dx'�
m (x ) OA(x )'n(x ) . (4.65)

It follows from (4.64) that the expansion coefficients cn of the system state are
the only thing necessary to calculate the expectation value of a physical quantity,
once the operator is represented in a given basis, that is, A mn is known. Thus, a
quantity which holds these coefficients can be defined,

�mn D cm c�
n , (4.66)

and the expectation value hAi can be expressed as

hAi D
X
mn

A mn�nm . (4.67)

The quantity �nm is termed the density matrix.
Equation (4.67) has a structure of a trace over a matrix obtained by multiplication

of the density matrix and the matrix representation of the operator OA. We can thus
alternatively present (4.67) as

hAi D trf OA�g . (4.68)

The trace operation on an arbitrary operator can be defined in an abstract way
for operators acting on any Hilbert space. Equation (4.68) suggests that � is an
operator, which could also be represented in an abstract Hilbert space. The density
matrix is thus just a representation of the abstract density operator in a specific
basis. The basis can be discrete or continuous.

The interpretation of the density matrix elements in the discrete representation
is rather straightforward. According to the Born rule, the diagonal elements �nn D
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jcn j2 represent the probabilities (or probability densities) of finding the system in
a state characterized by the wavefunction 'n . The off-diagonal elements �mn , often
denoted as coherences, represent the coherence between states 'm and 'n , that is,
the degree to which the state Ψ of the system is a linear combination of 'm and
'n . In some sense this is the degree of interference of the system between these
states. Because the diagonal elements represent probabilities, their sum has to be
normalized to 1. We can thus introduce the general normalization condition for
the density matrix:X

n

�nn D trf�g D 1 . (4.69)

The density matrix in a continuous coordinate representation has a form anal-
ogous to (4.66), that is, �(x 0, x ) D Ψ (x 0)Ψ �(x ). The diagonal “elements” of this
continuous density matrix are �(x , x )dx D jΨ (x )j2dx , and they therefore repre-
sent the probability density for finding the system in the interval dx around coordi-
nate x . It is normalized accordingly as

R
dx�(x , x ) D 1, and the expectation value

of the operator is

hAi D
“

dxdx 0A x 0x �(x , x 0) . (4.70)

Here it is important to note that in the coordinate representation the operator has to
have the form A x 0x D δ(x �x 0)A(x ). The Dirac delta function is required for (4.70)
to be equivalent with (4.17).

The density matrix can be equivalently presented in bra-ket notation. Consider
the system described by a wavefunction ψ(x ), which can also be denoted by jψi.
The density matrix is then given by

� D jψihψj . (4.71)

The state can be expanded in another basis jai as jψi D P
a cajai. Now the product

with the conjugate wavefunction according to (4.71) gives the density operator:

� D
X
ab

ca c�
b jaihbj . (4.72)

Thus, in this basis set �ab D ca c�
b

, which is equivalent to (4.66).
The main properties of the density matrix follow from its definition: �aa D

jcaj2 is the probability with normalization
P

a �aa D 1, �ab D ��
ba

, and j�abj2 D
jcaj2jcb j2 D �aa�bb . The density operator clearly does not carry more information
than the wavefunction as described above. Instead, it often disregards the auxiliary
unobservable information from the wavefunction. Its advantage becomes apparent
when considering statistical ensembles.

4.5.2
Pure versus Mixed States

In the usual interpretation of quantum mechanics, the wavefunction, (4.63), repre-
sents a system in state Ψ and all properties of the system are thus defined. How-
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64 4 Quantum Mechanics

ever, when preparing an individual system for measurement, there might be some
uncertainty in the states in which the system is actually prepared. One might pre-
pare states ψa and ψb with probabilities pa and pb . The state of the system is no
longer a linear superposition of states ψa and ψb , but is rather “in state ψa or state
ψb with certain probabilities,” which is denoted as a statistical mixture. The differ-
ence between these two situations is a lack of coherence between states ψa and ψb

in the latter case.
It turns out that the density operator in such a scenario is completely determined.

Adding two wavefunctions automatically introduces the coherence, but adding two
density operators (weighted by the probabilities of finding systems with the corre-
sponding states) does not. Thus,

� D
X

nDa,b

pnjψnihψn j (4.73)

correctly describes a statistical ensemble of system states prepared in either
state ψa or state ψb . We can verify that the expectation value for operator OA is
defined consistently as a sum of expectation values for states ψa and ψb :

hAi D trf�Ag D
X

nDa,b

pnhψn j OAjψni . (4.74)

The physical quantity in this case is well defined, and the system is described by a
statistical ensemble of wavefunctions. We will describe statistical ensembles more
extensively in Chapter 7. States that are represented by a single wavefunction are
called pure states, and states that cannot be written as a single wavefunction and re-
quire a density operator for their characterization are called mixed states. The mixed
states represent ensembles. This does not imply the existence of physical replicas
of the system under consideration, but instead describes the limited knowledge of
the system state.

To distinguish the pure and mixed states from each other formally, we can use
the following inequality:

trf�2g < 1 , (4.75)

which holds for a mixed state. It is easy to show that the pure state � D jψihψj has

trf�g D
X

n

h'n jψihψj'ni D hψjψi D 1 (4.76)

as a result of the normalization conditions for the wavefunction. In a mixed state
� D P

n pn�(n), where �(n) D jψnihψn j are some density operators representing
(different but not necessarily orthogonal) pure states, the probabilities have to sat-
isfy

P
n pn D 1. From this it follows that

trf�2g D
X
nm

pn pmtrf�(n)�(m)g <
X
nm

pn pm D 1 , (4.77)

because

trf�(n)�(m)g D jhψn jψmij2 < 1 . (4.78)
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4.5.3
Dynamics in the Liouville Space

The Schrödinger equation, (4.5), describes quantum dynamics of a system wave-
function:

i„djΨ i
dt

D OH jΨ i (4.79)

where OH is the total system Hamiltonian, given by the sum of kinetic and potential
energies. For the time-independent Hamiltonian the formal solution, (4.37), reads

jΨ (t)i D exp
�

� i
„

OH t

�
jΨ (0)i . (4.80)

The Hermitian conjugate equation for the wavefunction can also be defined, and it
reads

i„dhΨ j
dt

D �hΨ j OH . (4.81)

With use of these definitions it is straightforward to write the equation for the
density matrix of the pure state:

i„ d
dt

� D i„ d
dt

jΨ ihΨ j D OH� � � OH D [ OH , �] . (4.82)

Expanding the equation in some basis set, we get

i„ d
dt

�ab D
X

c

(Hac�cb � �ac Hcb) . (4.83)

Let us assume that the system eigenstates are j'ai with energies εa . We then
have for the Hamiltonian and the density matrix in this basis set Hab � δab εa and
� � �ab , and from (4.83) we get

i„d�ab

dt
D (εa � εb)�ab , (4.84)

and the solution

�ab(t) D e�iωab t�ab(0) , (4.85)

where ωab D (εa � εb)/„ describes the unitary evolution of the density matrix,
which is simply the phase rotation of coherences. As the state is stationary, the
probabilities are time-independent, �aa D const.

It is sometimes convenient to introduce a different notation with respect to the
density matrix dynamics. In (4.83) both the density matrix and the Hamiltonian are
square matrices. We can reorganize elements of the density matrix into a single row
and assume it to be a vector. We can write (4.83) in the form

d
dt

�ab D �i
X

cd

Lab,cd�cd , (4.86)
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or without specifying the basis set simply as d�/dt D �iL�, where the superopera-

tor L acting on operator � is introduced. In this so-called Liouville representation, the
possible density matrices are vectors in the Liouville space, that is, we treat each
regular operator, in our particular case the density matrix, as a vector, and the su-
peroperators, which are the tetradic matrices in a regular case, operate on these
square-matrix operators.

Two types of superoperators are the most important. The Liouville operator is a
construct out of the system Hamiltonian. For the arbitrary orthogonal basis set we
have Lab,cd D „�1(δbd Hac � δac Hd b). For the expansion in Hamiltonian eigen-
states, the Liouville operator becomes diagonal, that is, Lab,cd D ωab δac δbd . The
second important superoperator is the propagator, or the Green’s function for the
density matrix. It is the time-domain forward propagator. The time evolution of the
wavefunction can be expressed as jΨ (t)i D G(t)jΨ (0)i, where

G(t) D θ (t) exp
�

� i
„

OH t

�
� θ (t) OU(t) , (4.87)

and θ (t) is the Heaviside step function, which is equal to 1 for positive times and 0
for negative times. The operator G(t) is often called a Green’s function, and it coin-
cides with the evolution operator defined by (4.37), when considering the forward
propagation in the time domain. In the Liouville space according to (4.86), the for-
mal solution of the Liouville equation for the time-independent Liouville operator
is �(t) D exp(�iLt)�(0). Similarly to the Hilbert space, the Liouville space Green’s
function is defined by forward propagation of the density operator �(t) D G(t)�(0),
where

G(t) D θ (t) exp(�iLt) (4.88)

is the formal expression of the Green’s function. These types of superoperators will
be used later in this book.

4.6
Model Systems

4.6.1
Harmonic Oscillator

The classical harmonic oscillator is the model describing the motion of a particle
in a harmonic potential (Figure 4.1):

V(x ) D k

2
x2 , (4.89)

where k determines the strength of the restoring force and x is the coordinate of
the particle. The classical dynamics of this oscillator was described in Section 2.1.3.
We now consider the quantum case.
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x

V (x)

1
2 h̄ω

3
2 h̄ω

5
2 h̄ω

7
2 h̄ω

Figure 4.1 Low-lying energy levels of a particle in a one-dimensional harmonic potential V(x).
Wavy curves represent the eigenfunctions, the dashed lines – the eigenenergies.

In the case of a one-dimensional harmonic oscillator, the coordinate describes
the motion along this particular coordinate. The Hamiltonian of such a system
reads as follows:

OH D � „2

2m

d2

dx2
C V(x ) . (4.90)

By introducing the notation k D mω2, we can rewrite the Schrödinger equa-
tion, (4.7), as

� „2

2m

d2'(x )
dx2 C mω2

2
x2'(x ) D E'(x ) . (4.91)

Introducing also the dimensionless coordinate 
 D p
mω/„x and energy ε D

E/(„ω), we get

�
d2

d
 2
� 
 2

�
'(
 ) D �2ε'(
 ) . (4.92)

This is now a second-order differential equation with '(
 ) representing the desired
wavefunction, and ε representing the corresponding energy of the oscillator.

We will solve (4.92) by first noting that

�

 C d

d


��

 � d

d


�
'(
 ) D

�

 2 � d2

d
 2 C 1
�

'(
 ) , (4.93)

which can be used to rewrite (4.92) as�

 C d

d


��

 � d

d


�
'(
 ) D (2ε C 1)'(
 ) . (4.94)

Similarly we obtain�

 � d

d


��

 C d

d


�
'(
 ) D (2ε � 1)'(
 ) . (4.95)
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Thus, the wavefunction satisfies both (4.94) and (4.95). If we now take (4.94) and
act on the left with operator 
 � d/d
 , we have�


 � d
d


��

 C d

d


��

 � d

d


�
'(
 )

D [2(ε C 1) � 1]
�


 � d
d


�
'(
 ) , (4.96)

that is, the function

φC(
 ) D
�


 � d
d


�
'(
 )

is the wavefunction with energy ε C 1. Using (4.95), we can show that

φ�(
 ) D
�


 C d
d


�
'(
 )

is the wavefunction with energy ε � 1. Thus, any wavefunction corresponding to
eigenvalue ε can be constructed when the “first” wavefunction is found.

The first wavefunction may be obtained from (4.94). Taking ε D �1/2, we get
the requirement�


 � d
d


�
'(
 ) D 0 . (4.97)

It is easy to verify that

'(
 ) D Ae
 2/2 , (4.98)

where A is the normalization constant, is the solution of (4.97). However, this solu-
tion is rejected because it does not satisfy the boundary conditions, '(
 ) ! 0 when

 ! ˙1, needed for the normalization requirement of the wavefunction.

Equation (4.95) can be satisfied if ε D 1/2 and�

 C d

d


�
'(
 ) D 0 (4.99)

at the same time. In this case the differential equation has the solution

'(
 ) D Ae�
 2/2 , (4.100)

which represents an acceptable eigenfunction because it satisfies the boundary con-
ditions.

Let us try to find a wavefunction which corresponds to an energy lower than
ε D 1/2. We will try

φ�(
 ) D
�


 C d
d


�
e�
 2/2 D 0 ,
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which means that states with lower energy are not possible. Therefore, the eigen-
state defined by (4.100) and the corresponding eigenvalue determine the oscillator
ground state, that is, we can denote them by '0(
 ) and ε0.

To determine the wavefunction 'n(
 ) of the excited states characterized by quan-
tum number n we will use (4.94) and apply operator (
 �d/d
 ) as described above.
The discussion above shows that operator (
 � d/d
 ) is an energy-raising operator.
When this operator acts on eigenfunction 'n(
 ) corresponding to eigenvalue εn ,
eigenfunction 'nC1(
 ) with eigenvalue εnC1 is created. Thus, starting with (4.100),
we can generate the rest of the states of the harmonic oscillator. The first excited
state is given by

'1(
 ) D A 1

�

 � d

d


�
'0(
 ) (4.101)

and ε1 D 3/2, and the second excited state is defined accordingly:

'2(
 ) D A 2

�

 � d

d


�2

'0(
 ) (4.102)

and ε2 D 5/2. Similarly,

'n(
 ) D A n

�

 � d

d


�n

'0(
 ) (4.103)

and εn D n C 1/2. Coefficients A n are normalization factors.
Wavefunctions for an arbitrary n can be explicitly defined via Hermite polynomi-

als,

Hn(
 ) D (�1)ne
 2 dn

d
 n
e�
 2

, (4.104)

as

'n(
 ) D Nn Hn(
 )e�
 2/2 , (4.105)

where

Nn D 1pp
πn!2n

(4.106)

accounts for the normalization.
Let us now apply operator (
 C d/d
 ) to both sides of (4.95) to give�


 C d
d


��

 � d

d


��

 C d

d


�
'n(
 ) D (2εn � 1)

�

 C d

d


�
'n(
 ) .

(4.107)

By comparison with (4.94), we can conclude that (
 C d/d
 ) is the energy-lowering
operator.

We thus find that the energy states of the harmonic oscillator form a ladder with
equal energy gaps. This is one of the most important results, allowing one to intro-
duce the particles – bosons – and their number operators. This so-called second-
quantization procedure is introduced in Section 4.9.
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4.6.2
Quantum Well

Let us consider the one-dimensional quantum well shown in Figure 4.2. The po-
tential energy for the quantum particle in this well is defined as

V(x ) D
(

0 , if 0 � x � a ,

1 , otherwise .
(4.108)

The quantum particle in the quantum well is completely free, except at the two
walls, which confine the particle. The Hamiltonian of a free particle is equal to the
kinetic energy, OT D Op 2/(2m), defined in Chapter 2. The momentum operator in
quantum mechanics is Op D �i„r [2, 15]. Thus, the Schrödinger equation, (4.7),
inside the one-dimensional well reads

� „2

2m

d2'(x )
dx2 D E'(x ) , (4.109)

where m is the mass of the quantum particle. A general solution of this equation
can be found in the form

'(x ) D A sin kx C B cos k x , (4.110)

where k D p
2mE/„2, and A and B are arbitrary constants, which should satisfy

the boundary conditions of the well and the normalization of the wavefunction.
Since the wavefunction at the walls should be zero, that is, '(0) D '(a) D 0, it
follows that B D 0 and the wavefunction, (4.110), is given by

'(x ) D A sin kx . (4.111)

From the boundary conditions it follows that sin k a D 0 and thus

ka D 0, ˙π, ˙2π, ˙3π, . . . (4.112)

This allows us to determine k as

kn D π n

a
(4.113)

with n D 1, 2, 3, . . . and hence the possible eigenvalues of En :

En D π2„2 n2

2ma2 . (4.114)

By taking into account the normalization conditions for the wavefunction, we can
define the amplitude A accordingly:

'n(x ) D
r

2
a

sin
� π nx

a

�
. (4.115)

The wavefunctions obtained determine quantum states which satisfy the condi-
tions of standing waves in this well. The state with n D 1 has the lowest energy
and it represents the ground state. States with higher energies proportional to n2

are excited states. The eigenfunctions corresponding to different values of n are
orthogonal to each other.
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E1

E2

E3

E4

x

0 a

V (x)

Figure 4.2 Low-lying energy levels of a particle of mass m in an infinite square-well potential
V(x) with width a. Wavy curves represent the eigenfunctions, the dashed lines – the eigenener-
gies.

4.6.3
Tunneling

The ability to penetrate the barrier, which is classically forbidden, is one of the
exceptional properties of a quantum particle. To demonstrate this, let us consider
a free particle moving in a one-dimensional space and interacting with a potential
barrier, which determines the following potential energy (see Figure 4.3):

V(x ) D

8̂̂<
ˆ̂:

0 , �1 < x � 0 ,

V0 , 0 < x < a ,

0 , a � x < 1 .

(4.116)

If a classical particle is approaching this barrier from the side of negative x values,
it is reflected if its kinetic energy is below V0, and it is transmitted in the opposite

x

0 a

V (x)
V0

E = 1
2V0

ReΨ(x)

E = 0

Figure 4.3 Penetration of a quantum particle through a potential barrier of height V0 and
width a. The spatial distribution of the real part of the wavefunction of the particle initially posi-
tioned on the left side of the potential barrier with energy E D 1/2V0 is also shown.
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case. In general, the behavior of a quantum particle of mass m in the presence of
potential V(x ) should satisfy the Schrödinger equation:

� „2

2m

@2Ψ
@x2

C V(x )Ψ D E Ψ . (4.117)

In order to demonstrate the tunneling effect, let us consider the possibility of reflec-
tion and transmission of an incoming particle by the barrier in the case when the
particle energy E is lower than V0. The stationary Schrödinger equation in regions
�1 < x � 0 and a � x < 1 corresponds to the free particle case:

d2Ψk

dx2
D �k2Ψk , (4.118)

where k determines the eigenenergy, E D „2 k2/(2m). The general solution of this
equation can be represented by free particle states:

Ψk D Aeik x C Be�ik x , (4.119)

where A and B are arbitrary constants.
In the region 0 � x � a the energy of the particle is classically forbidden since

E < V0. In this case the stationary Schrödinger equation can be given by

d2Ψ�

dx2 D �2Ψ� , (4.120)

where V0 � E D „2 �2/(2m). The general solution in this case is as follows:

Ψ� D Ce��x C De�x , (4.121)

with arbitrary constants C and D .
In order for the wavefunction to be smooth, we have to determine the arbitrary

constants. The wavefunctions and their derivatives have to be smoothly joined at
points x D 0 and x D a by taking into account the normalization condition.

To consider the transparency of the barrier we have to analyze the relation be-
tween the particle moving toward the barrier in the region �1 < x � 0 and away
from the barrier in the region a � x < 1 (terms proportional to A in (4.119)). The
ratio of these coefficients will determine the probability of transmission, T , of the
particle through the barrier, T D jA Rj2/jA Lj2, where indices R and L indicate the
right and left side of the barrier, respectively. Assuming in addition that the barrier
is wide enough so that e

�2�a � 1, we get

T � 16k2�2

(k2 C �2)2 e�2�a , (4.122)

or using the energy,

T � 16E(V0 � E )
V 2

0
e�2�a . (4.123)
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Since this approximate expression is valid when e�2�a � 1, the wavefunction in-
side the barrier is mainly defined by the first term of (4.121), and the tunneling
probability is proportional to e�2�a . Such an exponential dependence of the tunnel-
ing probability on the barrier penetration value � and the width a of the barrier is
the main factor determining the quantum character of the particle (see Figure 4.3).

4.6.4
Two-Level System

When considering atoms or molecules resonantly interacting with an electromag-
netic field, one can disregard all states for which the transition frequencies are
sufficiently different from the frequency of the light. One can often disregard all
states except the ground state and one excited state resonant with the exciting light.
Let us therefore consider a two-level system interacting with an external field. The
Hamiltonian of such a system is given by

OH D OH0 C OH1(t) , (4.124)

where OH0 is the Hamiltonian of the two-level system and OH1(t) describes the ex-
ternal field. Since it is assumed to be time-dependent, we have to consider the
nonstationary Schrödinger equation.

Let us assume that the eigenstates corresponding to the two-level system (Hamil-
tonian OH0) have eigenvalues E 0

1 and E 0
2 . We assume the external field is an oscillat-

ing field with frequency ω, that is,

OH1(t) D 2 OH1 cos ω t � OH1(eiω t C e�iω t ) . (4.125)

Since the two-level system is characterized by two states, they evidently constitute
the complete set of functions. By denoting eigenfunction '1 as corresponding to
eigenvalue E 0

1 and eigenfunction '2 as corresponding to eigenvalue E 0
2 , we can

represent any wavefunction accordingly:

Ψ (t) D c1(t)'1 C c2(t)'2 . (4.126)

Substituting this wavefunction into the Schrödinger equation, (4.5), we get

i„ @

@t

�
c1(t)'1 C c2(t)'2

� D OH �
c1(t)'1 C c2(t)'2

�
, (4.127)

and now multiplying (4.127) either by '�
1 or by '�

2 and integrating over all variables
of the system, we get

i„ @

@t
c1(t) D E 0

1 c1(t) C H1
11(t)c1(t) C H1

12(t)c2(t) (4.128)

and

i„ @

@t
c2(t) D E 0

2 c2(t) C H1
22(t)c2(t) C H1

21(t)c1(t) , (4.129)
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where H1
i j (t) D hij OH1(t)j j i.

In the absence of the external field, the solutions of (4.127) and (4.129) give

Ψ (t) D a1(0)e�iω1 t'1 C a2(0)e�iω2 t'2 , (4.130)

where ω i D E 0
i /„ and coefficients ai (0) allow one to satisfy the normalization

conditions. Evidently, all coefficients c j (t) should contain the phase factor e�iω j t

due to the first terms on the right-hand side of (4.127) and (4.129) even in the
presence of the external field. By inserting

c j (t) D a j (t)e�iω j t (4.131)

into (4.127) and (4.129), we get

i„ @

@t
a1(t) D H1

11(t)a1(t) C H1
12(t)a2(t)e�iω21 t (4.132)

and

i„ @

@t
a2(t) D H1

22(t)a2(t) C H1
21(t)a1(t)e�iω12 t , (4.133)

where ω i j D ω i � ω j . By considering the resonance interaction with the exter-
nal field, we can assume that diagonal elements are absent, that is, H1

i i(t) D 0.
Equations (4.132) and (4.133) then reduce to

@

@t
a1(t) D 1

i„ H1
12(t)e�iω21 t a2(t) (4.134)

and

@

@t
a2(t) D 1

i„ H1
21(t)e�iω12 t a1(t) , (4.135)

and then substituting the time dependence of the field term defined by (4.125), we
get explicitly

@

@t
a1(t) D 1

i„ H1
12

h
ei(ω�ω21)t C e�i(ωCω21)t

i
a2(t) (4.136)

and

@

@t
a2(t) D 1

i„ H1
21

h
ei(ωCω21)t C e�i(ω�ω21)t

i
a(t) , (4.137)

where H1
21 D h2jH1j1i.

Let us assume now that ω D 0, that is, the external field is constant. By differen-
tiating (4.135), with subsequent substitution of (4.134), we get

@2

@t2 a2 D �jH1
21j2

„2 a2 C iω21
@

@t
a2 . (4.138)
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Ωt

P2(t)

2π 40 π 6π

1

Figure 4.4 The time-dependent probability of a two-level system being found in an initially
unoccupied state.

Similarly, we can also derive a separate equation for a1.
The general solution of (4.138) is given by

a2(t) D �
AeiΩ t C Be�iΩ t

�
eiω21 t/2 , (4.139)

where Ω D 1/2
q

ω2
21 C 4jH1

21j2/„2, and A and B are constants determined by the
initial conditions.

Let us assume that a1(0) D 1 and a2(0) D 0 at t D 0, that is, the system is in
state 1. Then we get

a2(t) D �i
jH1

21j
Ω

eiω21 t sin Ω t (4.140)

and

a1(t) D
�

cos Ω t C i
ω21

2Ω
sin Ω t

�
e�iω21 t/2 . (4.141)

Now we can define the probability of finding the system in any of these two states.
P1(t) D ja1(t)j2 is the probability of finding the system in state 1, and P2(t) D
ja2(t)j2 is the probability of finding the system in state 2. The latter is

P2(t) D 4jH1
21j2

„2 ω2
21 C 4jH1

21j2 sin2(Ω t) , (4.142)

and

Ω D 1
2

s
ω2

21 C 4
jH1

21j2
„2

, (4.143)

which is the so-called Rabi formula [11]. The time evolution of this probability is
shown in Figure 4.4. It is evident that P1(t) D 1 � P2(t). According to (4.142), the
system oscillates between the two states with frequency Ω as long as the external
perturbation is acting.

In the case when the external field is oscillating in time according to (4.125) and
the oscillation frequency ω is close to resonance with the transition frequency ω21

of the system, the two exponents in (4.136) and (4.137) are very different. Indeed,
e˙i(ωCω21)t is strongly oscillating with frequency close to 2ω21 and e˙i(ω�ω21)t is
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very slowly oscillating. Considering the evolution on a timescale much longer than
1/2ω21, we might disregard the highly oscillating terms in (4.136) and (4.137), and
thus we will come to the following approximation:

@

@t
a1(t) D 1

i„ H1
12e�i(ω21�ω)t a2(t) , (4.144)

@

@t
a2(t) D 1

i„ H1
21e�i(ω12�ω)t a1(t) . (4.145)

Evidently, the solution of these equations is the same as the solution of (4.136)
and (4.137) given by (4.139) with substitution of ω21 � ω instead of ω21 and Ω D
1/2

q
(ω21 � ω)2 C 4jH1

21j2/„2. In this case the Rabi formula is given by

P2(t) D 4jH1
21j2

„2(ω21 � ω)2 C 4jH1
21j2 sin2

2
41

2

s
(ω21 � ω)2 C 4

jH1
21j2

„2 t

3
5 .

(4.146)

In the limiting case when ω D ω21, we get

P2(t) D sin2 H1
21

„ t , (4.147)

that is, the oscillations are determined by the strength of the external field.

4.6.5
Periodic Structures and the Kronig–Penney Model

In this subsection we consider yet another important model problem – the periodic
potential for a particle. Let us consider potential V(x ) with periodicity c, so

V(x C c) D V(x ) . (4.148)

Since the wavefunction is defined up to a constant, the wavefunction of a particle
in this potential should satisfy the same demands of periodicity:

ψ(x C c) D C ψ(x ) , (4.149)

where

jC j D 1 . (4.150)

If we continue shifting the wavefunction, we should have

ψ(x C nc) D C n ψ(x ) . (4.151)

To take into account an infinitely long periodic system, we assume the periodic
boundary condition at the length of N sites:

ψ(x C N c) D ψ(x ) , (4.152)
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or

C N D 1 . (4.153)

This can be considered as the polynomial equation of N th power, whose solution
is

C D exp(ikx ) , (4.154)

where

k D 2π n

cN
(4.155)

is the lattice wavevector and n D 0, . . . , N � 1.
As the zero coordinate for an infinite lattice is arbitrary, we can choose

ψ(x ) D eik x u k (x ) , (4.156)

where u k (x ) is the periodic function with period c. The final expression is known
as the Bloch theorem and u k (x ) is known as the Bloch wavefunction.

Let us consider the case where the potential V is defined as the infinite periodic
set of barriers as shown in Figure 4.5:

V(x ) D
(

0 , 0 < x < a ,

V0 , a < x < a C b .
(4.157)

So the total length determining the periodicity is equal to a C b. This constitutes
the unit cell. For larger or smaller values of x coordinates, the cell is translated
horizontally by a distance a C b. The Schrödinger equation of the problem now
reads �

� „2

2m

d2

dx2
C V(x )

�
ψ(x ) D E ψ(x ) (4.158)

V (x)
V0

x

−b 0 a a + b

Figure 4.5 Potential surface of an infinite periodic system constituting the Kronig–Penney mod-
el. The unit cell is marked by a dashed line.
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or

d2ψ(x )
dx2

C (W � U(x ))ψ(x ) D 0 , (4.159)

where we denoted 2m/„2 E D W , and similarly 2m/„2V(x ) D U(x ). Inserting the
Bloch wavefunction, (4.156), into the wave equation, (4.159), we get

u00
k (x ) C 2iku0

k (x ) C (W � U(x ) � k2)u k (x ) D 0 . (4.160)

We will look for its solution in the form of the wave

u k (x ) D A exp(iw x ) (4.161)

in the region 0 < x < a, while for �b < x < 0 we will look for the solution in the
form

u k (x ) D B exp(iv x ) . (4.162)

Here A and B are constants to be determined. Inserting these definitions in-
to (4.160), we get

w2 C 2w k � (W � k2) D 0 (4.163)

and

v2 C 2v k � (W � U0 � k2) D 0 . (4.164)

The solutions of (4.163) and (4.164) are

w D �k ˙ p
W (4.165)

and

v D �k ˙ i
p

U0 � W . (4.166)

The value W is proportional to the energy of the particle, and it is considered to
lie in the interval 0 < W < U0. Thus, w is a real number, and v C k must be
imaginary. Keeping this in mind and taking α2 D W and �2 D U0 � W (both α
and � are taken as positive numbers), we get

u k (x ) D ae�ik x eiαx C be�ik x e�iαx (4.167)

in the interval 0 < x < a, while for a < x < b, we get

u k (x ) D ce�ik x e�x C de�ik x e��x . (4.168)

Coefficients a, b, c, and d are to be determined from the boundary conditions
requiring that the function u k (x ) and its first derivative are smooth at boundaries
x D 0 and x D a � x D �b. For them we get

a C b D c C d , (4.169)
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a(α � k) � b(α C k) D c(�i� � k) C d(i� � k) , (4.170)

aei(α�k )a C be�i(αCk )a D ce(ik��)b C de(ikC�)b , (4.171)

and

a(α � k)ei(α�k )a � b(α C k)e�i(αCk )a

D c(�i� � k)e(ik��)b C d(i� � k)e(ikC�)b .

These four equations make up a homogeneous set of equations which give a non-
trivial solution when the determinant

ˇ̌̌
ˇ̌̌
ˇ̌

1 1 1 1
k � α k C α k C i� k � i�
eiαa e�iαa eik(aCb)��b eik(aCb)C�b

(k � α)eiαa (k C α)e�iαa (k C i�)eik(aCb)��b (k � i�)eik(aCb)C�b

ˇ̌̌
ˇ̌̌
ˇ̌

(4.172)

is zero. This leads to

�2 � α2

2α�
sin(aα) sinh(b�) C cos(aα) cosh(b�) D cos((a C b)k) . (4.173)

Equation (4.173) provides the possible values of energy W D α2 determined by
the height of the barrier U0, the lengths of the regions a and b, and the lattice
wavevector k. The parameter � D p

U0 � α2 is not independent. The solution can
only be obtained numerically.

We can, however, obtain a qualitative picture by considering the case when the
width of the barrier is small and the height is increasing. In this case we have
b ! 0, cosh(b�) ! 1, sinh(b�) ! b�, and �2 � α2, while �2b D U0b is
constant. This gives

U0ba

2
sin(aα)

aα
C cos(aα) D cos(ak) . (4.174)

In Figure 4.6 we have plotted the left-hand side of (4.174), that is, function
π sin(x )/x C cos(x ), with x D aα, and with the choice U0ba D 2π. According
to (4.174) it should be equal to cos(y ), with y D ak. The cos(y ) function has values
between �1 and 1, and we have drawn this interval of values in Figure 4.6. This
allows us to obtain several shaded areas, where we can have solutions of

π
sin(x )

x
C cos(x ) D cos(y ) (4.175)

for a given y . The energies corresponding to these shaded areas represent bands of
allowed states. These are shown in Figure 4.7. There we show the dependence of
the particle energy x D a

p
W on the momentum y D ak in the interval (�π, π).

As the cosine function is periodic, this is the smallest interval required to describe
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π
sin(x)

x
+ cos(x)

−10 −5 5 10
x

−1

1

2

3

Figure 4.6 Plot of function π sin(x)/x C cos(x). Shaded areas indicate the solution of (4.175).

1 2 3
y

−3 −2 −1

2

4

6

8

10 x

0

Figure 4.7 Energy bands of the Kronig–Penney model (x2 / E) as a function of momentum
y D ka.

the particle energies. It can thus be denoted as the unit cell in the momentum
space.

The solution obtained (the band structure) obviously depends on the barrier
height. As the height gets smaller, the bands start to overlap and all energy val-
ues become possible. At the other extreme, as the barrier becomes infinitely tall,
we can disregard cosines in (4.174) and then we have

sin(x )
x

� 0 . (4.176)
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This is satisfied when x D π n, n D 1, 2, . . ., and the energy becomes E / x2 / n2.
This reminds us of the result for a particle in a box, which was described in the
previous section.

In the case of crystals, each site is occupied by an atom and can donate an elec-
tron. Therefore, many electrons fill the electronic bands. Metals are obtained when
one band is half filled by electrons. In this case electrons can easily change momen-
tum and respond to the applied electric field. In the case of semiconductors and
dielectrics, one band is completely filled (the valence band) and the higher-energy
band is empty (the conduction band). In this case the properties of the system are
determined by the electrons around the minimum of the conduction band and by
the holes around the maximum of the valence band. One of the main parameters
is the so-called effective mass of the electron or hole, which is defined by the cur-
vature of the band around the minimum or maximum of the band. It is defined
by analogy with the free electron, whose momentum is „k. For a free electron we
have

d2Efree

dk2
D „

mfree
. (4.177)

Similarly, the effective mass inside the crystal is given by

m� D „
�

d2E(k)
dk2

��1

. (4.178)

All properties of infinite periodic structures are characterized by a unit cell in
the real space. Equivalently, we can use the momentum representation, which is
essentially the spatial Fourier transform of the problem. In the momentum interval
from �π/a to π/a, in every dimension the system is then fully characterized.

4.7
Perturbation Theory

In the previous examples we described exactly solvable models. However, real ap-
plications of quantum mechanics usually face the problem that the dynamic equa-
tions cannot be solved exactly. Often even numerical solutions are not feasible.
Even if a numerical solution is possible, approximative methods provide invalu-
able insight into the physics of the problem.

4.7.1
Time-Independent Perturbation Theory

Let us consider the situation when the Hamiltonian is represented by the sum of
two constituents: Hamiltonian OH0 characterizing an unperturbed part of the sys-
tem and a time-independent perturbation OH1. Our aim is to generate the wave-
functions and energies of the perturbed system using the characteristics of the
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unperturbed system. The eigenvalues E
(0)
n and eigenfunctions 'n � jni of the un-

perturbed system are defined as solutions of the following Schrödinger equation
and are assumed to be known:

OH0'n D E
(0)
n 'n . (4.179)

Let us assume further that OH1 D λ OW , where λ is a small parameter. We will look
for the solution of the Schrödinger equation of the perturbed system,

( OH0 C λ OW )Ψ D E Ψ , (4.180)

in the form

Ψ D
X

n

an'n . (4.181)

By inserting (4.181) into the stationary Schrödinger equation, (4.7), we get

(E � OH0)
X

n

an'n D λ OW
X

n

an'n . (4.182)

Multiplying this by '�
m and subsequently integrating over the space of the variables

of Hamiltonian OH0, we obtain the following equation:

E am � E
(0)
m am D λ

X
n

Wmn an , (4.183)

where Wmn D hmj OW jni.
Now let us consider a particular state l . The corresponding energy term El and

the expansion coefficient am of the eigenfunction defined by (4.181) then also con-
tain correction terms of various orders:

El D E
(0)
l

C λE
(1)
l

C λ2E
(2)
l

C . . . (4.184)

and

am D δml C λa
(1)
m C λ2a

(2)
m C . . . (4.185)

Inserting these expressions into (4.183) and collecting terms of the same power
of λ, we get the relationships

E
(1)
l

D Wl l (4.186)

and

E
(2)
l

C E
(1)
l

a
(1)
l

D
X

n

Wl n a
(1)
n (4.187)

in the case when m D l , also�
E

(0)
l

� E
(0)
m

�
a

(1)
m D Wml (4.188)
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and

E
(1)
l a

(1)
m C

�
E

(0)
l � E

(0)
m

�
a

(2)
m D

X
n

Wmn a
(1)
n (4.189)

when m ¤ l .
From these relationships we obtain the first-order corrections for the energy,

El D E
(0)
l C λE

(1)
l D E

(0)
l C λWl l � E

(0)
l C Vl l , (4.190)

where Vmn D hmj OH1jni, and for the wavefunction,

Ψl D 'l C λa
(1)
l

'l C
X
m¤l

Vml

E
(0)
l

� E
(0)
m

'm . (4.191)

Coefficient λa
(1)
l

corresponding to the first-order correction can be determined
from the normalization conditions. Since eigenfunctions 'l of the unperturbed
Hamiltonian are normalized, it follows that 1 C λ(a(1)

l
C a

(1)�
l

) D 1, where we
disregarded terms proportional to λ2. Thus, we must have a

(1)
l

C a
(1)�
l

D 0, that
is, Re a

(1)
l

D 0. Choosing an appropriate phase for the wavefunction, we can set
a

(1)
l

D 0, and we obtain

Ψl D 'l C
X
m¤l

Vml

E
(0)
l � E

(0)
m

'm . (4.192)

Evidently, if the spectrum of the unperturbed Hamiltonian contains both dis-
crete and continuous parts, the additional term containing the integral over the
continuous spectrum should also be taken into account:

Ψl D 'l C
X
m¤l

Vml

E
(0)
l � E

(0)
m

'm C
Z

Vν l

E
(0)
l � E

(0)
ν

'νdν , (4.193)

where ν enumerates the continuum part of the spectrum.
Similarly, the energy corrections in the second-order approach are given by

E
(2)
l D

X
n¤l

Wl n Wnl

E
(0)
l

� E
(0)
n

, (4.194)

and the desired energy up to the second order is therefore

El D E
(0)
l C Vl l C

X
n¤l

Vl nVnl

E
(0)
l

� E
(0)
n

. (4.195)

Thus, it follows that the second-order correction to the ground-state energy is al-
ways negative since E

(0)
l

< E
(0)
n for any n, when l D 0. In practice it is often

enough to take into account the first-order correction for the eigenfunctions and
the second-order corrections to the eigenenergies.
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Alternatively we can solve the problem in the original unperturbed basis set. Let
us now return to the full Hamiltonian, OH D OH0 C OH1. The Schrödinger equation
for the system characterized by such a Hamiltonian can also be given in the basis
of the unperturbed Hamiltonian (see (4.179)):

X
n

(Hmn � E δmn)an D 0 , (4.196)

where Hmn D hmj OH jni. The matrix elements Hnm are equal to E
(0)
n C Vnn when

n D m, and Vmn when m ¤ n. In order to obtain a nontrivial solution of (4.196),
the following requirement should be fulfilled:

det[Hmn � E δmn] D 0 . (4.197)

This provides the possibility to determine the eigenenergies of the system in the
representation of the unperturbed Hamiltonian. Equation (4.197) is called the secu-
lar equation, and can be used to consider degenerate as well as nondegenerate spec-
tra of the unperturbed Hamiltonian. In the latter case and for weak nondiagonal
terms, that is, when jHl mj � jE (0)

l �E
(0)
m j, (4.197) can be simplified significantly. For

instance, by disregarding all nondiagonal terms, we obtain E D Hl l D E
(0)
l C Vl l ,

that is, the result coincides with the result which follows from the first-order cor-
rections with respect to the perturbation. In order to obtain the second-order per-
turbation corrections, let us consider a particular state l D 1 defined according to
the unperturbed Hamiltonian. If we take into account only the nondiagonal terms,
which mix all other states with the chosen state l D 1, it follows from (4.197) that
the perturbed eigenvalue can be determined by the following transcendent relation:

E D H11 �
1X

mD2

jH1mj2
Hmm � E

. (4.198)

This equation can be solved approximately. In the first-order approximation we get

E D E
(0)
1 C V11 C

1X
mD2

jV1mj2
E

(0)
1 C V11 �

�
E

(0)
m C Vmm

� . (4.199)

As an example let us consider the model containing two coupled energy states
characterized by '1 and '2 as the eigenfunctions of the unperturbed Hamiltonian
H0. A secular equation, (4.197), then corresponds to the second-order determinant

ˇ̌̌
ˇH11 � E H12

H21 H22 � E

ˇ̌̌
ˇ D 0 , (4.200)

giving the solution

E1,2 D 1
2

	
(H11 C H22) ˙

q
(H11 � H22)2 C 4 jH12j2



. (4.201)
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In the case when the perturbation conditions are satisfied, that is,

jH11 � H22j � jH12j , (4.202)

the solution presented in (4.201) for state i D 1 coincides with the result which
follows from (4.199):

E1 D E
(0)
1 C V11 C jV12j2

E
(0)
1 C V11 �

�
E

(0)
2 C V22

� , (4.203)

where H D H0 C V is chosen as the sum of the unperturbed Hamiltonian and the
perturbation, respectively. Similarly,

E2 D E
(0)
2 C V22 C jV21j2

E 0
2 C V22 �

�
E

(0)
1 C V11

� . (4.204)

In the opposite case, when

jH11 � H22j � jH12j , (4.205)

from (4.201) it follows that

E1,2 D H11 C H22

2
˙
	
jH12j C (H11 � H22)2

8jH12j



. (4.206)

The dependences of the values of energies E1 and E2 on the difference of the
diagonal matrix elements H11 � H22 at some fixed value of H12 are presented in
Figure 4.8. The dotted lines indicate the linear dependences of the H11 and H22

values tracing the asymptotic values of energies E1 and E2. It is worthwhile men-
tioning that the second-order corrections always contain the difference between the
energy positions corresponding to the H11 and H22 values.

Coefficients determining the strengths of perturbation can also be defined by
using (4.196), giving in this case

a1

a2
D H12

E � H11
. (4.207)

E

H11 − H22

E1

E2

H12

-H12

Figure 4.8 Dependences of the values of energies E1 and E2 on the difference of the diagonal
matrix elements H11 � H22 at some fixed value of H12.
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This allows us to determine the ratio between coefficients. The normalization con-
dition is the additional requirement when determining both coefficients.

4.7.2
Time-Dependent Perturbation Theory

Let us now consider the system described by Hamiltonian OH0 in the presence of
time-dependent perturbation OH1(t). In this case the time-dependent Schrödinger
equation, (4.5), has to be solved. We use the interaction representation as described
earlier in this chapter.

We start with the time-dependent Schrödinger equation for the unperturbed
Hamiltonian:

i„ @

@t
'n(t) D OH0'n(t) . (4.208)

The eigenfunctions are

'n(t) D e� i
„ E0

n t'n , (4.209)

where E 0
n are the eigenvalues of the unperturbed Hamiltonian. With use of the

expansion

Ψ (t) D
X

n

cn(t)'n , (4.210)

the time-dependent Schrödinger equation with the full Hamiltonian then reads

i„ @

@t

X
n

cn(t)'n(t) D OH(t)
X

n

cn(t)'n(t) , (4.211)

where

OH (t) D OH0 C OH1(t) . (4.212)

For coefficients c slowly varying in time, we can use the following expansion:

cn(t) D c
(0)
n (t) C c

(1)
n (t) C c

(2)
n (t) C . . . (4.213)

We assume that at the initial time OH1(0) D 0 (so that the system is unperturbed at
zero time) and consider the system starting with its initial state 'i . In this case it
is evident that cn(0) D c

(0)
n (0) D δni and c

(1)
n (0) D c

(2)
n (0) D . . . D 0. If we take into

into account these initial conditions, it follows from (4.211) that

i„ @

@t

�
c

(1)
j (t) C c

(2)
j (t) C . . .

�
D
X

k

Vj k (t)
�

δk i C c
(1)
k

(t) C c
(2)
k

(t) C . . .
�

,

(4.214)
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where

Vj k (t) D h j (t)j OH1(t)jk(t)i . (4.215)

In the first order of the expansion, it follows that

i„@c
(1)
j (t)

@t
D Vj i , (4.216)

and the solution is given by

c
(1)
j (t) D 1

i„

tZ
0

Vj i (t0)dt0 . (4.217)

Subsequently, in the second order of the expansion we get

i„@c
(2)
j (t)

@t
D
X

k

Vj k (t)c(1)
k

(t) , (4.218)

and the solution is given by

c
(2)
j (t) D

�
1
i„
�2 X

k

tZ
0

Vj k (t0)dt0

t 0Z
0

Vk i(t00)dt00 . (4.219)

Coefficients corresponding to higher orders of the expansion can be defined in
a similar way. However, let us restrict ourselves to the first order of the expansion
and consider the quantity W j i (t) D jc(1)

j (t)j2. It determines the probability of the
quantum system emerging in state j after time t when it was initially in state i .
In other words, W j i (t) corresponds to the probability of transition from state i to
state j after time t:

W j i (t) D 1
„2

ˇ̌̌
ˇ̌̌ tZ

0

Vj i (t0)dt0

ˇ̌̌
ˇ̌̌
2

. (4.220)

Let us now assume that perturbation OH1 remains constant during the time interval
from t D 0 to t D t1. Then the time dependence of the matrix element defined
by (4.215) persists in the time dependence of the wavefunctions only in the time
interval defined by the action of the perturbation:

Vj i (t) D eiω j i t Vj i , (4.221)

where ω j i D (E 0
j � E 0

i )/„, and Vj k D h j j OH1jki, j j i D ' j . In this case (4.220)
gives

W j i (t1) D jVj i j2
„2

ˇ̌̌
ˇ̌̌ t1Z

0

eiω j i t dt

ˇ̌̌
ˇ̌̌
2

D jVj i j2
„2

sin2 ω j i t1

2� ω j i

2

�2 . (4.222)
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If the final state j belongs to the continuum of states, we have to consider the
probability of a transition to a particular energy interval E 0

j 	 E 0
j C dE 0

j containing
some number of states, which is usually defined as �(E 0

j )dE 0
j , where �(E 0

j ) is a
density of states. The total probability of a transition from the ith state is then
given by

Wi (t1) D
Z

W j i (t1)�
�

E 0
j

�
dE 0

j . (4.223)

For long time t1, we can use the following approximate relationship

sin2

�
E0

j �E0
i

�
t1

2„�
E0

j �E0
i

2„

�2 � π t1δ

 
E 0

j � E 0
i

2„

!
D 2π„t1δ

�
E 0

j � E 0
i

�
(4.224)

since

1
π

lim
t!1

sin2 α t

α2 t
D δ(α) . (4.225)

Taking into account approximate relation (4.224) and by integrating (4.223) over
the full energy spectrum of the final state (see Figure 4.9), we get

Wi (t1) D 2π
„ t1jVj i j2�

�
E 0

j

�
. (4.226)

The transition probability obtained is proportional to the time t1 for which the
perturbation acts. Thus, we can define the transition probability per unit time as

w D Wi (t1)
t1

D 2π
„ jVE i j2�(E ) , (4.227)

where E indicates the energy region in resonance with E 0
i . Returning to the transi-

tion between two states, we can also define formally the transition probability per
unit time as

w D W j i (t1)
t1

D 2π
„ jVj i j2δ

�
E 0

j � E 0
i

�
. (4.228)

The relation obtained is usually called the Fermi golden rule.

ρ(E0
j )

Vji

i

Figure 4.9 Level coupling scheme with the continuum spectrum characterized by the density of
states.
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In the case of a periodic perturbation, that is, when H1(t) D V e˙iω t , all deriva-
tions presented above can be easily generalized, giving

w D 2π
„ jVj i j2δ

�
E 0

j � E 0
i 
 „ω

�
(4.229)

for two separate levels, and

w D 2π
„ jVE i j2�(E ) (4.230)

in the case of transitions into the continuum states. Here E D E 0
i 
 „ω.

The above expressions determining the probability of transition per unit time
(transition rate) point to the notion of the lifetime of the initial state. The rela-
tionship between the lifetime, τ, and the transition probability per unit time w is
1/τ D w .

For the description of the time-dependent perturbation, the interaction represen-
tation is used with advantage, because it allows us to consider higher-order terms
of the time-dependent perturbation conveniently.

This level of theory can be efficiently used for the description of the optical prop-
erties of a quantum systems. It is, however, more convenient to use the Liouville
space description as in Section 13.1.

4.8
Einstein Coefficients

Interaction of a quantum system with an external electromagnetic field can be con-
sidered a typical time-dependent perturbation. Indeed, the plane electromagnetic
field is usually described by

E D E0 cos(k � r � ω t) , (4.231)

where the polarization direction and amplitude of the wave are given by E0, k is the
wave vector, and ω is the frequency. Equation (4.231) represents a monochromatic
electromagnetic field. In the situation when the system is exposed to an incoherent
electromagnetic field, the latter is characterized by a continuous spectrum of fre-
quencies. The dominating characteristic of the field is then the density of states of
the electromagnetic field at the resonance frequency, and the transition rates can
be defined by using (4.230). For a dipole-allowed transition, the amplitude of the
interaction with the electromagnetic field is given by (� OµE), where Oµ is the electric
dipole moment operator of the system (see Chapter 2). In the dipole (or the long-
wavelength) approximation (k r � 1, which means that the wavelength is much
larger than the size of the system) the matrix element describing the transition be-
tween eigenstates j and i of the system induced by the electromagnetic field can
be defined as

Vj i D �E0µ j i cos
�

e0 � µ0
j i

�
, (4.232)
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where µ j i D jh j jµjiij is the corresponding transition dipole moment amplitude,
and e0 and µ0

j i are corresponding unit vectors of the field and the dipole moment.
Using the Fermi golden rule (4.230), we find the rate of the transition from the
inital state i to the excited state f is

w f i D 2π
„ jµ j i j2jE0j2�rad(„ω) , (4.233)

where �rad(„ω) gives the density of states of the electromagnetic field at the reso-
nance frequency. By taking into account the definitions of the energy of the electro-
magnetic field given in Section 2.2, we can give the energy of the electromagnetic
field in volume V by Efield D 2ε0jE0j2V , and thus jE0j2 D Efield/(2ε0V ). For an
isotropic sample, when all orientations of the transition dipole moment µ j i are
likely to be equal, the averaging over all orientations leads toD

cos2
�

e0 � µ0
j i

�E
D 1

3
. (4.234)

Thus,

w f i D B f i�(„ω) , (4.235)

where �(„ω) D Efield�rad(„ω)/V is the energy density of radiation states, and B j 0

is the Einstein coefficient of stimulated absorption (see [11] for more details):

B f i D jµ f i j2
3�0„2

, (4.236)

where �0 is the vacuum permittivity.
Similar calculations for the rate of the transition from an excited state f to the

ground state lead to the same result, that is, to proportionality to the intensity of ra-
diation. The Einstein coefficient of stimulated emission Bi f equals the coefficient
of stimulated absorption, that is, B f i D Bi f .

Let us now consider the ensemble of the equivalent two-level system (e.g., atoms)
interacting with an electromagnetic field with frequency which is in resonance with
the i ! f transition of each atom. The master equation for the occupation of states
(or probabilities) describing the radiative transitions between these two states can
then be written as described in Chapter 3. As the transition rates are known, we
can immediately write

dN f

dt
D Ni B f i�(„ω) � N f Bi f �(„ω) � N f A i f , (4.237)

where Ni and N f denote the populations of the initial and excited states, respec-
tively, and A i f is the Einstein coefficient of spontaneous emission. The latter has
to be introduced to guarantee the Boltzmann relationship between the equilibrium
populations. Indeed, in the case of thermal equilibrium between the system and
the radiation, all transitions should be compensated, that is,

Ni B f i�(„ω) D N f Bi f �(„ω) C N f A i f . (4.238)
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Since both transition rates are equal, that is, w f i D wi f and B f i�(„ω) D
Bi f �(„ω), it follows that the population rates should be equal in the stationary
conditions if the spontaneous emission is not taken into account (when assuming
A i f D 0). However, that is in conflict with the Boltzmann distribution of the
populations given by

N f

Ni

D e�(E0
f �E0

i )/(kBT ) , i.e., B f i�(„ω) D Bi f �(„ω) , (4.239)

which should be reached in stationary conditions. To avoid this conflict, Einstein
proposed the spontaneous emission term. If the Boltzmann ratio for the popula-
tions, (4.239), is taken into account, it follows that

�(„ω) D A f i

B f ie
(E0

f �E0
i )/(kBT ) � Bi f

, (4.240)

where „ω D E 0
f � E 0

i .
In thermal equilibrium, the density of states of the thermal electromagnetic field

is given by the Planck distribution [11]:

�(„ω) D „ω3/c3

e„ω/(kBT ) � 1
, (4.241)

where ω D 2πν. Comparison of the last two expressions confirms that Bi f D B f i

and the Einstein coefficient of spontaneous emission is

A i f D ω3jµ f i j2
3ε0„πc3

. (4.242)

It is noteworthy that the spontaneous emission coefficient increases as ω3 and
thus it is potentially of great importance at very high frequencies. The spontaneous
emission process can be viewed as the outcome of the interaction of an excited
state with zero-point fluctuations of the electromagnetic field as described in Sec-
tion 14.7.

4.9
Second Quantization

The description of quantum systems as discussed above constitutes the so-called
first quantization. In the first quantization we described the system by operators
corresponding to the physical observable quantities. In this section we briefly re-
view different types of operations over the system states.

Let us once again consider the harmonic oscillator problem as described in Sec-
tion 4.6.1. We found that the operator 
 � d/d
 acting on a wavefunction 'n(
 )
with energy εn creates a new wavefunction 'nC1(
 ) with energy εn C 1. Similarly,
the operator 
 C d/d
 creates a new wavefunction 'n�1(
 ) with energy εn � 1.
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The operator 
 � d/d
 is thus the energy-raising operator, and (
 C d/d
 ) is the
energy-lowering operator.

With proper normalization we define the energy-raising and energy-lowering op-
erators as

Oa† D 1p
2

�

 � d

d


�
(4.243)

and

Oa D 1p
2

�

 C d

d


�
. (4.244)

The following rules of action on the wavefunctions then apply:

Oa†'n(
 ) D p
n C 1'nC1(
 ) (4.245)

and

Oa'n(
 ) D p
n'n�1(
 ) . (4.246)

Let us now switch to a bra-ket notation. Let states jni and jn C 1i have energies
εn and εn C 1, respectively. We can introduce the notion of an energy “quantum,”
a particle, and associate it with the state of the oscillator. We denote state jni as
the state with n quanta. The energy of this state of n quanta is εn D n C 1/2. The
zero-quantum state is to be taken as the ground state of the oscillator. The energy
of the zero-quantum state, also known as the vacuum state, is ε0 D 1/2.

In this language the operators Oa† and Oa become the operators which manipulate
the number of quanta. They are now defined in the space of these quantum num-
ber states, and they represent the creation or annihilation of the energy quanta. In
bra-ket notation, (4.245) and (4.246) become

Oajni D p
njn � 1i (4.247)

and

Oa†jni D p
n C 1jn C 1i . (4.248)

We also properly get that Oaj0i D 0, so the vacuum state is the state with the lowest
possible energy.

Let us now check the action of Oa† Oa:

Oa† Oajni D Oa†p
njn � 1i D njni . (4.249)

We find that the operator On D Oa† Oa has jni as its eigenstate, with the eigenvalue
corresponding to the number of energy quanta represented by state jni. It therefore
corresponds to a particle or quantum number operator.

The creation and annihilation operators satisfy the following commutational re-
lation:

[ Oa, Oa†] D 1 . (4.250)
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All operators needed for the description of the harmonic operators can be expressed
in terms of the creation and annihilation operators. Their commutation relations
allow us to represent and evaluate conveniently all observable properties of this
quantum system. For instance, the Hamiltonian of the harmonic oscillator, (4.90),
in terms of the creation and annihilation operators reads

OH D „ω
�

Oa† Oa C 1
2

�
. (4.251)

It is worthwhile mentioning that the excitations of the harmonic oscillator satisfy
Bose–Einstein statistics. This will be described thoroughly in Chapter 7. Later we
assign this property to all particles with even spin (whole number); such particles
are called bosons. Fermions, another type of quantum particle, have fractional spin,
and we can also define creation and annihilation operators for them, only with a
different commutation relation.

4.9.1
Bosons and Fermions

The creation and annihilation operators introduced in the previous section are con-
venient to describe systems containing many particles of the same origin. Due to
the uncertainty principle, quantum particles are indistinguishable, and the wave-
function of the system has to be either symmetric or antisymmetric with respect to
permutation of indistinguishable particles. The system containing many particles
should follow statistical rules [15, 17]. The photons, which characterize the electro-
magnetic field, as well as the vibrational quanta introduced in Section 4.9, satisfy
the so-called Bose–Einstein statistics. From the point of view of permutation, the
wavefunction of the system containing many bosons is symmetric.

Fermions are another type of particle, and are characterized by an antisymmet-
ric wavefunction with respect to particle permutation. They satisfy the so-called
Fermi–Dirac statistics. Due to this permutation requirement, the wavefunction of
a many-fermion system cannot contain two particles in the same quantum state.
The particles of this type satisfy the so-called Pauli exclusion principle, which
leads to Fermi–Dirac statistics. It is noteworthy that the type of statistics the parti-
cles satisfy correlates with their spins. The particles characterized by half-integer
spins (1/2, 3/2, . . .) are fermions, while the particles with whole-number spins are
bosons. These properties are described in more detail in Section 7.3.3.

In the system containing many particles, the quantum states can be defined in
the space of so-called “occupation numbers” of particular states. As demonstrated
for bosons in the previous sections, these states are directly defined by the creation
operators; see (4.278). The bosonic character of a particle is determined by the
commutation rules

[ Oa, Oa†] D 1 (4.252)

and

[ Oa, Oa] D [ Oa†, Oa†] D 0 , (4.253)
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which are satisfied by the creation and annihilation operators. In the case of
fermions, the commutation (anticommutation) rules are as follows:

Oa Oa† C Oa† Oa � f Oa, Oa†g D 1 (4.254)

and

Oa Oa D Oa† Oa† D 0 . (4.255)

In the case of a many-particle system containing different types of particles, the
commutation rules have to be formulated for all of them. In the case of bosons, the
creation/annihilation operators for different particles commute, and for fermions
they satisfy the anticommutation rules.

4.9.2
Photons

In this subsection we consider the quantization of the electromagnetic field. In
Section 2.3.2, we showed that the electromagnetic field can be represented by an
ensemble of (infinitely many) harmonic oscillators, so-called field modes. Here we
will denote the quanta of these modes as photons.

Equations (2.76) and (2.77) link the Fourier coefficients A λk of vector potential
A with momenta p λk and coordinates qλk of the mode oscillators. The modes are
considered independent so that each of them can be treated and quantized as an
isolated system. Quantization itself is performed simply by promoting the momen-
ta and coordinates to operators Op λk and Oqλk and postulating commutation relations
according to (4.4), that is,

[ Opλk , Oqλ0k0 ] D �i„δλλ0 δkk0 . (4.256)

As we have already demonstrated, it is very useful to express all quantities in
terms of creation and annihilation operators introduced for the harmonic oscillator
by (4.243) and (4.244). Let us introduce operators

Oaλk D α Oqλk C � Opλk (4.257)

and

Oa†
λk D α� Oqλk C �� Opλk , (4.258)

for each mode characterized by λ and k. We require that the commutation rela-
tion, (4.252), holds, and the Hamiltonian of a single mode has the form of (4.251).
The latter requirement gives the following relations for coefficients:

Re [��α] D 0 , jαj2 D ω
2„ , j�j2 D 1

2„ω
, ��α D � i

2„ . (4.259)

These are consistent with the commutation relation for a particular mode:

[ Oa†, Oa] D 2„Im [��α] D �1 . (4.260)
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Conditions (4.259) are satisfied if α D p
ω/(2„) and � D i(1/

p
2„ω), and the

creation and annihilation operators of the field are then

Oaλk D
r

ωk

2„
�

Oqλk C i
ωk

Opλk

�
(4.261)

and

Oa†
λk D

r
ωk

2„
�

Oqλk � i
ωk

Opλk

�
. (4.262)

The inverse relations

Opλk D �iωk

s
„

2ωk

�
Oaλk � Oa†

λk

�
(4.263)

and

Oqλk D
s

„
2ωk

�
Oaλk C Oa†

λk

�
(4.264)

can be used to express the Fourier components A λk (now promoted to operators
OA λk) of the vector potential OA λk in terms of the creation and annihilation operators.

Comparing (2.76) and (2.77) with (4.263) and (4.264), we get

A λk ! OA λk D
s

„
2Ω �0ωk

Oaλk (4.265)

and

A�
λk ! OA†

λk D
s

„
2Ω �0ωk

Oa†
λk . (4.266)

Now we will express the operator of the vector potential in terms of Oa and Oa†. We
obtain [7]

OA(r) D
X
kλ

�
f λk(r) Oaλk C f λ�k (r) Oa†

λk

�
. (4.267)

Here we introduced a spatial vector function

f λk (r) D eλk

s
„

2�0ωk Ω
eik�r (4.268)

containing the polarization of the mode. The electric field vector is related to the
vector potential by a time derivative (see Section 2.2). In the Heisenberg represen-
tation, the time derivative corresponds to the commutator with the Hamiltonian
(see (4.48)). The operator OE (r) thus reads

OE (r) D � i
„
h OHT, OA(r)

i
D
X
k λ

�
iωk f λk (r) Oaλk � iωk f λ�k(r) Oa†

λk

�
, (4.269)
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where

OHT D
X
λk

„ωk

�
a

†
λk aλk C 1

2

�
(4.270)

is the Hamiltonian operator of radiation in the empty space. In a similar way one
can obtain operators for all relevant electrodynamic quantities. The states of light
can be constructed from the eigenstates of the Hamiltonian. In each mode these
eigenstates follow (4.247) and (4.248). It is worthwhile mentioning that the quanta
of the electromagnetic field – photons – behave according to Bose–Einstein statis-
tics, that is, they are bosons.

4.9.3
Coherent States

Any state of the electromagnetic field can be described in terms of the eigenstates
of the field Hamiltonian. However, if we interpret states of the electromagnetic
field in the same way as we understand the states of matter, we may get confusing
results.

Let us consider, for example, a state with n photons at some specific mode:

jψi D jni � 1p
n!

Oa†n j0i . (4.271)

According to (2.70) and promoting the field amplitudes to the operators along
(4.265) and (4.266), we can obtain the time domain vector potential as

OA(r , t) D
X

k

s
„

2Ω �0ωk

�
Oaλke�iωk tCik�r C Oa†

λkeiωk t�ik�r
�

, (4.272)

while according to (2.60) the electric field reads

OE (r , t) D i
X

k

s
„ωk

2Ω �0

�
� Oaλke�iωk tCik�r C Oa†

λkeiωk t�ik�r
�

. (4.273)

Let us consider the expectation value of the electric field in the state jψi D jni. For
that we need to calculate expectation values

hψj Oajψi (4.274)

and

hψj Oa†jψi . (4.275)

However, both of these quantities are zero, and the expectation value of the field is
therefore

E (r , t) � hψj OE (r, t)jψi D 0 . (4.276)
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This is a surprising result since the number-state of the field does not display an
electric (or magnetic) field. The field state when the observable electric field is “on”
is therefore not the number-state. We thus next consider different types of states of
the field.

A different type of state enables us to describe states which exhibit electric fields
more similar to those known from classical intuition. Let us consider the bosonic
annihilation operator of the harmonic oscillator Oa. The annihilation operator to-
gether with the creation operator Oa† forms the number operator On D Oa† Oa, whose
eigenstates are the same as those of the Hamiltonian, but the eigenvalues are the
number of excitations:

Onjni D njni . (4.277)

Here

jni D Oa†n

p
n!

j0i (4.278)

are the number states generated from the vacuum.
Equivalently to the stationary Schrödinger equation, we can write the eigenequa-

tion for the annihilation operator [18, 19]:

Oajαi D αjαi . (4.279)

To find the expression for jαi, we expand it in the number states:

jαi D
X

n

cnjni . (4.280)

Inserting this expansion into (4.279), we find

X
n

cn Oa Oa†n

p
n!

j0i D α
X

n

cn

Oa†n

p
n!

j0i . (4.281)

Now on the left-hand side we use the commutation relation (4.260), that is, Oa Oa† D
1 C Oa† Oa, to change

Oa Oa†n D (1 C Oa† Oa) Oa†(n�1)

D Oa†(n�1) C Oa†(1 C Oa† Oa) Oa†(n�2) D . . . D n Oa†(n�1) C Oa†n Oa (4.282)

and we get an iterative expression:

αcn D p
n C 1cnC1 (4.283)

or

cn D αp
n

cn�1 . (4.284)
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This allow us to get the solution for the coefficients in terms of c0:

cn D αp
n

cn�1 D α2p
n(n � 1)

cn�1 D αn

p
n!

c0 . (4.285)

And we get

jαi D c0

X
n

αn

p
n!

jni . (4.286)

The normalization requirement

hαjαi D c2
0

X
m

jαj2
m!

D c2
0 exp(jαj2) D 1 (4.287)

allows us to determine the last unknown parameter:

c0 D exp
�

�jαj2
2

�
. (4.288)

Thus, the eigenstate jαi is given by the expansion in the number-states as

jαi D exp
�

�jαj2
2

�X
n

αn

p
n!

jni . (4.289)

The state jαi can be considered as a new type of state described by the “quantum
number” α. The jαi states obtained are not orthogonal since

hαj�i D exp
�

α�� � jαj2
2

� j�j2
2

�
, (4.290)

and also

jhαj�ij2 D exp(�jα � �j2) . (4.291)

The states jαi are called coherent states. Additional properties of coherent states are
that the expectation value for the coordinate operator Oq is

hαj Oqjαi D Re (α) , (4.292)

while that of the momentum operator Op is

hαj Op jαi D Im (α) . (4.293)

Now suppose that the state of the field jψi is a coherent state jαi. This coherent
state will now generate the electric field since

hαj Oajαi D α (4.294)
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and

hαj Oa†jαi D α� . (4.295)

Thus, the value of the electric field becomes completely defined. The correct state
of the “emitting” field is the coherent state.

Let us now express the coherent state in terms of the field ground state (the
vacuum). From the definition of the number-state we have jni D (n!)�1/2 Oa†nj0i.
Equation (4.286) can be rewritten in terms of an exponential operator as

jαi D exp
�

�jαj2
2

C α Oa†
�

j0i . (4.296)

From the operator identity Oaj0i D 0 it follows that

exp(α Oa†)j0i D exp(α Oa†) exp(x Oa)j0i (4.297)

for an arbitrary number x . Applying the Weyl identity (see Appendix A.3), we obtain

exp(α Oa†) exp(x Oa) D exp(α Oa† C x Oa) exp
�
� αx

2

�
. (4.298)

Thus, taking x D �α�, we obtain

jαi D exp(α Oa† � α� Oa)j0i . (4.299)

The operator

OD(α) D exp(α Oa† � α� Oa) (4.300)

is known as the displacement operator. It can easily be checked that OD(0) D OI . The
commutator of an operator OS(α) D α Oa† � α� Oa,

[ OS (α), OS(�)] D α�� � �α� � 2is , (4.301)

where s D Im α��, leads us to an important property of the displacement operator,
namely,

OD(α) OD(�) D exp(is) OD(α C �) . (4.302)

It follows now that OD n(α) D OD(nα) and OD(�α) D OD†(α). Thus, the operator OD
indeed performs a displacement of the coherent state.

It can be shown that the coordinate and momentum variances in an arbitrary
coherent state are the same as those of the ground state of the harmonic oscillator.
Thus, the coherent state is equivalent to the ground state of the harmonic oscillator,
which is a Gaussian wavepacket shifted by α in the phase space of the oscillator.
The coherent state is the state with the closest relationship to classical physics [19].
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One more relation is important for coherent states. Consider the outer product
of the coherent states jαihαj. Using the expansion in the number-states, (4.278),
we have

jαihαj D exp
��jαj2�X

n

X
m

αn

p
n!

α�m

p
m!

jnihmj . (4.303)

We now take α D r exp(i'). By integrating the outer product in the full complex
plane (we denote d2α � dα0dα00, where α D α0 C iα00) and changing the integra-
tion to polar coordinates, we have

Z
d2αjαihαj D

X
mn

jnihmjp
n!m!

1Z
0

r nCmC1 exp(�r2)dr

2πZ
0

d' exp(i'(n � m)) .

(4.304)

The integration over angles is

2πZ
0

d' exp(i'(n � m)) D 2πδmn , (4.305)

and the integration over the radius is

1Z
0

r2nC1e�r2
dr D 1

2

1Z
0

x ne�x dx D 1
2

n! . (4.306)

We thus find thatZ
d2αjαihαj D π

X
n

jnihnj D π OI . (4.307)

We can see that the coherent states form a complete (overcomplete) set of states
and they resolve unity up to a constant. These states can therefore be used for
a complete expansion of arbitrary quantum states in an arbitrary quantum prob-
lem. We use the coherent states to describe relaxation phenomena for an arbitrary
second-quantized Hamiltonian in Section 10.5.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c05 — 2013/6/3 — page 101 — le-tex

�

�

�

�

�

�

101

5
Quantum States of Molecules and Aggregates

As described in Section 4.7, pure transitions between quantum states should corre-
spond to infinitely sharp lines (stick spectra) reflecting their transition frequencies
according to (4.228). In reality, electronic molecular transitions are not infinite-
ly sharp. Vibrational degrees of freedom of molecules and/or the molecular sur-
roundings are coupled to the electronic excitations, thereby leading to significant
broadening of the transition bands in the spectra. Different broadening mecha-
nisms will be introduced later and some consequences for spectroscopy will be
discussed in Part Two. Here the molecular exciton approach, which describes the
coherent superposition of the excited states of molecules in molecular aggregates,
will be considered. A coherent relationship of this type between excitations of the
molecules should evidently manifest itself in the stationary and time-resolved ab-
sorption and fluorescence spectra. Exciton models corresponding to the so-called
Frenkel, Wannier–Mott, and charge-transfer (CT) excitons will be described. The
concept of exciton self-trapping will also be introduced.

5.1
Potential Energy Surfaces, Adiabatic Approximation

A molecule is essentially a collection of positively charged nuclei and negative elec-
trons, which all interact through electrostatic interactions. Their states and dynam-
ics are usually described using quantum mechanics. We denote coordinates of the
nuclei by R and coordinates of the electrons by r . The starting point of the system’s
theoretical description is its Hamiltonian. It consists of the kinetic and potential
energy of all particles:

OH0 D
X

i

OP2
i

2Mi

C
X

j

Op 2
j

2m j

C ke

m>nX
mn

qm qn

j OR m � OR n j
C ke

i> jX
i j

e2

jOr i � Or j j � ke

X
m j

qm e

j OR m � Or j j
, (5.1)

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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where ke D (4π��0)�1, OPi and Op j are the operators of the momenta of nuclei and
electrons, respectively, qn is the charge of the nth nucleus, and e is the charge of
an electron (the elementary charge).

The notion of electronic transitions of a molecule implies a major simplifica-
tion for the molecular description. This is justified because of the difference in
the mass of an electron (me) and the mass of a nucleus (Mi). Since the mass of a
nucleus is much larger than that of an electron, the motion of nuclei is much slow-
er than that of electrons, and therefore it can be assumed in the first approxima-
tion that the nuclei are fixed at their equilibrium positions denoting the structure
or configuration of the molecule. The so-called adiabatic approximation (or Born–
Oppenheimer approximation) is then used to describe the quantum properties of
molecules. The basic parameter is then the ratio me/Mi , which is the small param-
eter of the approximation [11, 20]. In the adiabatic approximation, the Hamiltonian
of any molecule or of a molecular system can be formally given as

OH D OHe(r)C OV (r , R) , (5.2)

where r and R are the coordinates of electrons and nuclei of the system, respec-
tively. R is taken as a number (nonoperator). OHe(r) is the electronic Hamiltonian
including the kinetic energy of electrons, and the electron–electron interaction en-
ergy, V(r , R), is the electron–nuclear interaction energy taken at fixed positions of
the nuclei. The kinetic energy of nuclei is disregarded. Since the nuclei are at fixed
positions, their Coulombic interactions only add an offset to the potential energy.
By diagonalizing this Hamiltonian, we obtain the eigenvalues � e(R) and eigenfunc-
tions ' e(r, R) for the electronic subsystem from the following Schrödinger equa-
tion:

OH' e(r , R) D � e(R)' e(r, R) . (5.3)

Note that this eigenvalue equation is only for electronic degrees of freedom, and
all values are parametrically dependent on R , that is, the equation is solved for a
fixed configuration of nuclei represented by fixed R values. This is essentially a
variational problem as well, since the nuclear coordinates should be varied to min-
imize the electronic energy. This optimization guarantees the proper equilibrium
configuration of the molecule.

In the next step the nuclear kinetic energy OT (R) may be included to describe
vibrational degrees of freedom of the nuclei. In the adiabatic approach, the nuclear
kinetic energy is treated as a perturbation.1) The electronic wavefunction ' e(r , R)
obtained from (5.3) can be used as a basis set, that is, we will use the following
expansion for the total function to account for the nuclear motion:

Ψ (r , R) D
X

e

Φe(R)' e(r , R) . (5.4)

1) It is worthwhile mentioning that there is a different approach called the diabatic (or nonadiabatic)
approach, which considers V(r, R) as a perturbation. Both approaches lead to similar conclusions.
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The Schrödinger equation, which has to be solved to obtain the whole (including
nuclear motion) spectrum, is as follows:

( OT (R)C OH)Ψ (r , R) D E Ψ (r, R) . (5.5)

By inserting (5.4) into (5.2), we obtain the following equation for the expansion
coefficients Φe(R):

( OT (R)C U e(R) � E )Φe(R)C
X

e0

Λ ee0 (R)Φe0 (R) D 0 , (5.6)

where

U e(R) D � e(R)C Λ ee(R) . (5.7)

� e(R) is the so-called adiabatic potential energy in the eth electronic state, and

Λ ee0 (R) D �
X

i

„2

Mi

Z �
' e�(r , R)

@

@Ri

' e0

(r , R)

C1
2

' e�(r , R)
@2

@R2
i

' e0

(r , R)
�

dr (5.8)

defines the so-called nonadiabaticity operator. This operator appears because the
nuclear kinetic energy operator acts on the electronic wavefunctions, which para-
metrically depend on the nuclear coordinates.

By disregarding off-diagonal terms in (5.6) (e ¤ e0), we arrive at the “real” adia-
batic results, where the electronic quantum number e determines the energy levels
of the molecule characterized by the eigenfunctions

Ψe(r, R) D Φe(R)' e(r , R) (5.9)

for the following diagonal Hamiltonian:

OHe D OT (R)C OU e(R) . (5.10)

The electronic energies U e(R) have become well-defined potential energies and de-
termine the spectrum of the molecule. Figure 5.1 shows a projection of the ground-
state and excited-state potential energy surface on a particular nuclear coordinate,
demonstrating the change of the nuclear equilibrium position between two states.
We will be mainly interested in the behavior of the system close to the minima of
the corresponding potential energy surfaces. In that case the harmonic approxima-
tion can be used to define the potential energy surfaces, which yields

OU e(R) D U e(R0)C 1
2

X
i, j

@2

@Ri @R j

U e(R0)(Ri � Ri0)(R j � R j 0) . (5.11)
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R − Rmin

0 d

U0(R)

U1(R)

Figure 5.1 Projections of the potential energy surfaces of the ground state and the first excit-
ed state on a particular nuclear coordinate, where d is the relative shift of the minima of both
curves.

The potential energy can be written in terms of noninteracting degrees of free-
dom, so-called normal modes. In the normal coordinate representation, we ar-
rive at some new nuclear coordinates Q, and the oscillator potential is obtained
in quadratic form [21], that is,

OU e(Q) D U e(0)C
X

i

„ω e
i

2
Q2

i , (5.12)

where ω e
i is the vibration frequency of the ith mode in the eth electronic state.

Then (5.10) for the Hamiltonian OHe can be rewritten as

OHe D U e(0)C
X

i

„ω e
i

2

�
Q2

i �
@2

@Q2
i

�
(5.13)

and the corresponding Schrödinger equation for the harmonic oscillator,

( OHe � Ee)Φe(Q) D 0 , (5.14)

can be easily solved as shown in Section 4.6.1 [11, 20]. It is noteworthy that
the Hamiltonian of the harmonic oscillator can be represented in the second-
quantization representation by means of creation and annihilation operators (see
Section 4.9). The solution of (5.5) gives quantum energy levels of the harmonic
oscillator with internal vibrational quantum numbers ν i . The total energy of the
system has eigenvalues

Eeν D U e(0)C
X

i

�
ν i C 1

2

�
„ω e

i , (5.15)

with corresponding eigenfunctions

Φeν(Q) D
exp

�
� Q2

2

�
p

2ν ν!
p

π
Hν(Q) , (5.16)
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where

Hν(Q) D (�1)ν exp(Q2)
dν

dQν
exp(�Q2) (5.17)

is the νth-order Hermitian polynomial.
Considering optical energy gaps, the lowest-energy state is the state in which

the molecule is usually observed under room temperature conditions. When the
molecule is electronically excited into an excited state e, the Hamiltonian corre-
sponding to the nuclear degrees of freedom can be written as

OHe(Q) D OHg(Q)C ∆ OHe(Q) , (5.18)

where OHg(Q) is the Hamiltonian describing the system in the electronic ground
state, and ∆ OHe(Q) is the change of the system energy due to electronic excitation.
Such a representation allows us to define terms responsible for the interaction
of the molecular excitation with molecular vibrations. The difference term corre-
sponds to the difference between the ground-state and the excited-state nuclear
potential. This can be verified by making the decomposition

OHe(Q) D OT (Q)C OU g(Q)C ( OU e(Q) � OU g(Q)) , (5.19)

and comparing it with (5.18).
Let us now consider the case of a single vibrational mode, since the general-

ization to the case of many vibrational modes is straightforward. For convenience
in this case we will skip the mode numbering index i and will use the following
definition: ω e

i D ω e . So the potential energy surfaces of the excited and ground
electronic states are

U e(Q) D U e(0)C „ω e

2
(Q � d)2 (5.20)

and

U g(Q) D U g(0)C „ωg

2
Q2 , (5.21)

respectively. Here d is the displacement of the minimum of the excited-state poten-
tial from the minimum of the ground-state potential; see (5.12). Thus, the energy
difference between both potentials is given by

OU e(Q)� OU g(Q) D Ee C λ � d„ω e QC δQ2 , (5.22)

where

Ee D U e(0)� U g(0) (5.23)

is the electronic excitation energy,

λ D „ω e

d2

2
(5.24)
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is the so-called Franck–Condon energy [20, 22], which is analogous to the reorgani-
zation energy defined in the theory of CT in polar solvents, and

δ D „ω e � „ωg

2
(5.25)

is the change of the vibrational energy in the excited electronic state in compari-
son with the vibrational energy in the ground state. The last two terms in (5.22)
determine the vibronic interaction (or the electron–phonon interaction).

5.2
Interaction between Molecules

Intermolecular interactions may significantly change the electronic excitation spec-
trum of molecular aggregates with respect to the spectrum of an isolated molecule.
When intermolecular interactions are strong, this may result in exciton forma-
tion [22–24]. They also determine van der Waals forces (or so-called dispersion
forces), describing the repulsion of molecules at the closest distances and their
attraction at larger distances as shown schematically in Figure 5.1. The intermolec-
ular interaction can also be presented as a sum of terms inversely proportional to
growing powers of the intermolecular distance using the multipole expansion for-
mula. Indeed, when the charge distribution of two molecules is �1(r) and �2(r), the
Coulomb interaction between them

VCoulomb D ke

“
�1(r)�2(r0)
jr � r0j drdr 0 (5.26)

may be expressed in terms of the multiple moments of the respective charge distri-
butions. Taking the center R i of the ith molecule as a reference point, for instance,
its center of mass, one defines the total charge

qi D
Z

�i (r)dr , (5.27)

the dipole moment

D i D
Z

�i (r)(r � R i )dr , (5.28)

the quadrupole tensor

Q i,α	 D
Z

�i (r)
�
3(r � R i )α(r � R i )	 � δα	(r � R i )2� dr , (5.29)

and higher multiple moments of its charge distribution �i (r) relative to this center.
The energy of the interaction between two molecules with the relative position
vector R D R j � R i and the corresponding unit vector R0 is then expressed as

V(R) D ke

�
qi q j

R
C qi (D j R0)� q j (D i R0)

R2

CD i D j � 3(D i R0)(D j R0)
R3 C . . .

�
. (5.30)
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For such an expansion to be valid and meaningful it is essential that the distance R

between the molecules is considerably larger than the size of the charge distribu-
tion in individual molecules to guarantee a proper convergence of the series. The
first two terms are important for charged molecules and in the case of coupling
between CT states. However, in many situations molecules can be considered un-
charged, and the third term of the expansion is dominant. It reflects the dipole–
dipole interaction between two molecules.

It is noteworthy that the dipole–dipole approximation is reasonable not only if the
intermolecular distance R is larger than the size of the molecule but also when R

is larger than the dipole radius a, where a D µ/e (µ is the transition dipole mo-
ment). Since the transition dipole moment is at most on the order of a few debyes
(1 D D 3.336 � 1030 C m; e.g., an electron separated from a hole by 1 Å corresponds
to 4.8 D), the dipole radius is on the order of a few angstroms. As a consequence,
in many cases the dipole–dipole coupling term to a large extent determines the
observable spectroscopic properties of the interacting molecules as well as the ex-
citation energy transfer properties. Higher-order terms fall off more rapidly with
distance, and their importance is limited.

For the case when the intermolecular distances become comparable to the
molecular characteristic dimensions, the multipole series expansion loses mean-
ing and one must resort to the full expression for the Coulomb energy, (5.26).
The molecules are then no longer strictly distinct entities. However, even then one
invokes the dipole–dipole approximation as an effective model that may give at
least a qualitative description.

Molecular aggregation leads to substantial changes in observed energy spectra
due to the emergence of nonvanishing intermolecular interactions. These spectral
changes are usually related to exciton formation [6, 24, 25]. The excitons are also
widely used to explain energy transfer through the molecular system.

5.3
Excitonically Coupled Dimer

The simplest system for which exciton effects can be demonstrated is a pair of
interacting molecules. We call such a pair an excitonically coupled dimer, where
it should be noted that the word “dimer” does not imply that the molecules are
in van der Waals contact; in fact they can be spatially separated. We speak of a
physical dimer to distinguish it from a chemical dimer, where chemical bonds are
present between the two monomers. In a physical dimer only electrostatic inter-
molecular interactions through space are relevant and exchange of electrons be-
tween molecules is negligible.

First we consider two similar molecules in a vacuum at a fixed distance R12 hav-
ing a fixed orientation and each having only two energy levels. For a given Hamil-
tonian OH the isolated molecules have their two eigenstates ' i determined by

OHn'
(i)
n D ε(i)

n '
(i)
n , (5.31)

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c05 — 2013/6/3 — page 108 — le-tex

�

�

�

�

�

�

108 5 Quantum States of Molecules and Aggregates

where the subscript n identifies the pigment (either pigment 1 or pigment 2) and
the superscript i refers to the ground state (g) and the excited state (e). We will
describe different and identical eigenenergies of both molecules. Later we take the
ground-state energy to be zero, that is, ε(g)

1 D ε(g)
2 D 0.

When the molecules interact, the total Hamiltonian besides OH1 and OH2 also in-
cludes interaction OV between them. In that case '1 and '2 are no longer the correct
eigenstates of the dimer and the eigenenergies will also be different. Thus, inter-
molecular interaction gives rise to perturbation of the energy spectrum. Due to
the weak intermolecular interactions, the perturbation theory for degenerate states
can be used with the Heitler–London approximation, which means that the eigen-
functions of the dimer are equal to superpositions of the product of the molecular
eigenfunctions.

We describe the electronic ground state as Ψg D '
(g)
1 '

(g)
2 , which corresponds to

the condition of noninteracting molecules, and the corresponding Hilbert space
of the dimer is determined as the product of the Hilbert spaces corresponding to
monomers. Note that we do not properly antisymmetrize Ψg, thereby implicitly
assuming that exchange of electrons between participating molecules 1 and 2 does
not occur. The corresponding ground-state energy of the dimer is now expressed
by

Eg D
D
'

(g)
1 '

(g)
2

ˇ̌̌
OH1 C OH2 C OV

ˇ̌̌
'

(g)
1 '

(g)
2

E
D ε(g)

1 C ε(g)
2 C

D
'

(g)
1 '

(g)
2

ˇ̌̌
OV
ˇ̌̌
'

(g)
1 '

(g)
2

E
D ε(g)

1 C ε(g)
2 C Vgg . (5.32)

This indicates that coupling between molecules leads to a displacement of the
ground-state energy by Vgg. The excited states can be formally written as

Ψe D ce1'
(e)
1 '

(g)
2 C ce2'

(g)
1 '

(e)
2 . (5.33)

The excited states are normalized and orthogonal, and the coefficients ce1 and ce2

thus fulfill the following equation:

jce1j2 C jce2j2 D 1 . (5.34)

Consequently, the excited state e of the coupled system is a linear combination of
two terms in which one or the other molecule is excited. The relative contributions
of these two terms are determined by coefficients ce1,2. The new eigenstates are
required to be stationary solutions of the Schrödinger equation of the dimer; thus,

( OH1 C OH2 C OV )Ψe D Ee Ψe . (5.35)

Multiplying both sides from the left with either '
(e)
1 '

(g)
2 or '

(g)
1 '

(e)
2 and integrating

over the entire space gives the two equations

ce1

�
ε(e)

1 C
D
'

(e)
1 '

(g)
2

ˇ̌̌
OV
ˇ̌̌
'

(e)
1 '

(g)
2

E�
C ce2

D
'

(e)
1 '

(g)
2

ˇ̌̌
OV
ˇ̌̌
'

(g)
1 '

(e)
2

E
D ce1Ee (5.36)

and

ce1

D
'

(g)
1 '

(e)
2

ˇ̌̌
OV
ˇ̌̌
'

(e)
1 '

(g)
2

E
C ce2

�
ε(e)

2 C
D
'

(g)
1 '

(e)
2

ˇ̌̌
OV
ˇ̌̌
'

(g)
1 '

(e)
2

E�
D ce2Ee , (5.37)
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which can be written in shorthand notation as

ce1

�
ε(e)

1 C V11 � Ee

�
C ce2V12 D 0 (5.38)

and

ce1V21 C ce2

�
ε(e)

2 C V22 � Ee

�
D 0 . (5.39)

Here we get energy shifts

V11 D
D
'

(e)
1 '

(g)
2

ˇ̌̌
OV
ˇ̌̌
'

(e)
1 '

(g)
2

E
, (5.40)

V22 D
D
'

(g)
1 '

(e)
2

ˇ̌̌
OV
ˇ̌̌
'

(g)
1 '

(e)
2

E
(5.41)

and

V12 D
D
'

(e)
1 '

(g)
2

ˇ̌̌
OV
ˇ̌̌
'

(g)
1 '

(e)
2

E
, (5.42)

V21 D
D
'

(g)
1 '

(e)
2

ˇ̌̌
OV
ˇ̌̌
'

(g)
1 '

(e)
2

E
(5.43)

are resonance interaction terms which are also important for energy-transfer pro-
cesses. Evidently, a nontrivial solution is obtained only ifˇ̌̌

ˇ̌ε(e)
1 C V11 � Ee V12

V21 ε(e)
2 C V22 � Ee

ˇ̌̌
ˇ̌ D 0 . (5.44)

Let us first consider a homodimer, where both molecules are identical. For this
case ε(e)

1 D ε(e)
2 D ε(e), V11 D V22, and V12 D V21, and from (5.44) it follows that

	
ε(e) C V11 � Ee


2 D V 2
12 , (5.45)

leading to two eigenenergies:

E1 D ε(e) C V11 C V12 (5.46)

and

E2 D ε(e) C V11 � V12 . (5.47)

Thus, the transition energy of the dimer has changed as compared with the tran-
sition energy of a constituent single molecule. The energy levels have split by the
amount 2V12 (so-called Davydov splitting) and the average energy of these two lev-
els has been shifted with respect to the ground state by the amount V11�Vgg, which
is the so-called displacement energy ∆ (see Figure 5.2). In fact, ∆ is comparable to
the spectral change which a molecule experiences when it goes from the gas phase
into solution, and using the definition given by (5.26), we get

∆ D ke

Z
dr1

Z
dr2

�
�

(ee)
i (r1) � �

(gg)
i (r1)

�
�

(gg)
j (r2)

jr1 � r2j , (5.48)
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ε1

ε0

ε1

ε0

ε1 − V12

ε0

ε1 + V12

∆

Figure 5.2 The energy scheme for the homodimer, where ε0 and ε1 are the energies of the
ground and excited states of the monomers, ∆ is the displacement energy, and V12 is the reso-
nance interaction.

where i D 1 and j D 2 in this case. Here �
(gg)
i (r) is the total charge density of

the ith molecule in its ground state and �
(ee)
i (r1) is the charge density of the elec-

tronic excited state of the ith molecule. For neutral molecules we haveZ
dr�

(s s)
i (r) D 0 , (5.49)

where (ss) is either (gg) or (ee).
The value of the resonance interaction V12 can also then be given in terms of

transition charge densities accordingly as

V12 D ke

Z
dr1

Z
dr2

�
(g e)
1 (r1)�(eg)

2 (r2)
jr1 � r2j , (5.50)

where �
(eg)
i (r) and �

(g e)
i (r) represent the transition charge densities of molecule i .

When the intermolecular distances are larger than the molecular dimensions, a
dipole approximation for charge densities is often assumed and the resonance in-
teraction can be calculated by using an expression for the intermolecular interac-
tion defined by (5.30), thus giving

V12 D ke

�
(µ1 � µ2)
jR12j3 � 3

(R12 � µ1)(R12 � µ2)
jR12j5

�
, (5.51)

where µ j D h'(g)
j j OD j j'(e)

j i is the transition dipole moment in the j th molecule.
In the case of nonidentical transition energies of the monomers (let us assume

that the difference equals δ), the calculation of the excitonic eigenenergies and
eigenstates can also be obtained by solving (5.44). It is then convenient to define
a new zero energy as the average of the transition energies of the two molecules.
Then one of the molecules has the excited-state “site energy” equal to δ/2, and the
site energy of the other molecule is �δ/2 (see Figure 5.3). To find new eigenener-
gies we have to solve the following pair of equations:

ce1

�
δ
2
� Ee

�
C ce2V12 D 0 , (5.52)

ce1V21 C ce2

�
� δ

2
� Ee

�
D 0 . (5.53)
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ε1
1

ε0
1

ε1
2

ε0
2

E2

E1

δ
2

δ
2

Figure 5.3 The energy scheme for the heterodimer, where ε0
i and ε1

i are the energies of the
ground and excited states of the ith monomer, and δ is the difference between the excitation
energies of the monomers.

The solutions can be written as

E1 D V12

p
1C Γ 2 , E2 D �V12

p
1C Γ 2 , (5.54)

where

Γ D δ
2V12

. (5.55)

Since jce1j2 C jce2j2 D 1, we can replace ce1 and ce2 by cos α e and sin α e, respec-
tively, where α e still has to be determined. After insertion of (5.54) into (5.53), it
directly follows that α e is given by

tan α1 D �Γ C
p

1C Γ 2 ,

tan α2 D �Γ �
p

1C Γ 2 , (5.56)

and in general

tan 2α e D 1
Γ

. (5.57)

The angle α e is sometimes denoted as the mixing angle of the dimer. Explicit ex-
pressions for the coefficients are now

c11 D 1r
1C

�
�Γ Cp1C Γ 2

�2
, (5.58)

c12 D c11

�
�Γ C

p
1C Γ 2

�
, (5.59)

c21 D 1r
1C

�
�Γ �p1C Γ 2

�2
, (5.60)

c22 D c21

�
�Γ �

p
1C Γ 2

�
. (5.61)
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In the case of identical molecules, δ D 0, and the coefficients are c11 D 1/
p

2,
c12 D 1/

p
2, c21 D 1/

p
2, and c22 D �1/

p
2, indicating that exciton states are com-

pletely coherently delocalized over the whole dimer. The two excited-state energy
levels are split by two times the “resonance” interaction energy V12. In the opposite
case, when V12 � δ, we approach the case of independent molecules, both for
the energy splitting and for the degree of delocalization, and the excitations on the
different molecules maintain their identity:

E1,2 D ˙ δ
2

�
1C 2V 2

12

δ2

�
. (5.62)

The probability of finding the excitation on either of the molecules is (1/(2Γ ))2 and
1 � (1/(2Γ ))2, respectively, that is, with large Γ the excitation is almost entirely
localized on the individual molecules.

Another valid state of a dimer is one where both monomers are excited, the so-
called doubly excited state. In the Heitler–London approximation the wavefunction
of the double excited state is given by

Ψ f D '
(e)
1 '

(e)
2 , (5.63)

and the excitation energy is

E f D ε(e)
1 C ε(e)

2 C K . (5.64)

Here

K D ke

Z
dr1

Z
dr2

h
�

(ee)
1 (r1) � �

(gg)
1 (r1)

i h
�

(ee)
2 (r2) � �

(gg)
2 (r2)

i
jr1 � r2j (5.65)

describes the excitation energy shift due to the presence of another excitation. Of-
ten this coupling is denoted as K -type coupling, and the resonance interaction is
denoted as J -type coupling. Since there is only one doubly excited state in a dimer,
it is an eigenstate of the system.

5.4
Frenkel Excitons of Molecular Aggregates

Now let us consider a molecular aggregate of a fixed number N of molecules or-
ganized in a specific geometrical configuration. Each molecule consists of a large
number of electrons and nuclei; however, for the present purpose, only valence
electrons need be considered. If the electrons (and nuclei) cannot interchange be-
tween different molecules, chemical reactions and electron exchange can be disre-
garded. We denote by r (m)

j the coordinate vectors of all relevant electrons belonging

to molecule m. R (m)
n are the corresponding coordinates of the nuclei. The Hamilto-

nian of such a complex can be written as

OHM D
X

m

OHm C
m>m0X
mm0

OVmm0 , (5.66)
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where OHm is the Hamiltonian of a single isolated molecule and OVmm0 is the inter-
molecular Coulomb interaction.

If the molecules were noninteracting, the state of the whole aggregate would be
a direct product of local molecular states. Similarly to the case of the dimer, let us
assume that each molecule can be in two quantum states: the ground state and an
excited state. The ground-state wavefunction of the complex can then be written as

jgi D
NY
n

'
(g)
n , (5.67)

corresponding to the state where all molecules are in their ground states. The excit-
ed state of the complex is obtained by promoting one molecule to its excited state:

je j i D '
(e)
j

N,n¤ jY
n

'
(g)
n . (5.68)

By changing the place of excitation in the aggregate, one can obtain N possible
singly excited states (single-exciton states). The doubly excited states (double-exciton
states) are obtained by promoting two molecules in the aggregate to their excited
states:

j f (k l)i D '
(e)
k '

(e)
l

N,n¤k ,lY
n

'
(g)
n . (5.69)

By counting all possible pairs of molecules, we obtain N(N � 1)/2 double ex-
citations. We can continue this procedure until we arrive at the state where all
molecules are excited. This is the single highest possible excited state of the aggre-
gate:

jhi D
NY
n

'
(e)
n . (5.70)

In aggregates of the same type or similar types of molecules, the states with the
same number of excited molecules form a band (manifold) of states with simi-
lar energies. In the following we consider only ground-state, single-exciton, and
double-exciton manifolds. These three bands are the only bands directly accessible
in a resonant third-order nonlinear optical laser experiment. Higher-lying states
can be disregarded.

The basis set defined above is easily translated into an excitation creation/annihi-
lation operator picture (see Section 4.9). As already described, the vacuum state jgi
is the ground state of the aggregate having no excitations. This can be considered
as the vacuum of particles. The state where the mth molecule is excited (a single-
exciton state) is obtained by jemi � OB†

mjgi, and for a pair of excited molecules (a
double-exciton state) j f (mn)i � OB†

m
OB†

n jgi. Since a molecule cannot be excited twice,
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the particles and excitations behave as fermions on the same molecule; thus, the
particle operators OB satisfy the Pauli commutation relation [25, 26]:h OBn , OB†

m

i
D δmn

�
1� 2 OB†

m
OBm

�
. (5.71)

In the space of single and double excitations, the Hamiltonian of the aggregate
can be represented using these operators:

OH D
NX
i

ε i
OB†

i
OBi C

NX
i¤ j

Ji j
OB†

i
OB j C

NX
i¤ j

Ki j
OB†

i
OB†

j
OBi
OB j , (5.72)

where

ε i D ε(0)
i C ke

NX
j ¤i

Z
dr1

Z
dr2

�
�

(ee)
i (r1) � �

(gg)
i (r1)

�
�

(gg)
j (r2)

jr1 � r2j (5.73)

is the transition energy of the molecular excitation in the presence of other
molecules in their ground states. The parameters are as follows: ε(0)

i is the transi-
tion energy of the isolated molecule, �

(gg)
i (r) is the total charge density of the ith

molecule in its ground state, and �
(ee)
i (r1) is the charge density of the electronic

excited state of the ith molecule. Similarly to the case of the dimer described in the
previous section, there are two types of intermolecular couplings:

Ji j D ke

Z
dr1

Z
dr2

�
(g e)
i (r1)�(eg)

j (r2)

jr1 � r2j (5.74)

is the resonant Coulomb interaction between transition charge densities, and

Ki j D ke

Z
dr1

Z
dr2

�
�

(ee)
i (r1) � �

(gg)
i (r1)

��
�

(ee)
j (r2) � �

(gg)
j (r2)

�
jr1 � r2j (5.75)

describes the excitation energy shift due to the presence of another excitation.
Ki j may be understood as the exciton–exciton binding parameter. When the in-
termolecular distances are larger than the molecular dimensions, the dipole ap-
proximation for charge densities is often assumed [24]. It approximates all charge
densities by simple dipole vectors: transition dipoles µ i represent the transition
charge densities �

(eg)
i (r) and permanent dipoles d i represent the difference densi-

ties (�(ee)
i (r) � �

(gg)
i (r)). In that case we obtain the dipole–dipole coupling expres-

sions:

Ji j D ke

� (µ i � µ j )

jR i j j3 � 3
(R i j � µ i )(R i j � µ j )

jR i j j5
�

(5.76)

and similarly

Ki j D ke

"
(d i � d j )
jR i j j3 � 3

(R i j � d i )(d i j � µ j )

jR i j j5
#

. (5.77)
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The dipole vectors can be obtained from charge densities by calculating their first
moments. Alternatively, they are given by wavefunction-based dipole operator ex-
pectation values: µ j D hgj OD j je j i and d j D he j j OD j je j i � hgj OD j jgi.

Due to the equivalence of the molecules in the aggregate (assuming that ε0
i D ε),

the corresponding excited-state wavefunction has to account for the probability of
each of the molecules being excited (see the perturbation procedure for the degen-
erate states described in Section 4.7). Thus, we define a single excited state of the
aggregate as a superposition of molecular single excitations (in the same way as we
did for the dimer; see (5.33)):

Ψe D
X

m

cem
OB†

m jgi , (5.78)

where the expansion coefficients are indicated by cem. The doubly excited state is
similarly

Φ f D
k>lX
k l

C f,(k l) OB†
k
OB†

l
jgi . (5.79)

The coefficients cem and C f,(k l) are determined from the Schrödinger equation for
the aggregate.

Let us consider as an example the translationally invariant molecular aggregate.
These types of systems are relevant for so-called J aggregates and molecular crys-
tals [23, 25, 27]. The translational invariance implies that all molecules are identical.
As we described in Section 4.6.5, the wavefunction of a one-dimensional aggre-
gate of N sites has to be an eigenfunction of the translational operator OTn , where
n D 0, 1, . . . , N � 1 is an integer number of translations,

OTn Ψk D e�ik n Ψk , (5.80)

where k is the quantum number of the translational operator. In the case of a single
equivalent molecule per unit cell, it follows directly from (5.80) that

cen(k) D 1p
N

eik n , (5.81)

which implies that all molecules in the crystal are equally likely to be excited. For
the eigenenergies we get

Ek D hΨk j OHM jΨki � Eg D ε C ∆ C L(k) , (5.82)

where ε is the molecular excitation energy, ∆ is the renormalization due to other
molecules (see Section 5.3), and

L(k) D
X

n

J0,meik m , (5.83)

where

Jn,m D
D
'

(e)
n '

(g)
m

ˇ̌̌
Vnm

ˇ̌̌
'

(g)
n '

(e)
m

E
(5.84)
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is the resonance interaction between excitations on the nth and mth molecules,
respectively. Again due to translational symmetry, the value of L(k) is independent
of the molecular position (taken as zero in (5.83)).

Equation (5.81) demonstrates that the excitation is delocalized with equal proba-
bility over the whole aggregate of equivalent molecules, and the coefficients cen(k)
differ only by their phase factors. The excitations corresponding to eigenstates are
defined in the k-space (or the reciprocal lattice space) and they are usually termed
excitons. The exciton energies Ek determine the exciton energy band or spatial dis-
persion of the exciton energy. The number of energy levels Ek is determined by
the size of the system. Taking periodic boundary conditions, we assume that the
system contains Ns molecules along the s-axis, and it is periodically repeated along
this axis. Correspondingly, translation of the system as a whole does not change the
wavefunction defined by (5.78). The corresponding Ns values for ks are determined
as follows [21, 23, 25]:

ks D 2π
Ns

j s , (5.85)

where s enumerates the crystallographic axes (in the case of the crystal). ks is the
projection of the wave vector k on the s-axis. Here the intermolecular distances
are expressed in terms of the distance between two nearest neighbors along the
corresponding axis. The distance between the nearest neighbors is assumed to be
equal to unity. Thus, j s is an integer with possible range of values

�Ns

2
< j s � Ns

2
. (5.86)

For example, if only the nearest-neighbor interaction is important in a linear peri-
odic system with N sites, we have

L(k) D 2 J01 cos(k) , (5.87)

and �π < k < π.
For small absolute values of k, the exponent in (5.83) can be expanded in a series

which gives the following approximation of (5.82):

Ek D Es C „
2k2

s

2ms

. (5.88)

Again s reflects the crystallographic direction, ms is the effective mass correspond-
ing to the exciton motion along this direction,

ms D �„2P
n n2

s J0,n
, (5.89)

and

Es D � C ∆ C
X

n

J0,n . (5.90)
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Due to the dependence on the wavevector direction s, the expression for the
eigenenergy, (5.88), is a nonanalytical function for very small k values. Accord-
ing to definition (5.86), the difference between the nearest k values along the s-axis
is very small for very large values of Ns . For small k values, the exciton can be
considered a quasiparticle characterized by the phase and group velocity. A large
resonance interaction, which corresponds to the small mass, gives rise to excitons
with high mobility.

Let us now consider a more complex periodic structure which contains σ
molecules per unit cell. In this case we will obtain a number (σ) of different sub-
bands (so-called Davydov subbands). We have to choose the following excitation
amplitudes (wavefunction expansion coefficients)

cαν D 1p
N

u αν(k)eik r nα , (5.91)

which diagonalize the Hamiltonian, (5.66). The matrix u αν(k) is unitary, and the
index α enumerates molecules in the unit cell; r D n C �α , where �α are the
coordinates of the molecules within the unit cell, and ν accounts for splitting of
the corresponding degenerate molecular states. This gives rise to a number σ of
molecular subbands in the exciton band. The transformation coefficients have to
be normalized:X

α

jcαν(k)j2 D 1 . (5.92)

Due to the presence of σ molecules per unit cell, the numbering by n has to be
changed into nα everywhere. Now the exciton energies are determined by solving
the Schrödinger equation given in (5.82), which gives the following set of equations
for coefficients u αν(k):

σX
	D1

[(� C ∆α)δα	 C L α	(k)]u 	ν(k) D Eν(k)u αν(k) , (5.93)

where

∆α D
X
m	

hD
'

(e)
nα'

(g)
m	

ˇ̌̌
Vnαm	

ˇ̌̌
'

(e)
nα'

(g)
m	

E
�
D
'

(g)
nα'

(g)
m	

ˇ̌̌
Vnαm	

ˇ̌̌
'

(g)
nα'

(g)
m	

Ei
(5.94)

is the displacement energy and

L α	(k) D
X

m

D
'

(e)
nα'

(g)
m	

ˇ̌̌
Vnαm	

ˇ̌̌
'

(g)
nα'

(e)
m	

E
eik(rm	 �rnα ) (5.95)

is the resonance interaction matrix for an arbitrary k value. The exciton spectrum
is determined via the corresponding characteristic equation

det(L α	(k)C δα	[ε C ∆α � Eν(k)]) D 0 . (5.96)
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The matrix given by (5.95) is Hermitian, and all σ values of Eν(k) are correspond-
ingly real. They define exciton subbands, and the phenomenon of the organization
of the band into subbands is called Davydov splitting [23, 25]. It should be empha-
sized that the procedure we performed for periodic molecular aggregates in three
dimensions represents an extension of the simple case of a dimer, which we de-
scribed in Section 5.3.

If the system contains two molecules per unit cell, the unitary matrix u αν(k) can
be written in the following form:

u αν(k) D
�

cos '(k) sin '(k)
� sin '(k) cos '(k)

�
. (5.97)

The corresponding Hamiltonian matrix which determines the left-hand side of the
set of (5.93) in this case becomes

�
� C ∆1 C L11(k) L12(k)

L21(k) � C ∆2 C L22(k)

�
. (5.98)

Diagonalization of this matrix leads to the following analytical solution:

Eν(k) D � C ∆1 C ∆2

2

� (�1)ν

s�
L11(k)� L22(k)C ∆1 � ∆2

2

�2

C jL12(k)j2 , (5.99)

where ν D 1, 2. For each energy band Eν(k) the transformation function 'ν (k)
in (5.97) is determined by the following relation:

tan 'ν (k) D � C ∆1 C L11(k) � Eν(k)
L12(k)

. (5.100)

If ∆1 D ∆2 and L11(k) D L22(k), then the value of the Davydov splitting according
to (5.99) is

∆E(k) D 2L12(k) . (5.101)

Summarizing, the resonance interaction between molecules within the unit cell
leads to Davydov splitting, which for every k gives rise to two new states. The
amount of splitting between these states leads to two subbands. In general, the
number of subbands is equal to the number of molecules within a unit cell.

5.5
Wannier–Mott Excitons

Let us now consider an atomic crystal or a crystal with covalent/ionic bonds. In
such a crystal, interactions between crystal constituents are not weak, and the
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Heitler–London approximation is not applicable. Due to strong interactions the
electrons can be considered as belonging to the whole crystal and are character-
ized by a periodic potential, instead of a single lattice site [21, 23]. To understand
the dissipative electron dynamics in a solid of this type, it is sufficient to consider
an electron in a periodic potential as we did in Section 4.6.5. For simplicity, let us
assume there is a single electron in such a crystal. In three dimensions the Hamil-
tonian can then be written as

OH D � r
2

2me
C V(r) , (5.102)

where V(r) is a periodic function with the property V(r) D V(r C a). Here a is the
translational vector of the system – the smallest possible vector – which translates
the system into itself. According to the Bloch theorem (Section 4.6.5) the wavefunc-
tion of this Hamiltonian must have the same translational symmetry apart from a
different phase, so the wavefunction is of the form

ψ(r) D '(r) exp(ika) . (5.103)

Here '(r) is a periodic function with translational invariance '(r) D '(r C a).
This allows us to consider free electrons distributed in the conduction band of the
crystal. The electron is characterized by a specific effective mass in the vicinity of
edges of the band [21].

The exciton spectrum should be considered as defined by two particles: an elec-
tron in the conduction band and a hole in the valence band. They interact with each
other by Coulomb coupling (see Figure 5.4). The Hamiltonian of such an electron–
hole system (the so-called Hamiltonian of the Wannier–Mott exciton) can be written
as

OHWM D Op2
e

2me
C Op2

h

2mh
� ke e2

jre � rhj , (5.104)

rex

rex a rex a

Frenkel

exciton

CT

exciton

Wannier-Mott

exciton

a

Self-trapped

exciton

(a) (b)

Figure 5.4 Possible models of excitons in
crystals with the translational constant a.
The zero-radius (Frenkel) exciton, the
intermediate-radius (charge-transfer, CT) ex-

citon, and the large-radius (Wannier–Mott)
exciton are presented in (a), and the pos-
sible lattice polarization in the case of the
self-trapped excitons is shown in (b).
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where Op e and Oph, me and mh, and re and rh are momenta, masses, and radius vec-
tors of the electron and hole, respectively. This is a two-body problem, conveniently
solved by transforming it into a problem of the center of mass and the relative mo-
tions. After the transformation we obtain the following equivalent representation
of the Hamiltonian:

OHWM D
OP2

2(me C mh)
C Op

2

2µ
� ke e2

r
, (5.105)

where OP and Op are the momenta of the center mass and the relative movements,
respectively. The quantity r D jre� rhj is the distance between the electron and the
hole, and µ is the reduced mass:

1
µ
D 1

me
C 1

mh
. (5.106)

The new coordinates describing the movement of the center of mass (as a free
particle) and the relative movement of the electron and the hole are independent.
The wavefunction of the problem can then be presented as

Ψ (R , r) D 1p
Ld

eiK R'(r) , (5.107)

where the initial factor is due to the normalization of the wavefunction. Here L

is the linear size of the crystal, d is its dimension, and K is the wavevector corre-
sponding to the translational symmetry of the center of mass of the electron and
the hole. The relative movement of the electron and the hole is described by the
wavefunction '(r). The problem is equivalent to that of one particle in a Coulomb
potential, and it correspondingly exhibits a hydrogen-type energy spectrum [28]:

En D Eg � Ee�
n C d�3

2

�2 . (5.108)

Here Eg is the energy gap for the transition of the electron from the valence band
to the conduction band (the reference point of free electrons and holes), and Ee D
Ry � ke µ/me, with Ry representing the Rydberg energy of the hydrogen atom. Simi-
larly, the exciton binding energy and the exciton radius corresponding to the lowest
excited state (n D 1) can be determined, resulting in

Eb D Eg � E1 D 2
d � 1

Ee (5.109)

and

rex D d � 1
2

ae , (5.110)

where ae D aBme/(ke µ) is the effective Bohr radius, and aB is the Bohr radius
defined by considering the spectrum of the hydrogen atom.
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K

EK1EK2

Figure 5.5 The energy levels of the Wannier–Mott exciton.

For typical parameters of a semiconducting crystal, Ee is on the order of tens or
hundreds of millielectronvolts. In the case of d D 3, the exciton binding energy is
Ee and rex D ae. In the case of d D 2, the exciton binding energy increases four
times and the exciton radius decreases four times, while for d D 1, Eb D 1 and
rex D 0. The divergence of the exciton binding energy and the δ-type wavefunction
in the case of d D 1 can be understood as follows: in the case d D 2 or d D 3, a
charged particle can freely move around the origin of the Coulomb potential, while
in the case d D 1, it would have to move through the origin because of the spatial
restriction. In the origin the coupling has a pole. A typical example of the quasi-
one-dimensional system, where the Wannier–Mott excitons are expected, is carbon
nanotubes [29].

By taking into account the energy values corresponding to the center of mass, we
can express the total eigenvalues of the exciton energy spectrum as

EK n D En C „2K2

2(me C mh)
. (5.111)

Thus, the exciton spectrum shown in Figure 5.5 defines the bound electron and a
hole freely moving together through the crystal. Their binding states are quantized
in a hydrogen-atom fashion.

5.6
Charge-Transfer Excitons

In addition to neutral, small-radius (Frenkel) excitons, where the excited electron
remains correlated with the hole and both are located on the same molecular site,
excited states where the excited electron is transferred to the nearest or next-nearest
neighboring molecules are also expected to occur when exchange of electrons be-
tween molecules is allowed. Such states, which are intermediate between Frenkel
excitons and Wannier–Mott excitons, are called charge-transfer (CT) states (see Fig-
ure 5.4) [23]. Similar to Wannier–Mott excitons, these CT states are positioned be-
low the lowest conduction band, because of the Coulomb interaction between the
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electron and the hole (or between molecular ions) freely moving together through
the crystal. Evidently, the CT state is determined by the ability of the molecules to
accept/donate electrons. This ability corresponds to the molecular characteristics,
such as the ionization potential (Ig) and the electron affinity (A g). Due to the pres-
ence of charges in the system, the polarization energy (Peh(r)) of an electron–hole
pair separated by some distance r also has to be taken into consideration. The po-
larization energy reflects the adaptation of the system to the presence of a CT state.
Thus, the energies of the CT excitons are given by [23, 27]

ECT D Ig � A g � Peh(r)� C(r) , (5.112)

where C(r) denotes the Coulomb energy of the charged pairs separated by dis-
tance r [30].

Evidently, the existence of CT excitons is expected in heteromolecular crystals
constructed by electron-donating and electron-accepting molecular pairs. The low-
est CT state corresponds to the transfer of an electron from the highest occupied
molecular orbital (HOMO) of the donor molecule to the lowest unoccupied molec-
ular orbital (LUMO) of the acceptor molecule. From the theoretical point of view,
the ion-pair states must be included in the complete basis system of wavefunctions
describing excited states of the crystal. Correspondingly, the CT states interact with
the Frenkel excitons and the two types of states intermix, resulting in a change of
the resonance interaction values for the Frenkel excitons.

CT excitons are usually precursors to photoinduced generation of charges. In-
deed, the optically excited Frenkel exciton states can be in resonance with the CT
states. A transition from the initial Frenkel-type exciton state to a CT state is pos-
sible due to such resonance, and a separation of charges in the presence of an
external electric field is expected. In homomolecular complexes and crystals, opti-
cal transitions corresponding to CT excitons are usually extremely weak, and they
are not expected to be resolved in the absorption spectra. However, this is not the
case for heteromolecular systems arranged in sequential stacks of electron–donor
and electron–acceptor molecular configurations. In such systems, the CT excitons
are well resolved in both absorption and fluorescence spectra. Due to the strong
polar character of CT excitons, the effect of the exciton self-trapping is significant
in such systems, resulting in large values of the Stokes shift.

A combined representation of all excitations can be obtained by using the so-
called tight-binding description [31]. In this model, each molecule is represented
by two electronic orbitals: the HOMO and the LUMO. Let us define operator Oe†

m ( Oem)
which creates (annihilates) an electron in the LUMO of site m and operator Oh†

m( Ohm)
which creates (annihilates) a hole in the HOMO. When the electron in the LUMO
and the hole in the HOMO reside at the same site m, we have molecular excitation
(the Frenkel excitonic state m� , Oe†

m
Oh†

mjgi, where jgi denotes the ground-vacuum
state). On the other hand, when the electron and the hole are excited at different
sites m and n, we obtain the CT state nCm� , Oe†

m
Oh†

njgi. These states are illus-
trated in Figure 5.4.
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The Hamiltonian of the system in the tight-binding model is [31]:

OHS D
X
m ,n

te
mn Oe†

m Oen C
X
m ,n

th
mn
Oh†

m
Ohn

C
m¤nX
m ,n

W d
mn Oe†

m
Oh†

m
Ohn Oen �

X
m ,n

V eh
mn Oe†

m
Oh†

n
Ohn Oem

C 1
2

m¤nX
m ,n

V e
mn Oe†

m Oe†
n Oen Oem C 1

2

m¤nX
m ,n

V h
mn
Oh†

m
Oh†

n
Ohn
Ohm

C 1
4

k¤mX
k ,m

l¤nX
l,n

Kk l,mn Oe†
k
Oh†

l
Oe†

m
Oh†

n
Ohn Oem

Ohl Oek . (5.113)

Here te
mn (th

mn) is the electron (hole) hopping rate between LUMOs (HOMOs).
W d

mn is the dipole–dipole-type resonance interaction between excitons at sites m

and n. V e
mn D V(r m � r n) is the electron–electron Coulomb repulsion between

sites m and n, V h
mn D V(r m � r n) is the hole–hole Coulomb repulsion between

sites m and n, and V eh
mn D V(rm � r n) is the electron–hole Coulomb attraction be-

tween sites m and n. Note that in the simplest case, V e
mn D V h

mn D V eh
mn; however, at

short distances these values may be not equal since the delocalization of electrons
and holes at the single site is usually different. Additionally, terms representing
coupling K responsible for shifting the energies of the doubly excited states are
also added to the Hamiltonian. They are, however, of higher order in terms of the
number of creation and annihilation operators.

For the single-excitation manifold, where one electron and one hole are created,
we have states jek h li D Oe†

k
Oh†

l
jgi. The matrix elements of the Hamiltonian for the

singly excited states are as follows [30]:

hek h l j OHSjem hni D te
k m δ l n C th

l n δk m � V eh
k l δ l nδk m

C W d
k m(1� δk m)δ l k δmn . (5.114)

These thus give the following matrix elements:

εa� D te
aa C th

aa � V eh
aa , (5.115)

εaCb� D te
bb C th

aa � V eh
ba , (5.116)

Ja�,b� D W d
ab , (5.117)

Ja�,bC c� D te
ac δab C th

ab δac , (5.118)

and

JaCb�,cC d� D te
bd δac C th

ac δbd . (5.119)

Here εa� is the excitation energy of the Frenkel exciton a�, εaC b� is the excitation
energy of the CT state aCb�, Ja�b� defines the mixing between Frenkel exciton
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states a� and b�, Ja�,bC c� is the coupling between the Frenkel exciton state a� and
the CT state bCc�, and JaCb�,cC d� is the coupling between CT states aC b� and
cCd�. This information is sufficient to describe the single-excitation properties.

In the double-excitation space, two electrons and two holes are excited; thus, we
have states jek e l hm hni D Oe†

k
Oe†

l
Oh†

m
Oh†

n jgi, with k > l and m > n. The Hamil-
tonian matrix elements for doubly excited states are given by elements of type
hek e l hm hnj OHSjek 0 e l 0 hm0 hn0i. Three kinds of doubly excited states are obtained:
(1) Frenkel excition–Frenkel exciton states a�b�, (2) Frenkel exciton–CT states
a�bCc�, and (3) CT–CT states with two electrons and two holes aCb�cCd�.

The transformations to the single-excitation eigenstates

jei D
X
k ,l

ψe,k l jek h li

and double-excitation eigenstates

j f i D
k>lX
k ,l

m>nX
m ,n

Ψ f,k l mnjek e l hm hni

are given in terms of transformation matrices ψe,k l and Ψ f,k l mn, which are calcu-
lated by solving the eigenvalue problems of the Hamiltonian.

It is noteworthy that a presentation of this kind is convenient for describing non-
linear spectroscopy data of the system where both types of excitons occur [31].

5.7
Vibronic Interaction and Exciton Self-Trapping

The exciton energy states discussed so far are defined at fixed positions of the nuclei
of the molecules and their surroundings. The nuclear motion modulates the energy
levels and this has an influence on the exciton spectrum. The effect can be obtained
by adding the vibrational Hamiltonian defined for every molecule. In the adiabatic
approach we consider (5.22) and the exciton Hamiltonian, (5.72). We thus take

OH D
NX
i

ε i
OB†

i
OBi C

NX
i¤ j

Ji j
OB†

i
OB j C

NX
i¤ j

Ki j
OB†

i
OB†

j
OBi
OB j

C
X

i,s

„ω i
s

2

 
Q2

i,s �
@2

@Q2
i,s

!
C
X

i,s

OB†
i
OBi

	
as„ω i

s Q i,s C δ i,s Q
2
i,s



,

(5.120)

where ω i
s is the s vibration in the electronic ground state of the ith molecule along

the Q i,s coordinate, ai,s is the displacement of the excited-state potential of the ith
molecule along the s coordinate of the vibrations, and δ i,s is the change of the
vibrational energies in the electronic excited states, that is, δ i,s D („ω e,i

s � „ω i
s )/2.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c05 — 2013/6/3 — page 125 — le-tex

�

�

�

�

�

�

5.7 Vibronic Interaction and Exciton Self-Trapping 125

A similar, however, more general Hamiltonian determining the exciton–phonon
interaction is defined by assuming that all parameters of the exciton Hamiltoni-
an depend on the nuclear coordinates. Apart from the kinetic energy terms, the
Hamiltonian reads

OH D
NX
i

ε i (R) OB†
i
OBi C

NX
i¤ j

Ji j (R) OB†
i
OB j C

NX
i¤ j

Ki j (R) OB†
i
OB†

j
OBi
OB j . (5.121)

The first term reflects the R dependence of the displacement energy. The second,
resonance interaction, term reflects the lattice point displacements and thus the
lattice deformation. The third term, which is the exciton–exciton interaction, nec-
essarily depends on the lattice deformation.

Let us consider the properties of a single excitation, so the third term in the
Hamiltonian can be disregarded. In a molecular crystal the excitations and vibra-
tions are considered as delocalized excitons and phonons characterized by their
wavevectors k and q, respectively. The exciton–phonon Hamiltonian is then given
by [21, 25, 27]

OH D OHex C OHph C OH (1)
int C OH (2)

int , (5.122)

where OHex is the R-independent exciton Hamiltonian, and

OHph D
X
s,q

„ω s(q)
�
Ob†

s,q
Obs,q C 1

2

�
(5.123)

is the phonon Hamiltonian with phonon frequency ω s(q). The index s enumerates
the phonon branches, q is the phonon wavevector, and Ob†

s,q and Obs,q are the phonon
creation and annihilation operators, respectively. The Hamiltonian

OH (1)
int D

1p
N

X
s,k,q

OFs(k, q) OB†(k C q) OB(k) O's(q) (5.124)

represents the momentum transfer from the phonon to the exciton. Here OB(k) and
OB†(k) are exciton annihilation and creation operators for wavevector k,

OB(k) D 1p
N

X
n

OBne�ik n (5.125)

(a similar canonical transformation is used for the creation operator), and

O's(q) D Obs,q C Ob†
s,�q (5.126)

is the phonon coordinate in the second-quantization representation (see Chap-
ter 4). The term

OH (2)
int D

1p
N

X
s,k,q

O� s(q) OB†(k) OB(k) O's(q) (5.127)
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is caused by the expansion of the displacement energy. Here OFs(k, q) and O� s (q) are
given by the following equations:

OFs(k, q) D
X

l,m¤0

� l
s(q)

s
„

2Mi ω s (q)

" 
@

@R l
0

C eiqm @

@R l
m

!
J0m

#
0

eik m (5.128)

and

O� s(q) D
X

l,m¤0

� l
s(q)

s
„

2Mi ω s(q)

" 
@

@R l
0

C eiq m @

@R l
m

!
∆m

#
0

, (5.129)

where � l
s(q) are the components of the unit vector of polarization of the s compo-

nent of the phonons, ∆m is the displacement energy of the mth molecule, N is the
number of unit cells in the system, and Mi is the corresponding nuclear mass.

By comparing these terms of the exciton–phonon interaction, we can consider
two limiting cases. When

OH (1)
int � OH (2)

int , (5.130)

we are dealing with a weak exciton–phonon interaction which leads to exciton scat-
tering by phonons. The excitonic properties are retained and the phonons cause
shifts of energy values and induce decoherence. In the opposite case, when

OH (1)
int � OH (2)

int , (5.131)

strong exciton–phonon interaction prevails and the Hamiltonian H
(2)
int determines

the lattice deformation in the region where the exciton is present. In the strong-
coupling limit, the exciton interaction with the phonon field can become so strong
that it can result in exciton self-trapping due to lattice deformation in the vicinity
of the excited molecule (see Figure 5.4).

Let us briefly describe the outcome of exciton self-trapping. There are two possi-
ble pathways for evolution of the exciton: (1) free coherent exciton formation in a
rigid lattice corresponding to delocalization and (2) self-trapping of the excitation
caused by lattice deformation with a subsequent localization. The loss of energy
caused by the lattice deformation is called the energy of the lattice relaxation ELR.
On the other hand, the measure of the loss of energy resulting from free exciton
relaxation is half the exciton bandwidth, B D Eband/2. The ratio g D ELR/B is used
as a measure of the strength of the electron–phonon coupling and it is called the
constant of the exciton–phonon coupling. Thus, when g < 1, exciton delocalization
is most favorable, and when g > 1, exciton self-trapping is more probable. One can
define the energy of exciton self-trapping as EST D B � ELR.

Due to the possibility of experiencing exciton self-trapping (or exciton–polaron
formation), the dynamics of the excitation defined by (5.122) is very complex. Be-
low we will present an approach which can be used to describe the exciton dy-
namics in the presence of interaction with molecular vibrations/phonons. Thus,
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let us consider the Hamiltonian defined by (5.122) by introducing the simplified
parametrization of the exciton–phonon coupling:

OH D
X
n,m

Jmn
OB†

m
OBn C

X
q

ωq
Ob†

q
Obq C

X
n,q

gqn
OB†

n
OBn

� Ob†
q C Obq

�
, (5.132)

where gqn is the linear coupling strength between an exciton state at site n and a
phonon mode q.

The dynamics of the system can be derived using the Dirac–Frenkel variational
principle [30]. For this purpose let us assume there is a trial wavefunction for the
system to be characterized by a set of parameters fxn(t)g; thus, jΨ i D jfxn(t)gi. If
we use the Hamiltonian and the trial wavefunction, the Lagrangian L is given by

L D hΨ (t)j i
2

 !
@

@t
� OH jΨ (t)i , (5.133)

where for simplicity „ is assumed to be 1 everywhere in the following of this sec-

tion and the double-overhead time derivative hΨ (t)ji/2
 !
@ /@tjΨ (t)i is defined as

i/2(hΨ (t)j PΨ (t)i � h PΨ (t)jΨ (t)i).
If the trial wavefunction does not obey the time-dependent Schrödinger equa-

tion, then�
i

d
dt
� OH

�
jΨ (t)i D jδ(t)i , (5.134)

where jδ(t)i is the deviation vector. Our aim is to minimize this value, resulting
in a set of equations for the parameters fxn(t)g that make our trial wavefunction
as close as possible to the exact wavefunction of the system. In order to do this, a
variation of the Lagrangian with respect to the parameters is performed to obtain a
set of Euler–Lagrange differential equations.

For minimization it is usually convenient to adopt some specific trial functions.
Let us consider now the so-called Davydov D1 ansatz [32] as the trial wavefunction:

ΨD1(t) D
X

n

8<
:αn(t) OB†

n exp

2
4X

q

λqn(t) Ob†
q � h.c.

3
5
9=
; j0i , (5.135)

with the set of time-dependent variational parameters αn denoting the exciton am-
plitudes and λqn characterizing the vibrational displacements. This form denotes
the vibrational displacement of a coherent vibrational wavepacket due to the elec-
tronic excitation (notice the form of the displacement operator (4.300)).

To obtain equations of motion for the wavefunction parameters we should first
construct the Lagrangian L (5.133) as a function of αn and λqn , and the equations
of motion will be given by a set of Euler–Lagrange equations:

d
dt

�
@L

@ Pαn

�
� @L

@αn

D 0 , (5.136)
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d
dt

 
@L

@ Pλqn

!
� @L

@λqn

D 0 . (5.137)

First, we calculate the time derivative of the ΨD1(t) trial function

PΨD1(t) D
X

n

OB†
n

8<
: Pαn C αn

X
q

�
Pλqn
Ob†

q �
1
2

� Pλqn λ�
qn C c.c.

��9=
;

� exp

0
@X

q

λqn
Ob†

q � h.c.

1
A j0i . (5.138)

Using (4.294)–(4.299) we get

h0j exp
�

λ�
qn
Obq � h.c.

� � Pλqn
Ob†

q � h.c.
�

exp
�

λqn
Ob†

q � h.c.
�
j0i

D Pλqn λ�
qn � λqn

Pλ�
qn (5.139)

which leads to the overlap of the wavefunction and its derivative:

hΨD1(t)j PΨD1(t)i D
X

n

2
4 Pαn α�

n C
1
2
jαnj2

X
q

� Pλqn λ�
qn � c.c.

�35 . (5.140)

Substracting the complex conjugate of this expression from itself and simplifying
the result, we obtain:

hΨD1(t)j
 !
@

@t
jΨD1(t)i D

X
n

2
4 Pαn α�

n � Pα�
n αn C jαnj2

X
q

� Pλqn λ�
qn � Pλ�

qn λqn

�35 . (5.141)

Second, calculating the expression for hΨD1(t)j OH jΨD1(t)i, we break the result into
three energy terms:

Eex(t) D
X
m ,n

Jmn α�
m αn � Smn , (5.142)

Eph(t) D
X

n

jαnj2
X

q

ωq jλqnj2 , (5.143)

Eint(t) D
X

n

jαnj2
X

q

gqn

�
λ�

qn C λqn

�
, (5.144)

where

Snm D exp

8<
:
X

q

�
λ�

qn λqm � 1
2

	jλqnj2 C jλqmj2

�9=; (5.145)
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is the so-called Debye–Waller factor. Eex(t) describes the electronic Hamiltonian
part, Eph(t) denotes the phonon energy and Eint(t) is the phonon–electron interac-
tion part. Combining these expressions we find the resulting Lagrangian as

L D i
2

X
n

8<
: Pαn α�

n � Pα�
n αn C jαnj2

X
q

� Pλqn λ�
qn � c.c.

�9=
;

�
X
m ,n

Jmn Smn α�
m αn �

X
n

jαnj2
X

q

ωq jλqnj2

�
X

n

jαnj2
X

q

gqn

�
λ�

qn C λqn

�
. (5.146)

This Lagrangian describes the system of coupled electronic and vibrational
modes with respect to the trial wavefunction. The Euler–Lagrange equations give
the following terms

d
dt

�
@L

@ Pαn

�
D i

2
Pα�

n , (5.147)

@L

@αn

D � i
2
Pα�

n C
i
2

α�
n

X
q

� Pλqn λ�
qn � c.c.

�

�
X

m

Jmn Smn α�
m � α�

n

X
q

ωq jλqn j2

� α�
n

X
q

gqn

�
λqn C λ�

qn

�
, (5.148)

d
dt

 
@L

@ Pλqn

!
D i

2

�
Pαn α�

n λ�
qn C αn Pα�

n λ�
qn C jαnj2 Pλ�

qn

�
(5.149)

@L

@λqn

D � i
2
jαnj2 Pλ�

qn �
X

m

Jmn Smn α�
m αn λ�

qm

C 1
2

X
m

Jnm Snm α�
n αm λ�

qn C
1
2

X
m

Jmn Smn α�
m αn λ�

qn

� jαnj2ωq λ�
qn � jαnj2gqn . (5.150)

Rearranging the terms, we obtain the differential equations for the time evolution
of parameters:

Pαn D i

2

X
m

2
4 Jnm Snm

α�
n αm

jαnj2
X

q

�
λ�

qn λqm � jλqnj2
�
C c.c.

3
5 αn

� i
X

m

Jnm Snm αm � i

2

X
q

gqn

�
λqn C λ�

qn

�
αn , (5.151)

Pλqn D �i ωq λqn � i
X

m

Jnm Snm

α�
n αm

jαnj2 (λqm � λqn)

� i gqn . (5.152)
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This set of equations can be used to simulate the coupled dynamics. However, the
equations are highly nonlinear and special care should be taken when numerically
propagating these equations due to terms like α�

n αm/jαn j2.
A simplified D2 ansatz is sometimes useful for the description of phonon-like

modes, which are delocalized along the linear molecular chain. In this case we
reduce the variational parameter space by assuming λqn D λq . The trial wavefunc-
tion then assumes the form

ΨD2(t) D
X

n

8<
:αn(t) OB†

n exp

2
4X

q

λq(t) Ob†
q � h.c.

3
5
9=
; j0i , (5.153)

which assumes that the phonon wavelength is much longer than the size of the
aggregate. The resulting equations of motion are

Pαn D �i
X

m

Jnm αm � i

2

X
q

gq

�
λq C λ�

q

�
αn , (5.154)

Pλq D �i ωq λq � i gq . (5.155)

5.8
Trapped Excitons

Defects caused by chemical impurities or vacancies perturb the crystal lattice. If
the impurity does not fit well into the lattice, a ring of distorted host molecules will
surround the impurity. A similar distortion may surround faults or vacancies in
the host lattice. These misaligned molecules give rise to the so-called X-traps (for
Frenkel excitons) [23]. Evidently, the wavefunctions corresponding to the trapped
exciton states are not delocalized anymore and describe the localization character-
istics of the excitation in the vicinity of the trap. The localization radius correspond-
ing to this state is directly related to the trapping energy of the exciton, that is, the
shallower the trapped exciton, the larger the localization radius. As a result of the
increase of the exciton localization radius for the shallow trapped states, the optical
transition into these states dramatically increases, resulting in the so-called Rash-
ba effect [22, 24]. Detailed studies of the absorption and fluorescence spectra of
trapped excitons allow one to determine the parameters of the exciton band.

The problem of localization was formulated for the first time by Anderson in
1958 [23, 24]. It was demonstrated that due to sufficiently large randomly distribut-
ed disorder, the delocalization of the wavefunctions, describing the band states,
changes essentially: above a certain value of the disorder, a transition from the de-
localized to the fully localized state takes place. This transition is called the Ander-
son transition and the localization is called the Anderson localization. Among the
multiple models used to describe the energy spectrum of disordered systems [33],
the most widely used ones are based on the assumption of a random distribution
of impurities or other kind of imperfections within the crystal structure.
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The models which are based on random disorder of the excitation energies of
the molecules in the lattice (the diagonal disorder) assume variations only in the
transition energies, while the lattice itself remains unperturbed. Models taking in-
to account various aspects of the randomness of the molecular orientation and/or
their position have also been developed [33]. These models are mainly related to
amorphous systems, glasses, liquids, and gases which are called topologically dis-
ordered systems.

The surface of the crystal also disturbs the translational symmetry of the lattice.
Thus, the surface exciton states might also be present in the energy spectra of the
crystal. Their presence in the spectrum depends on the interplay of the exciton
parameters. They can be localized either above the exciton band or below it.
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6
The Concept of Decoherence

Quantum mechanics has changed physics not just by introducing us to new ob-
servable effects not predicted in the framework of classical mechanics (such as
tunneling, nonlocality, and discrete energy spectrum; see Chapter 5), but also by
fundamentally limiting the scope of practically attainable knowledge of the systems
studied. One aspect of these limitations is expressed by various uncertainty rela-
tions, (4.2). These are consequences of the wavelike character of the state in quan-
tum theory. Another limitation is embodied in the apparent probabilistic nature of
macroscopic measurements on quantum systems. It appears that for a measure-
ment of a particular quantity of a quantum system, the outcomes can be predicted
only in a probabilistic manner. We reviewed classical stochasticity in Chapter 3, but
the fundamental stochasticity embedded in quantum mechanics appears to be of a
more general kind. A single-value measurement of a quantum mechanical quan-
tity provides only very little information about the system before it was measured.
Only repeated measurements on identically prepared systems can provide us with
some idea about the distribution of the probability of finding the system with a par-
ticular value of the measured observable. This, on the other hand, can be calculated
from quantum theory, and compared with experiment, yielding exceptionally good
agreement. Thus, quantum theory seems to be limited to probabilistic predictions
about ensembles.

6.1
Determinism in Quantum Evolution

To conclude, however, that the time evolution of a quantum system proceeds in
some stochastic way would be a gross mistake. The Schrödinger equation is a com-
pletely deterministic equation for the quantum mechanical state, the time evolu-
tion of which is thus deterministic. This feature of quantum mechanics can be
demonstrated in the following experiment with quantum coin tossing.

Let us imagine a set of deep potential traps created by some switchable trapping
field and a particle prepared with probability equal to 1 in one of the traps (Fig-
ure 6.1a). We label this initial trap by index 0. The trapped particle can be in two
internal states, jRi and jLi, left and right, respectively, which determine the direc-

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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0 1

(a)

(b)
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Figure 6.1 Quantum random walk scheme: a
particle is prepared in a periodic trapping field
in a trap with index 0 (a); the field is inverted
and the particle moves to the right (left) when
its internal state is jRi (jLi) (b). Four steps of

the random walk with an inversion in the mid-
dle (c). The boxed numbers give the outcome
of a classical random walk; the numbers in
circles give the corresponding quantum result
for traps �2, 0, and 2.

tion in which the particle will move when we invert the trapping field (Figure 6.1b)
and apply some external field. A laboratory realization of such an experiment can
be found in [34].

A complete description of the particle’s state can be achieved by determining
its position and its internal state. For the description of the position we introduce
state vectors jPni, where n denotes the trap. Let us initially have the particle in an
internal state jRi and a position state jP0i:

jψ0i D jP0ijRi . (6.1)

The whole process of inverting the trapping field and applying an external field
which drags the particle to a new position can be encapsulated in a “shift” operator
OS . It shifts the particle to the right if the internal state is jRi, and to the left if the

internal state is jLi:
OS jPkijRi D jPkC1ijRi , OS jPkijLi D jPk�1ijLi . (6.2)

Our aim here is to simulate the quantum random walk among the traps. In the
classical version we would toss a coin, which would decide with probability of 1/2
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for one of the states jRi or jLi of the particle. In quantum mechanics, we can pre-
pare the state in a superposition of states, say, (jRi C jLi)/p2. This state has the
property of providing the outcome of jRi or jLi with the same (1/2) probability
as in the classical case. To be in the linear combination or coherent superposition
of the possible outcomes is something radically different from being with a cer-
tain probability in one or the other state. The quantum random walk demonstrates
this nicely. Tossing the coin will be realized in our quantum case by an operator
OC which acts only in the Hilbert space of the internal states of the particle. We

prescribe the following operations:

OC jRi D 1p
2

(jRi � jLi) (6.3)

and

OC jLi D 1p
2

(jRi C jLi) . (6.4)

The random walk can now be realized by successive application of OC and OS (see
Figure 6.1). Using (6.1), (6.3), and (6.4), we find that the first step in the random
walk will result in

jψ0i OC! 1p
2

jP0i(jRi � jLi) OS! jψ1i D 1p
2

(jP1ijRi � jP�1ijLi) . (6.5)

The second step yields

OS OC jψ0i OS OC! jψ2i D 1
2

(jP2ijRi � jP0ijLi � jP0ijRi � jP�2ijLi) . (6.6)

After the two steps we can measure the position of the particle. Quantum mechan-
ics prescribes that the probability pn of finding the particle in the trap denoted by n

is given by the expectation value of the projection operator jPnihPnj, so

pn D hψjPnihPn jψi . (6.7)

We obtain the probabilities p�2 D 1/4, p0 D 1/2, and p2 D 1/4, that is, the same
probabilities as for the classical random walk after two tosses.

We have chosen prescriptions given by (6.3) and (6.4) in order to be able to define
an inverse operator OC�1. It is clear that with the inverse shift operator OS�1, that
is, with the opposite meaning of the internal states jRi and jLi with respect to the
shift, and with the operator OC�1, we can also realize a random walk. By continuing
the walk with the inverse operator ( OS OC )�1 D OC�1 OS�1, we arrive at the initial state
after the next two tosses:

( OS OC )�1( OS OC )�1jψ2i D ( OS OC )�1( OS OC )�1( OS OC )( OS OC )jψ0i D jψ0i . (6.8)

In this state the probability p0 D 1. This is in stark contrast with the classical case,
where the probabilities after the next two steps with inverted dragging are again
p�2 D 1/4, p0 D 1/2, and p2 D 1/4 (see Figure 6.1c).
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Despite the fact that after each application of the operators OC and OS (or OC�1

and OS�1) we could verify that the probabilities of shifting to the right and left are
1/2, we found that the system is (with certainty) in trap 0 after four steps of the
quantum random walk. Thus, we can conclude that the quantum system did not
behave in a stochastic manner during the walk, and it was rather governed by the
deterministic wavefunction evolution.

6.2
Entanglement

To handle the quantum and classical random walks in a unified manner, that is,
by a single (quantum) theory, we have to introduce another important quantum
mechanical concept, the concept of entanglement. For the description of a two-
particle state, quantum mechanics prescribes a Hilbert space composed of the
Hilbert spaces of individual particles by direct product, H1C2 D H1 ˝ H2 (see the
description of the Heitler–London approximation in Chapter 5). Practically, this
means that we can construct an orthonormal basis fjm1C2ig of the Hilbert space
H1C2 from the orthonormal bases fjn1ig and fjn2ig of the Hilbert spaces H1 and
H2, respectively, as

j11C2i D j11ij12i , j21C2i D j11ij22i, . . . , (6.9)

where we list all N1 � N2 states of the N1-dimensional Hilbert space H1 and the
N2-dimensional Hilbert space H2. Because of the superposition principle, a state
constructed as a linear combination of any of the states, defined by (6.9), is also a
valid state. Let us take, for example, the linear combination

jψ1C2i D 1p
2

(j11ij32i C j31ij12i) . (6.10)

This type of wavefunction is similar to the exciton wavefunction defined by (5.33).
The particles prepared in this state are found with equal probability of 1/2 in states
j1i and j3i. However, if we decide to measure the state of particle 1 and find it in
state j1i, we have to find the other particle in state j3i with certainty. This does
not seem to depend in any way on how far apart the particles have traveled, and it
constitutes one of the most surprising and nonintuitive consequences of quantum
mechanics. The phenomenon we describe here is usually termed entanglement and
it demonstrates the nonlocality of quantum mechanics. To be more precise, we will
say that two particles are entangled if their state vector cannot be factorized into a
product of their respective state vectors. Quantum mechanics is said to be nonlocal,
because under certain conditions the measurement of one part of the composite
system influences the other part of the same system in a way which cannot be
explained by any local interaction, that is, the transfer of information from one
part of the system to the other part is not limited by the speed of light.

Another consequence of the entanglement is that no wavefunction completely
describing one part of a composite system can in general be defined. We have to
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6.3 Creating Entanglement by Interaction 137

use the total wavefunction, (6.10), and no simpler wavefunction assigned to, say,
just particle 1 can be found that would contain all the information necessary to
completely describe its state. This is not surprising, because its state clearly de-
pends on the state of the other particle. The way out of the problem to describe the
interacting subsystems is the concept of the density operator, which was introduced
in Chapter 5.

Entanglement is not some exotic property that has to be carefully prepared in the
laboratory and kept protected from interaction with the outside world as it might
seem from some modern experiment. Entanglement is created spontaneously
by interacting systems, and consequently the pair of particles described by state
jψ1C2i, (6.10), will entangle with all quantum systems with which it interacts.
The difficulty we meet when studying entanglement in the laboratory is to keep
it exclusive for the two particles we have under control. It is this exclusiveness of
entanglement that has to be protected.

6.3
Creating Entanglement by Interaction

Let us now demonstrate how entanglement can be created by the interaction of two
particles. Let us consider two particles a and b with internal states j1ni and j2ni,
for n D a, b (see Figure 6.2). The particles move freely in space, prepared in states

ˇ̌
φ0

a

˛ D 1p
2

(j1ai C j2ai) (6.11)

S1 S2

D2
D1

1√
2

(|1a + |2a ) 1√
2

(|1b + |2b )

θ(t)=

θ0

∆t

Hint=

|1a

|2a

|1b

|2b

Figure 6.2 Formation of an entangled state
by an elastic collision. Two sources S1 and
S2 prepare two identical particles in superpo-
sition states of their internal states. During

the collision, which takes time ∆ t, their inter-
action is described by the Hamiltonian Hint
defined in (6.13) and depicted here.
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and

ˇ̌
φ0

b

˛ D 1p
2

(j1bi C j2bi) , (6.12)

and they are approaching each other. When the particles meet, they interact for a
short interval of time ∆ t. Let us assume their interaction is defined as an elastic
collision, that is, when one particle is excited, it can transfer its energy to the other
one and vice versa, but no energy is lost in the collision. This can be described by
an interaction Hamiltonian (see Figure 6.2):

OHint D θ (t)(j1aij2bih2a jh1b j C j2aij1bih1a jh2b j) . (6.13)

The function θ (t) is equal to zero except for in a short interval ft0, t0 C ∆ tg (where
t0 is the time of the collision), and θ (t) D θ0 for t 2 ft0, t0 C ∆ tg. The Schrödinger
equation in this case reads

@

@t
jψ(t)i D � i

„ ( OHS C OHint)jψ(t)i , (6.14)

with the initial condition jψ(t0)i D jφ0
aijφ0

bi and the particle Hamiltonian

HS D �
(1)
a j1aih1a j C �

(2)
a j2aih2a j C �

(1)
b j1bih1b j C �

(2)
b j2bih2b j . (6.15)

Without loss of generality, we can set the energies of all states to zero, and therefore
disregard Hamiltonian OHS. The solution of (6.14) to first order reads

jψ(t0 C ∆ t)i D jψ(t0)i � i
„

t0C∆ tZ
t0

dτ OHint(τ)jψ(t0)i C . . . (6.16)

and if ∆ t is sufficiently short, we get

jψ(t0 C ∆ t)i � jψ(t0)i � i
„ ∆ t OHint(t0)jψ(t0)i , (6.17)

while higher orders in OHint are also higher orders in ∆ t, which is small. The initial
state jψ(t0)i is not entangled, because it can be factorized into parts belonging
to particles a and b, respectively. However, after the interaction the particles are
entangled,

jψ(t0 C ∆ t)i � jψ(t0)i � i
2„ θ0∆ t(j1aij2bi C j2aij1bi) , (6.18)

because the new wavefunction cannot be factorized anymore.
According to what we said above, we can conclude that almost all interactions of

a quantum system with other (neighboring) systems lead to entanglement and an
increased loss of the ability to assign a wavefunction to the individual components
of a composite system. Most of interactions that occur in nature have a continuous
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6.4 Decoherence 139

character. It might be extremely difficult to solve equations of motion in some par-
ticular cases, but it is often possible to guess how the final entangled state will look
like. Instead of presenting the whole time evolution, we will denote the transition
from the initial state to the final state by an arrow:

jψinitiali ! jψfinali . (6.19)

We can always describe the evolution of the total system on the combined Hilbert
spaces of the subsystems, that is, we can use the eigenvectors of subsystems cor-
responding to their Hamiltonians to represent the initial and final states. Since
the system evolves from an initially unentangled state jψinitiali D jφ0

aijφ0
bi to an

entangled state, this transition can be expressed as follows:

jψinitiali D ˇ̌
φ0

a

˛ ˇ̌
φ0

b

˛ D
 X

k

αa
k jkai

! X
l

αb
l jlbi

!

!
X

k l

α(ab)
k l jkaijlbi D jψ(t0 C ∆ t)i , (6.20)

where jkai and jlbi are the eigenvectors of separate (noninteracting) particles a

and b. Choosing to observe just subsystem a, we can also write equivalently

ˇ̌
φ0

a

˛ ˇ̌
φ0

b

˛ D
 X

k

αa
k jkai

! ˇ̌
φ0

b

˛ !
X

k

n
(k )
a jkai

ˇ̌̌
φ(k ,a)

b

E
, (6.21)

where jφ(k ,a)
b i D 1/n

(k )
b

P
l α(ab)

k l jlbi is the state of system b relative to the state jkai
of system a, and n

(k )
b is a normalization factor of the wavefunction jφ(k ,a)

b i. In (6.20)
and (6.21), the brackets stress separable parts of the wavefunctions. On the right-
hand side, we cannot separate the two systems from each other unless all vectors
jφ(k ,a)

b
i are the same.

6.4
Decoherence

Entanglement is a ubiquitous phenomenon in nature. It is created spontaneously
by interaction of quantum systems, and it cannot be undone in a simple way. In this
section we will discuss the most famous demonstration of quantum behavior, the
double-slit experiment, where entanglement plays a crucial role. This consideration
allows us to introduce the important concept of decoherence.

Let us assume that we have a source of identically prepared particles which move
toward a wall with two slits. Behind the slit there is a flat array of detectors (a CCD
chip or a photographic plate) which records the particle’s impact position after it
has passed through the double slit (see Figure 6.3). The particle is expected to pass
with equal probability through one or the other slit. We can test this by covering
first slit 1 and then slit 2, and measuring the number of particles that reach the
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140 6 The Concept of Decoherence

(a) (c)

(b) (d)

Figure 6.3 Double-slit experiment and the dis-
tribution of the detection on the array of de-
tectors behind the double slit under different
conditions: (a) one slit covered; (b) double-

slit experiment in a vacuum; (c) double-slit
experiment with the environment; (d) double-
slit arrangement converted into a set of two
detectors.

detector. It should always be half the number of particles that pass through when
both slits are open.

When slit 1 is open (see Figure 6.3a), no matter how the particles were prepared
in the source, those that appear behind the slit had to have passed through the
slit, and we label their state as j1i. The slit acts as a filter of particles, allowing
only those in an expected state to pass through. The distribution of the landing
positions of the particle when only slit 1 is open will be denoted P1(x ). When slit 2
is open, we similarly describe this state as j2i. In this case the particles land with
probability distribution P2(x ) at position x of the detector. The classical theory of
probability dictates that when both slits are open, the probability distribution is
simply P1(x ) C P2(x ) (see Chapter 3). Standard quantum mechanics states that
when both slits are open the probability distribution is not simply P1(x ) C P2(x ).
The experimentally observed probability P1C2(x ) shows an interference term, like
the one we would obtain from light passing through the double slit.

Quantum mechanics postulates that the state of each particle after passing
through the double slit is a superposition of states j1i and j2i:

jψ1C2i D α1j1i C α2j2i , (6.22)

where constants α1 and α2 are complex probability amplitudes for finding the par-
ticle in particular states. Normalization requires that jα1j2 D jα2j2 D 1/2. In bra-
ket notation the probability distributions are the expectation values of operators
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6.4 Decoherence 141

jxihx j projecting the state on the spatial coordinate x . For probability P1C2(x ) we
have

P1C2(x ) D hψ1C2jxihx jψ1C2i
D 1

2

�
P1(x ) C P2(x ) C 2Re (h1jxihx j2i)� . (6.23)

The interference pattern seen experimentally (Figure 6.3b) is explained by the wave
properties of the quantum particles.

Let us now set up the experiment in such a way that particles can collide with par-
ticles of a gas on their way to the detector (see Figure 6.3c). The gas, which forms
an environment of our quantum system, is itself a quantum system described by
Hamiltonian OHenv, and the interaction of the particles with the gas molecules (en-
vironment) is defined by Hamiltonian OHint. The total Hamiltonian then reads

OH D OHenv C OHS C OHint , (6.24)

where OHS is responsible for the “flight” of the particle in the absence of the envi-
ronment. After passing though the slits, the particle can only be in two states j1i
and j2i (and their superpositions), so we can use the expression j1ih1j C j2ih2j as a
definition of the unity operator in the Hilbert space of a particle. Let us choose the
particle–environment interaction as

OHint D �1j1ih1j C �2j2ih2j , �1 ¤ �2 . (6.25)

This form expresses the fact that the gas only performs detection of the particle’s
state which is conserved by the interaction. Additionally, the gas interacts different-
ly with a particle in state j1i and a particle in state j2i. Note that if � � �1 D �2,
the interaction Hamiltonian would have the form of a product of an environmen-
tal operator and the unity operator in the Hilbert space of the particle. Operator �
could then be added to the Hamiltonian of the environment, OHenv, and the total
Hamiltonian, (6.24), would be the sum of two Hamiltonians. Consequently, the
wavefunction of the system and the environment would never entangle, the two
wavefunctions would never influence each other, and by definition there would be
no interaction between the particle and its environment. In other words, the en-
vironment would not be able to distinguish different states of the particle. Thus,
operators �1 and �2 have to be different for any interaction to take place.

For convenience, we can now rewrite the interaction Hamiltonian as

OHint D �1 C ∆� j2ih2j , (6.26)

where ∆� D �2 � �1, and where we used the definition of unity on the Hilbert
space of the particle (1 D j1ih1j C j2ih2j). Taking into account such a definition
of the interaction Hamiltonian, we now define new environment and interaction
Hamiltonian operators:

OH 0
env D OHenv C �1 , (6.27)
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and

OH 0
int D OHint � �1 � ∆� j2ih2j . (6.28)

After this redefinition, the interaction Hamiltonian is zero if �1 and �2 are the
same, that is, in the situation when there is no interaction, no entanglement be-
tween the particles and the environment.

The initial state of the system including the state of the environment, jη0i, con-
tains evidently no entanglement:

jψ0i D jψ1C2ijη0i . (6.29)

From its initial state, the system propagates for a time t until it reaches the detector.
At the detector the system will be in state jψ(t)i D OU(t)jψ0i, where OU(t) is the
evolution operator of the total Hamiltonian. Because all Hamiltonians are diagonal
in the basis of states j1i and j2i of the particle, we can write OU(t) using just two
matrix elements OU1(t) D h1j OU(t)j1i and OU2(t) D h2j OU(t)j2i. Consequently, using
the definition of jψ1C2i, (6.22), we get

jψ(t)i D α1 OU1(t)jη0ij1i C α2 OU2(t)jη0ij2i D α1jη1ij1i C α2jη2ij2i . (6.30)

Both OU1(t) and OU2(t) are operators in the environmental Hilbert space and their
action on the initial state vector of the environment jη0i can be expressed as

OU1(t)jη0i D exp
�

� i
„

OH 0
env t

�
jη0i � jη1i , (6.31)

OU2(t)jη0i D exp
�

� i
„ ( OH 0

env C ∆� )t
�

jη0i � jη2i . (6.32)

The probability distribution for finding the particle with coordinate x now also
includes the overlap of the environmental wavefunction:

P(x ) D hψ(t)jxihx jψ(t)i
D 1

2

�
P1(x ) C P2(x ) C 2Re (h1jxihx j2ihη1jη2i)� . (6.33)

Thus, the interference term is influenced only by the presence of the interaction
with the environment.

The term that changes the interference pattern due to the presence of the gas
reads

hη1jη2i D hη0j OU†
1 (t) OU2(t)jη0i . (6.34)

To express the operator OU†
1 (t) OU2(t) in a suitable form, we will use (6.31) and (6.32).

First, we find that we can derive a simple differential equation by taking a time
derivative of OU†

1 (t) OU2(t)

@

@t

� OU†
1 (t) OU2(t)

�
D � i

„
OU†

1 (t)∆� OU1(t)
� OU†

1 (t) OU2(t)
�

. (6.35)
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Equation (6.35) has a formal solution in terms of a time-ordered exponential
(see (4.41) for the definition):

OU†
1 (t) OU2(t) D expC

0
@� i

„

tZ
0

dτ OU†
1 (τ)∆� OU1(τ)

1
A , (6.36)

where we assumed OU1(0) D OU2(0) D 1. The desired overlap is therefore just a
matrix element of a certain time-ordered exponential and it can be approximately
evaluated for some models of the environment. Details on an approximate evalu-
ation of (6.34) are presented in Appendix A.8. Here it is enough to know that the
particle–environment interaction can often be described by some two-point corre-
lation function C(t). If the interaction can be regarded as stochastic, we can try
to model it using some simple assumptions about the corresponding stochastic
process. The overlap, (6.34), then decays exponentially

hη1jη2i D e�� (t ) , (6.37)

where � (t) is proportional to the double integral of the correlation function
C(t) (A109).

For instance, when consecutive interactions between the particle and its environ-
ment are not correlated at all,

C(t) � δ(t) , (6.38)

and (A109) yields

� (t) � t . (6.39)

If the correlation itself decays as an exponential function, for example,

C(t) � e�Γ t , (6.40)

we get

� (t) � 1
Γ

(e�Γ t � Γ t C 1) � 1
2

t2 . (6.41)

Thus, the overlap hη1jη2i decays with time t according to the two model cases
described above as

hη1jη2i D e�γ t , hη1jη2i D e� ∆2
2 t2

. (6.42)

Constants γ and ∆ are related to the strength of the interaction of the particle with
its environment because they are proportional to the square of the interaction term
(see Appendix A.8):

γ � ∆2 � hη0j∆� ∆� jη0i . (6.43)
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It is possible to show that � (t) is always a growing function at long times (t � τ)
for the case of an arbitrary correlation function which decays to zero at a certain
correlation time τ. We can thus conclude that the overlap hη1jη2i decays for the
chaotic gas and the interference term therefore disappears in the course of time.

As follows from the analysis presented above, the state of the particle in the pres-
ence of the gas becomes entangled with the gas and thus cannot be given in the
form of a wavefunction associated only with the particles. However, the correspond-
ing reduced density matrix of particles can be given as follows:

�(t) D trenvfjψ(t)ihψ(t)jg D 1
2

�
1 e�� (t )

e�� �(t ) 1

�
. (6.44)

While at t D 0 this reduced density matrix represents a pure state, at long times
t � 1/γ it represents a statistical mixture of the system in states j1i and j2i:

�

�
t � 1

γ

�
D 1

2

�
1 0
0 1

�
. (6.45)

Thus, we have arrived at a diagonal density matrix, so the particle never seems
to be in a state represented by a superposition of states j1i and j2i. This is true,
however, only after the averaging over the states of the environment, that is, after
disregarding a part of the entangled composite system.

In our description, the diagonal form of the density matrix does not mean that
we have an ensemble of particles found in state j1i and particles found in state
j2i. However, in the measurement, the system will behave as such, because the
interference is not present. The effect that we have identified here is usually called
decoherence, and the approach in which we take seriously the superposition princi-
ple and the rapidly spreading entanglement between interacting quantum systems
is termed decoherence theory.

6.5
Preferred States

Similar to the transition from the pure to the mixed state described in Chapter 4,
the decoherence approach does not require any notion of the collapse of the wave-
function. Sticking to simple principles, one can explain many phenomena in a
unified and elegant manner without invoking the collapse at all. This idea will be
discussed later.

In terms of decoherence theory we can answer the question why only a small
subset of states are in principle allowed by the superposition principle. Indeed,
some states destructively interfere due to the superposition and their signatures
decay, while other states are stable with respect to the decoherence. Apparently,
some states are selected by the decoherence process over other states.

By describing the double-slit experiment, we have shown that the corresponding
reduced density operator becomes diagonal (in some basis) due to the interaction
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6.5 Preferred States 145

of the system with its environment. Thus, some basis of states was selected from
all possible basis by the decoherence process. These selected states are therefore
called the preferred states and they compose the preferred basis, and the process in
which this basis is selected (by the environment or the measuring apparatus) is
called environment-induced superselection [35]. In the absence of the environment,
the superposition principle lets us describe the quantum system in an arbitrary
basis, and all superpositions of states are equivalent. Decoherence changes this
freedom.

The selection of the preferred basis is, however, not so straightforward as the
example in Section 6.4 might suggest. It seems that the loss of coherence as defined
by (6.44) leads directly to states j1i and j2i as the preferred states. However, the
final density matrix, (6.45), looks exactly the same in all bases. What is even worse
is that the complete state vector, (6.30), apparently does not help us to distinguish
the preferred basis either. We can, for instance, introduce new basis states jαi and
ji so that

j1i D hαj1ijαi C hj1iji , j2i D hαj2ijαi C hj2iji . (6.46)

The time evolution will have the form

1p
2

(j1i C j2i)jη0i ! 1p
2

�
(hαj1ijαi C hj1iji C j2i)jη1i

C(hαj2ijαi � hj2iji)jη2i
�

. (6.47)

The right-hand side can be rewritten as

1p
2

�jαijηαi C jijηi� , (6.48)

where

jηαi D hαj1ijη1i C hαj2ijη2i , jηi D hj1ijη1i C hj2ijη2i . (6.49)

States jηαi and jηi are bath states and they are orthogonal. Not surprisingly, they
prevent any coherence between states jαi and ji from surviving.

We have to step back to the whole notion of the system–environment interaction
again. We have stated that the interaction between the system and the environment
is possible only when the environment can distinguish between different states of
the system. We have postulated that operators �1 and �2 are different. If they are
not, there would be no interaction between the particles and the environment in the
sense that it would not be possible to distinguish from the state of the environment

whether the particle is in state j1i or state j2i. Therefore, we can conclude that in
our case states j1i and j2i can be distinguished; the particles encode their state (or
the information about their state) in the environment: the environment acts as a
detector.

We can show by an extreme example that not all states are distinguishable from
the point of view of the environmental states. Let us include an observable, which
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146 6 The Concept of Decoherence

measures the bath state, in the whole system under consideration. The observable
should assign different eigenvalues En to different states of the bath jEni. The cor-
responding operator reads

OE D
X

n

En jEnihEnj . (6.50)

Let us measure this observable for the final environmental states corresponding to
the following linear combinations of the particle states:

jCi D 1p
2

(j1i C j2i) , j�i D 1p
2

(j1i � j2i) . (6.51)

The corresponding bath states read, according to (6.49), jηCi D (jη1i C jη2i)/p2,
and jη�i D (jη1i � jη2i)/

p
2. It is easy to verify that we get

hCj OE jCi D h�j OE j�i D
X

n

En

hη1jEnihEn jη1i C hη2jEnihEn jη2i
2

. (6.52)

This result does not depend on the way in which we measured the information
contained in the two bath states; the results are the same for all conditions. This
suggests that the environment cannot distinguish states jCi and j�i from each
other, and consequently it would not be able to destroy coherence of their linear
combinations of this specific type. For instance, the linear combination (jCi C
j�i)/p2 should not dephase at all. This is easy to see, because (jCi C j�i)/p2 D
j1i, and starting with this state, we get

j1ijη0i ! j1ijη1i . (6.53)

Thus, this time evolution does not lead to any entanglement.
It is important to note here that we had to look at the environment to be able to

distinguish the preferred basis in the Hilbert space of the particle. This basis is de-
termined by the environment and its interaction with the particles. We have dealt
with a particularly simple system–environment interaction Hamiltonian, which
was diagonal in the basis built from the eigenstate of the system Hamiltonian.

The role of the environment can often be played by a macroscopic measuring
device. The nonoverlapping scalar product of the environment states is the condi-
tion for the superselection of the system states. Because the construction of detec-
tors is in our hands, and with it, at least to some extent, also the properties of the
corresponding interaction Hamiltonian, one can construct detectors detecting the
system in different states. A simple example is presented in Figure 6.3d, where by
adding a wall creating separated chambers we have made sure that the time evolu-
tion of the environment, in this case the particles of the chamber walls, will enable
us to distinguish whether the particle has passed through one or the other hole.
Were the wall not present, the final state of the environment would not allow us to
determine the hole through which the particle passed.
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6.6
Decoherence in Quantum Random Walk

The concept of decoherence helps us to reconcile the deterministic evolution of the
wavefunction and the superposition principle, on the one hand, with the classical
prediction of the random walk, on the other hand. What we have so far complete-
ly ignored is the fact that the particle in a trap interacts with some environment,
which is sensitive to its position on the grid. At least, the particle has to relax to
the bottom of the new potential well after the field has been inverted. Thus, the
fluctuations of the environment to which the particle is exposed in different traps
will be different, or (expressed from the opposite point of view) the particle inter-
acts with the bath differently when in different traps. Because the environment
causes neither the transitions of the particle between the traps nor the transitions
between internal states of the particle, it must be the environment which is driven
in a different way by the presence of the particle in one or the other trap. Again,
information about the particle gets encoded in the environment by this interac-
tion. This is exactly the situation found in the double-slit experiment described in
Section 6.4.

The state of the environment for a particle prepared in the same initial state
(including the environment) but traveling through different positions on the grid
will be different. We will denote the initial state of the particle–environment system
by a state vector

jψ0i D jP0ijRij0i , (6.54)

where j0i describes the environment evolving with the particle occupying trap 0.
Let us assume the particle was transferred to position �1, and then back to 0 af-
ter time ∆ t. We denote the state of the environment as j0, �1∆ t , 0i, reflecting this
movement. If the particle were instead moved to position C1, the state of its envi-
ronment would be j0, C1∆ t , 0i. As any state vectors, also those of the environment
have to be normalized to 1, so

h0, �1∆ t , 0j0, �1∆ t , 0i D h0, C1∆ t , 0j0, C1∆ t , 0i D 1 . (6.55)

The state vectors for different bath histories might not overlap perfectly, that is,
h0, C1∆ t , 0j0, �1∆ t , 0i < 1. Because the bath is assumed to consist of a large num-
ber of degrees of freedom, the overlap of different histories can be assumed to
decay in the same way as described in Section 6.4. This happens for the intervals
when the bra and ket baths evolve under the influence of the particles in different
traps. If the history differs in the particle position for time t, the overlap will decay
by the factor e�γ t , where γ is the decoherence rate introduced in Section 6.4. We
will therefore have

h0, C1∆ t , 0j0, �1∆ t , 0i D e�γ ∆ t . (6.56)

This simple model of decoherence will enable us to treat the transition from
the coherent to the incoherent (quantum to classical) random walk in a consis-
tent manner. We will rewrite (6.5) and (6.6) so that they also include a consistent
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description of the environment. Equation (6.5) becomes

jψ0i OC! 1p
2

jP0ij0i(jRi � jLi)
OS! 1p

2
(jP1ij0, 1ijRi � jP�1ij0, �1ijLi) D jψ1i , (6.57)

where we dropped the subindex ∆ t, and assumed that each step of the walk took
time ∆ t. The second step yields

OS OC jψ0i OS OC! 1
2

(jP2ij0, 1, 2ijRi � jP0ij0, 1, 0ijLi
� jP0ij0, �1, 0ijRi � jP�2ij0, �1, �2ijLi) D jψ2i . (6.58)

We can check that nothing changed in the probabilities of finding the particle at
position n after two steps. Using the condition defined by (6.55), we obtain p�2 D
1/4, p0 D 1/2, p2 D 1/4.

Since the operator OC�1 OS�1 acts only on the particle and not on the environment,
its action does not lead to a complete inversion of the dynamics. We see that the
bath still keeps the memory of the previous evolution. The next step in the random
walk is therefore

OS�1jψ2i D 1
2

�
jP1ij0, 1, 2, 1ijRi � jP1ij0, 1, 0, 1ijLi

� jP�1ij0, �1, 0, �1ijRi � jP�1ij0, �1, �2, �1ijLi
�

D jψ3i ,

(6.59)

and

OS�1 OC�1jψ3i D jψ4i �
�

1p
2

�3

(jP0ij0, 1, 2, 1, 0ijRi C jP2ij0, 1, 2, 1, 2ijLi

C jP0ij0, 1, 0, 1, 0ijRi � jP2ij0, 1, 0, 1, 2ijLi
� jP�2ij0, �1, 0, �1, �2ijRi � jP0ij0, �1, 0, �1, 0ijLi
C jP�2ij0, �1, �2, �1, �2ijRi � jP0ij0, �1, �2, �1, 0ijLi) .

(6.60)

Now the evaluation of the probabilities of finding the particle at position n also
includes the overlaps of the environmental wavefunctions. The probabilities read

p2 D 1
8

(h0, 1, 2, 1, 2j � h0, 1, 0, 1, 2j)(j0, 1, 2, 1, 2i � j0, 1, 0, 1, 2i)

D 1
4

(1 � h0, 1, 0, 1, 2j0, 1, 2, 1, 2i) D 1
4

(1 � e�γ ∆ t ) , (6.61)

p�2 D 1
4

(1 � h0, �1, 0, �1, �2j0, �1, �2, �1, �2i) D 1
4

(1 � e�γ ∆ t ) , (6.62)
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and

p0 D 1
2

�
1 C e�γ ∆ t

�
. (6.63)

We can distinguish two important limits: The limit of the very fast or strong deco-
herence is when γ > ∆ t�1, and the limit of weak decoherence is when γ � ∆ t�1.
In the former case the probabilities converge to those of the incoherent classical
random walk. In the weak decoherence regime, all probabilities tend to be zero
except for the trap where the particle started.

We have thus demonstrated how we can describe the quantum and classical ran-
dom walk within one (quantum mechanical) description. We will now discuss in
two steps the origin of (6.7) for the probability.

6.7
Quantum Mechanical Measurement

In the previous sections we assumed that we know how to measure the properties
of quantum mechanical systems. We have taken it for granted that there are macro-
scopic measurement devices that will yield a definite result for every measurement.
The usual assumption is that when quantity a, to which we can assign an operator
OA, is measured, each of its measurements yields one of its eigenvalues ai , and the

system is found in eigenstate jaii of operator OA after this measurement. The prob-
ability of obtaining the value ai is given by the scalar product of the system state
jψi and the corresponding eigenvector as

pi D jhai jψij2 . (6.64)

This is referred to as the Born rule. Since the system is found in state jaii after
the measurement, this process could be naturally attributed to the collapse of the
wavefunction jψi ! jaii. The discussion of the meaning of this apparent collapse
and how it happens is continuing today. Decoherence theory cannot explain the
apparent collapse, but it can clarify some of the statements above.

First, let us think about what the measurement actually means. We will consider
a nondestructive type of measurement discussed first by von Neumann. He was
the first to consistently discuss the measuring apparatus as a part of the quantum
mechanical problem. He suggested that during the measurement the state of the
apparatus evolves together with the state of the system. If the system is in some
state js ii measurable by the apparatus (e.g., it is a certain position state for a detec-
tor being able to measure the position), then the apparatus evolves from its initial
“ready” state jdri to state jdii corresponding to the measured value of the physical
quantity:

js iijdri ! js iijdii . (6.65)
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An ideal detector would not distort the state of the system, and thus due to linearity
of the time evolution, we should have

jψi D
X

i

c i js iijdri !
X

i

c i js iijdii . (6.66)

In other words, the apparatus entangles with the quantum system.
Let us now construct the detectors in such a way that the measurement can

be performed in a chosen basis. This choice is sometimes simple to achieve (we
can, e.g., choose to measure a spin along any axis); on other occasions it might
be more difficult to achieve experimentally. One should not forget that the envi-
ronment might also play the role of the preferred basis selector, and certain types
of states (such as linear combinations of very distant position states of massive
objects) might be destroyed before even reaching our detectors. An idealized mea-
surement process can be analyzed and formalized with the help of filters. Let us put
a filter between our apparatus and an approaching quantum system. The filter does
not allow the specific system states to reach our detector unless they are in a certain
desired state (see the discussion of the double-slit experiment in Section 6.4). This
selection can be easily represented formally by a projection operator:

Of i D jaiihai j . (6.67)

This operator sorts out all states and prepares state jaii (up to a complex prefactor)
out of them:

Of i jψi D hai jψijaii . (6.68)

An example of such a filter is a monochromator, which selects a given frequency of
the spectrum of light. A slit in the double-slit experiment is also a good example of
a filter.

One nice thing about filters is that if we set a detector behind them and if the
detector registers the presence of a particle, we can claim that we have measured
the particle in a particular state filtered out with the filter, that is, with a particular
value ai . The filter formalism nicely reflects the only type of access we have to
quantum mechanical entities, namely, access through the readings of detectors.

We may now describe the state of the particle jaii after it has passed through
filter f i , and assign the quantity measured by filter f i by the operator

OA i � ai
Of i D ai jaiihai j . (6.69)

The measured value can then be obtained as a regular expectation value of state
jaii:

ai D hai j OA i jaii . (6.70)

This is all by construction, and the only requirement is that states jaii are normal-
ized.
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The filter and the detector that we have constructed so far are very simple. The
detector can only point out that the system was found in state jaii or not found at
all. If it happens to be in some state that is orthogonal to jaii, we have no informa-
tion about it. However, nothing can prevent us from constructing (at least virtually)
other filters that account for other states of the particle, just as a CCD chip is used
as an array of detectors in a spectrometer. If we completely cover the “spectrum” of
the quantity we measure, we expect with certainty that one of our detectors fires if
a particle was present in our instrument. If two detectors fired due to one particle,
the detector would be useless for determining the state of the particle.

A proper detector can be constructed by requiring that it interacts with particles
in different states in a sufficiently different manner so that such interaction brings
the detectors into orthogonal internal states. We can remind ourselves of the situ-
ation in Section 6.4 where we created a detector which can distinguish the path of
the particles by dividing the space behind the slits into isolated compartments.

Now that we have many filters, we can add them together into one large filter:

Of D
X

i

Of i D
X

i

jaiihai j . (6.71)

If all possible states are covered, the presence of the complete filter should not actu-
ally matter at all to the state of the particle. The particle will pass through the filter
untouched, because all of its possible states are allowed to pass through, which
means that Of , (6.71), represents the unity operator. To make a measuring device
out of this filter, we have to equip each individual filter jaiihai j with a detector. The
array of detectors will be denoted by the state jd1, d2, . . . , dN i, where jdni is the
state of the nth detector. The detector has at least two states j0ni (nothing detected)
and j1ni (particle detected) which are orthogonal, that is, h0n j1ni D 0. The initial
state of the combined system of the particle and the detectors reads

jΨ0i D jψ0ij01, . . . , 0N i . (6.72)

After the particle has passed through the filter, it finds itself in state

jΨ0i D
X

i

hai jψ0ijaiij01, . . . , 0N i , (6.73)

which is the same state (the filter does not change the state of the system) as be-
fore it passed through. Now the particle interacts with the detectors whose internal
states will change according to the state of the particle:

jΨdi D
X

i

hai jψ0ijaiij01, . . . , 1i , . . . , 0N i . (6.74)

Apparently, the particle has entangled with the array of detectors, and cannot now
be assigned a state without reference to the state of the detectors. If we discarded
the information from the detectors (which we have not looked at yet), we could at
best assign a reduced density matrix to the particle. This reduced density matrix
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would be diagonal in the basis of states jaii, and it would therefore represent a
statistical mixture. It is not surprising that we will find the particle in one of the
states jaii and not in a superposition, because that is exactly what the reduced
density matrix, corresponding to (6.74), would tell us.

The last step in the chain of processes is the observer, who comes to register the
state of the detectors. We have to take into account the interaction of the observer
with the detectors, and by analogy with previous cases, we expect that the observer
has to interact with them in such a way that his/her internal states corresponding
to observing different detector outcomes are orthogonal, so that he/she is able to
distinguish the states of the detectors.

Let us denote the state of the observer who registers the firing of the ith detector
as jMii. Now the complete state vector reads

jΨdCoi D
X

i

hai jψ0ijaiij01, . . . , 1i , . . . , 0N ijMii , (6.75)

and it contains the observer who registers all the different states of the detectors.
Now imagine you are the observer, and you have just seen a certain detector go off,
say, the one with index k. You are certain that the particle has been detected with the
value of the quantity OA equal to ai . You can hardly register yourself in a different
state of the mind (in jM j i where j ¤ k) simultaneously, that is, you cannot see
the other outcomes of the experiment. One thing that we know for certain is that
our mind does not enable detection of such superposition states. We postpone to
Section 6.9 the question of what happened to the other states of the mind and
why you ended up registering the kth detector. Already we can now reveal that no
definite answer exists to these questions. For now let us note that for the observer
subjectively, the state of the system plus the detector reads

jΨM i D jakij01, . . . , 1k , . . . , 0N i . (6.76)

We normalized the state formally because all other branches of the wavefunction are
effectively locked away from us by decoherence, and all the probabilities registered
by the observer will be relative to his/her branch.

The above analysis explains why we get the system in a single state out of the
whole superposition. The process of detection entangles the measuring instrument
and the observer with the state of the particle. Both the detector and the observer
are “constructed” in such a way as to distinguish between some states by means
of decoherence. We as observers rely on the device to be a broker between us and
the quantum systems. When it comes to the question of which of the outcomes an
observer will see, to the best of our knowledge, particular results appear to occur
randomly. In order to predict quantum mechanical averages of the measured quan-
tities (which we know from comparison with experiments that we can) we would
need to know at least the frequency ν i D limN!1 Ni/N of these occurrences.
Here Ni is the number of occurrences out of N measurements that the ith detec-
tor goes off. Then the expected average value of the measured quantity would be
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given by

hAi D
X

i

a i ν i . (6.77)

Interestingly, the frequency ν i can be calculated without resorting to any new pos-
tulates about quantum mechanics.

6.8
Born Rule

In previous sections we calculated the probability of finding the system at a certain
trap in the quantum random walk experiment. Now we will try to do it based on
our discussion of measurement. As before, the central idea is that if a quantum
system is in state jaii which corresponds to a filter Of i D jaiihai j, it passes through
this filter with certainty.

The measurable quantity a can be assigned an operator constructed from all
possible filters Of i , and to each filter we assign the corresponding value ai of the
quantity a:

OA D
X

i

a i
Of i . (6.78)

Every time we find the system in eigenstate jaii, we can obtain the corresponding
value as

ai D hai j OAjaii . (6.79)

The rule for calculating the expected value of the quantity a from its operator OA
works only for the eigenstates of the operator OA. It would work for an arbitrary
state vector jψi if we could show that

hψj OAjψi D
X

i

a i jhψjaiij2 (6.80)

coincides with (6.77), that is, if we could show that the frequency ν i of the occur-
rence of the value ai is jhψjaiij2.

Let us assume a related measurement of the quantity a on many systems that are
prepared in identical states jψi. It will be more convenient to consider the whole
ensemble of N such systems described by a total wavefunction:

jΨ (N )i D jψi1jψi2 . . . jψiN . (6.81)

The subscript indices number the systems in the ensemble, all of which are in
state jψi. We will now construct an operator OF (N )

i which would give us the fre-
quency ν(N )

i of the occurrence of state jaii among the states constructed out of the
eigenstates jaii of an ensemble of N identical systems. For instance, for state

ja1i1ja5i2ja99i3 (6.82)
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we want the operator OF (3)
5 to return to 1/3ja1i1ja5i2ja99i3 so that we will find ν(3)

5 D
1/3. In general form, the operator reads

OF (N )
i D

X
k1,k2,...,kN

ν(N )
i jak1i1 . . . jakN

iN hakN
jN . . . hak1 j1 . (6.83)

The eigenvalue ν(N )
i of the operator reads

ν(N )
i D 1

N

X
αD1

δikα . (6.84)

This operator represents the quantity corresponding to the frequency of the occur-
rence of state jaii in the ensemble of N systems. We know what the eigenstates
of this operator look like, because we have constructed it from them. For all these
eigenstates jsi

F (N )
i jsi D ν(N )

i jsi (6.85)

holds.
From the above we know that the rule, (6.80), for calculating the expected values

works for the eigenstate of the “measured” operator. Interestingly, we can verify
that if we increase the number N to infinity, any state jΨ i D limN!1 jΨ (N )i
constructed out of N copies of an arbitrary state jψi is an eigenstate of the corre-
sponding frequency operator OFi D limN!1

OF (N )
i . By analogy with filters, all vec-

tors pass through the filters corresponding to the operator OFi , and for all of them
we will with certainty measure one of the eigenvalues. Moreover, we can show that
this eigenvalue is jhψjaiij2 as was suggested by (6.80). The derivation of this result
is presented in Appendix A.6. We can therefore conclude that the frequency of the
occurrence of state jaii in state jΨ i is

ν i D jhψjaiij2 , (6.86)

which is the Born rule. This confirms at the same time that

hAi D hψjAjψi . (6.87)

We have thus calculated the statistical probability that we obtain a certain eigenval-
ue from a single measurement of quantity a.

6.9
Everett or Relative State Interpretation of Quantum Mechanics

The previous discussion of quantum mechanics proposed solutions to most of the
problems with the transition from the quantum to the classical world. The problem
that remains is to find some way to decide which of the possible outcomes, that is,
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the eigenvalues of the preferred states, will be measured. Unfortunately, decoher-
ence theory has no answer to this question. To the best of our knowledge, there
is no theory supported by experiment which would be able to provide a definite
answer.

We will discuss one direction in the interpretation of quantum mechanics consis-
tently. This interpretation is connected with the name of Hugh Everett [36]. Everett
realized that the mechanism of entanglement as we discussed above in (6.75) can
also apply to the observer, and he suggested that this content of information is
sufficient, and nothing more is needed, to describe the world in which we live con-
sistently. Indeed, if the whole universe is assigned by the wavefunction jΨ i, and
if the possible states jMii corresponding to the observer form a complete set, this
total state vector can be written in a form of a sum over the states that are relative
to the state of the observer:

jΨ i D
X

i

p i jMiijUii . (6.88)

Here the state vectors jUii describe the rest of the universe, which is not reached
by the observer. We can leave it to philosophers and future generations of physi-
cists to decide how deep in us or in our brains the observer state jMii resides.
The most important observation here is that the observer (as we have discussed
already) can find himself subjectively only in one of the states jMii. The observer
then perceives only one of the many possible states of the universe, namely, the
one which corresponds to the subjective branch. Because the observer perceives
himself as classical, and as such stands outside the quantum wavefunction, he can
assign the rest of the universe to the wavefunction jUii, which is normalized to
1. This wavefunction is obviously relative, even “subjective,” to the observer, but
the observer (as far as we know today) has no influence on the choice of the possi-
ble “Everett branch” of the wavefunction, (6.88), he will find himself in. Individual
branches of the total wavefunction cannot communicate with each other because
of decoherence, and the observer is not aware of the probability jp i j2 with which
he has arrived in his particular branch.

As observers, we can construct detectors so that we can classically observe only
certain outcomes, in other words, devices such that our state jMii is determined
by a given state of the detector jDii (which is only a part of the state vector of the
whole branch). We can predict the probability that we will end up with a particu-
lar outcome of the measurement using the Born rule, but of course, we still have
no way to determine beforehand which outcome will be realized in our particular
measurement. It is important to note that other branches of the total wavefunction
effectively cease to exist for the observer, and the relative state interpretation is thus
equivalent to the interpretations that assume some “collapse of the wavefunction”
during the measurement process. It so far remains a matter of taste whether leav-
ing the unobservable branches of the wavefunction to live their own lives is a more
gruesome offense to Occam’s razor than the supposed existence of an unobservable
mechanism which deletes them. From the point of view of quantum theory, whose
basic tenets, including the superposition principle and nonlocality, seem today to
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|envQ
|Mi

|φ

|envC

Observer

Classicalized environment

Quantum

relevant
system

environment

Environment

Figure 6.4 Hierarchy of environments of a
relevant quantum system (state vector jφi).
The immediate quantum environment is de-
scribed by the state vector jenvQi, the degrees

of freedom of the environment determined by
the observer are described by jenvCi, and the
classical state corresponding to the observer
is described by the state vector jMi i.

be extremely well tested, it is the “collapse” of the wavefunction which might seem
to be an unjustified extension of the theory into the realm of the unobservable. As
we have already pointed out however, the objective collapse of the wavefunction
cannot be excluded, and the mechanism of the wavefunction branching or collaps-
ing is not known. We do not know what determines the branch of the wavefunction
we live in, or how this determination is done.

6.10
Consequences of Decoherence for Transfer and Relaxation Phenomena

Let us now discuss the consequences of the picture that we have just created about
the quantum to classical transition for our understanding of energy transfer and
relaxation phenomena in molecular aggregates and small molecules. It is an un-
deniable fact that observers behave in the most profound sense as classical objects
and they can find themselves only in classical states. If the state vector jΨ i of the
universe delimited in Figure 6.4 by the outer full line is given, then in the branch
jMiijUii, relative to a particular observer in state jMii, there are also other classical
degrees of freedom distinct from the observer. All macroscopic degrees of freedom
that we know and observe are classical. On the other hand, we have at least some
evidence that at the microscopic level systems behave quantum mechanically, un-
less we entangle them with some macroscopic device to determine their state. The
situation is depicted in Figure 6.4, and it can be formalized as follows.

Let us start with the observer in a certain state jMi, and a microscopic quantum
system in state jφi D αj1i C j2i. A large number of degrees of freedom corre-
spond to the observer and to the environment of the quantum system: jenvi D
jψii . . . jψN i. We assume an initially nonentangled state, which could be a result
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of some careful preparation, in which states of all degrees of freedom of the envi-
ronment were determined, and the quantum mechanical system prepared in state
jφi. From now on, let us switch on the interaction among all parts of the system.
To discuss this interaction we will take the liberty to describe the time evolution in
a sequential fashion, bearing in mind, however, that all processes occur simultane-
ously.

Let us first discuss the interaction of the observer with his environment. The
observer interacts strongly with some degrees of freedom of the environment and
these degrees of freedom become entangled with the possible Everett branches.
The observer follows a single branch jMii out of many branches, which determines
the state of some degrees of freedom that are observed as classical. This step of the
interaction is described as

jMijψ1i . . . jψN ijφi ! jMiijenvCijψkC1i . . . jψN ijφi , (6.89)

where the first k degrees of freedom of the environment were determined by the
observer in their state jenvCi D jψ1i . . . jψki. At the same time, however, the de-
grees of freedom undetermined by the interaction with the observer interact and
entangle with the quantum mechanical system, so

jMiijenvCijψkC1i . . . jψN ijφi
! jMiijenvCi

�
α
ˇ̌̌
env(1)

Q

E
j1i C 

ˇ̌̌
env(2)

Q

E
j2i
�

. (6.90)

The state of the quantum subsystem can be assigned the wavefunction jψQi D
αjenv(1)

Q ij1i C jenv(2)
Q ij2i relative to the observer and the classical environment.

However, the relevant system cannot be assigned a wavefunction. There exist no
wavefunctions jφri that would describe the relevant system without having to refer
to the state of its quantum environment. We can write a density operator for the
whole quantum part,

WQ D jψQihψQj , (6.91)

and this density operator can be reduced to provide a density operator for the rele-
vant system �r D trenvfWQg:

�r D jαj2j1ih1j C jj2j2ih2j
C α�

D
env(2)

Q

ˇ̌̌
env(1)

Q

E
j1ih2j C α�

D
env(1)

Q

ˇ̌̌
env(2)

Q

E
j2ih1j . (6.92)

Because the scalar products henv(2)
Q jenv(1)

Q i < 1, the relevant system is, in general,
in a mixed state. It is important to note that this mixed state can still be partially
coherent depending on the evolution of its quantum environment.

When the observer decides to measure the relevant state, a direct strong interac-
tion link to it has to be established so that different states of the relevant system
entangle with different branches of the observer. This can be done by appropriately
constructing the detector.
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The observer could also attempt to measure the degrees of freedom of the quan-
tum environment by some detector corresponding to a set of filters,

1 D
X

k

jEkihEk j , (6.93)

as described in Section 6.5. The measurement would result in choosing one of
the possible outcome states jEki of the environment, and the state of the universe
would then read

jMiijenvCijEki
�

α
D
Ek

ˇ̌̌
env(1)

Q

E
j1i C 

D
Ek

ˇ̌̌
env(2)

Q

E
j2i
�

. (6.94)

Thus, the state of the sole undetermined part of the whole system is a pure state.
It can correspond to a superposition of states j1i and j2i even if the overlap
henv(1)

Q jenv(2)
Q i D 0, because the states of the quantum environment can still have

nonzero overlap with jEki both at the same time. If the state of the environment
is fully determined, the border between the classical and quantum degrees of
freedom is shifted all the way to the microscopic quantum system. The quantum
system will then act as if it was subject to a classical stochastic environment.

We do not know where exactly to put the cut between the classical and the quan-
tum description in real systems. The only question is whether the cut is some-
where close to the relevant system so that we would be justified in using a classical
stochastic description for its environment, and a wavefunction description for the
relevant system, or whether there is only a substantially large environment which
requires a quantum description. This question is not easy to answer; molecular
aggregates, which were introduced in Section 5.4, are often constructed by nature
from a surrounding (protein) scaffold and selected chromophores. We know that
for many functions of proteins, a classical molecular dynamics description is suf-
ficient. Does this mean that we can indeed describe the energy transfer and relax-
ation phenomena in a semiclassical way where the electronic degrees of freedom
are quantum and protein and intramolecular vibrations are classical?

In general, the answer is no. It will be demonstrated in Chapter 14 that disre-
garding the entanglement between the environment and the electronic degrees of
freedom leads to a clear deviation from the quantum mechanical description al-
ready at the level of simple optical absorption experiments. The resulting effects
are in principle observable and could be experimentally verified. More importantly,
we will discuss in Chapter 8 that the quantum nature of the environment is inti-
mately linked with the detailed balance condition which has to be satisfied for tran-
sitions between quantum mechanical levels. Classical environmental fluctuations
are not able to drive a quantum system into canonical equilibrium, and the quan-
tum and classical relaxations meet only at the infinite-temperature limit. This is a
problem which limits seriously the application of classical stochastic approaches
to the simulation of a thermodynamic bath, and it will be discussed in Chapter 7.
The fact that real-world molecular systems follow thermodynamic relaxation and
the detailed balance quite well lets us conclude that the border between classical
and quantum degrees of freedom is enough to include a thermodynamically sig-
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nificant number of degrees of freedom in the quantum part. The optical transitions
of molecules are therefore embedded in a quantum thermodynamic bath.

This leads us to several important conclusions. First, both the relevant systems

and the bath have to be described quantum mechanically. All other approaches are ap-
proximations, and they have to be carefully checked for unwanted consequences.
Second, electronic degrees of freedom of molecules embedded in a quantum bath can-

not be assigned by a wavefunction. They have to be described by a density operator.
Third, this density operator, however, cannot be interpreted statistically as a sum over
individual molecules,

� D 1
N

NX
nD1

jψnihψn j , (6.95)

where individual molecules would be assigned by a state vector jψni (this is due to
the second conclusion). There are a few more conclusions that are consequences
of the three conclusions discussed here, and we will mention them in Chapter 8.

Decoherence in quantum mechanics is a powerful instrument for qualitative dis-
cussion of the delicate issues of interaction between microscopic and macroscopic
systems. However, in this chapter we have rarely used the Schrödinger equation to
calculate some quantitative results, and when discussing the consequences of deco-
herence, we often resorted to the density operator. This is a consequence of the fact
that the density operator technique is extremely convenient for representing the
state of a quantum system embedded in an environment. It provides much more
advanced tools for studying the dynamics of microsystems coupled to a possibly
macroscopic bath.
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7
Statistical Physics

The concepts of statistical physics are necessary to properly describe naturally ob-
served phenomena of relaxation toward equilibrium. This topic is extensively de-
scribed in various textbooks. For theoretical concepts the reader is referred to [37,
38], while the book of Cengel [39] covers application aspects of thermodynamics. It
is worthwhile mentioning that the processes described by both classical and quan-
tum mechanics are reversible. It was explained in Chapter 6 how the transition
of the quantum system behavior into classical stochastic dynamics evolves and for
that the “observer” as a part of the environment has to be taken into account. The
realistic irreversible dynamics is thus intimately related to the concept of the en-
vironment. As the environment is macroscopic, it can be described using statisti-
cal arguments for an infinite number of particles. Thermodynamics and statistical
physics describe such types of systems.

Thermodynamics is a purely phenomenological theory based on a few laws. A
more theoretical background for thermodynamics is given by statistical physics. It
forms the microscopic foundation of thermodynamics; however, statistical physics
itself is based on a postulate of equal probabilities of microscopic states. This prin-
ciple has no proof; it arises from heuristic arguments. Statistical physics and ther-
modynamics are thus basic concepts for the analysis of systems interacting with
their environment. Before immersing ourselves in the realm of statistical physics,
we will first review concepts of thermodynamics.

7.1
Concepts of Classical Thermodynamics

Classical thermodynamics considers macroscopic systems, which are phenomeno-
logically described by a set of observable parameters. The parameters are charac-
terized as intensive and extensive. The intensive parameters do not depend on the
system size, that is, if the system is divided into two parts, the intensive param-
eters have the same values for all parts. In contrast, the extensive parameters are
proportional to the system size.

The well-known intensive parameters are temperature T , pressure p , and densi-
ty �, and the extensive parameters are mass m, volume V , energy E , enthalpy H ,

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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Isolated system Closed system

Reservoir

Open system

Reservoir

(a) (b) (c)

Figure 7.1 Three different types of systems identified by thermodynamics: isolated system (a),
closed system embedded in a thermal reservoir (b), and open system embedded in a thermal
reservoir (c).

and so on. We can get an intensive parameter from two extensive parameters. For
instance, we can introduce the specific volume v D V/m, which is the volume tak-
en by a unit mass. In the same way we can introduce the specific energy, specific
enthalpy, and so on.

The thermodynamic system under consideration is denoted as isolated when the
system has no interaction with the surroundings. This includes energy exchange
and matter exchange. The laws of conservation of energy and mass thus apply. The
closed system is one which may have exchange of energy with the surroundings,
but the matter of the system is isolated; thus, the mass conservation law is implied.
The third type of system is the open system, which has exchange of both ener-
gy and matter with the environment. These three types of systems are shown in
Figure 7.1.

One of the most important primary concepts in thermodynamics is the concept
of the state of the system. The state is attributed to the whole system under con-
sideration and is defined by the quasi-equilibrium condition. This is the condition
when all intensive quantities are the same throughout the whole system volume;
the system is thus considered as homogeneous. Heterogeneous systems are char-
acterized by different values of the intensive parameters at different parts of the
system; that is, there is no equilibrium state and the system has some transient
fluxes which lead toward a homogeneous state of the system. Alternatively, con-
stant heterogeneity can be maintained by specific external conditions. Such a state
is denoted as the steady state.

Thermodynamics is based on several laws. These are based on specific experi-
mental observations, which cannot be derived from other theoretical arguments.
We briefly review the laws below.

The zeroth law of thermodynamics is defined by an empirical fact that there exists
a specific intensive state parameter called the temperature. If two systems charac-
terized by different temperatures are brought into contact, while no matter is ex-
changed, the states of the systems change until the whole combined system comes
into a new equilibrium. When there is no exchange of matter, the contact is called a
thermal contact and the new equilibrium is the thermal equilibrium. The final state
is characterized by a new temperature. The change of temperature is thus defined
by this law. This law also defines the temperature-measuring device. Since the vol-
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7.1 Concepts of Classical Thermodynamics 163

ume or pressure of a gas or length of some pencil-like solid material changes with
temperature, these geometrical parameters can be measured by creating thermal
contact.

In thermodynamics, concepts of work and heat are among the main quantities
determining the main energy exchange parameters. The work characterizes the
content of mechanical energy that can be brought into the system or out of the
system through the surface. The heat also determines the flow of energy, however it
is not of the mechanical form; it corresponds to the flow of the thermal energy. The
work and heat are thus the properties of interaction and are not system parameters.

Once the system changes its state, the system undergoes a thermodynamic
process. Reversible and irreversible processes are distinguished. The internally

reversible process proceeds over quasi-equilibrium system states until a new equi-
librium state is achieved. Such conditions can, in principle, be maintained by the
irreversible external process. When the process is maintained by reversible external
conditions, the process is completely reversible; however, such a process is never
possible. The irreversible process involves irreversible changes of the system. Such
processes involve a nonequilibrium system state when the system is heterogeneous
and its thermodynamic parameters are poorly defined. In practice all processes are
irreversible.

The first law of thermodynamics is the thermodynamic expression of the conser-
vation of energy. We define the system parameter, which is the internal energy U .
Its change is due to interaction with the surroundings by accomplishment of work
or by heat exchange:

dU D δQ � δ W . (7.1)

Here the direction of heat transfer is assumed to be from the environment to
the system, while the work interaction is the opposite: thus, adding more heat
to the system increases its internal energy (δQ > 0 ! dU > 0), while the
work performed by the system on the environment reduces the system energy
(δ W > 0 ! dU < 0). Note that the internal energy is the system parameter.
However, the heat and the work are not characteristics of the system; thus, their
changes are not directly related to the changes of system states, which are denoted
by different letters.

The second law of thermodynamics defines the direction of the irreversible pro-
cess. To define the direction we introduce the system property, the entropy. For
a closed system, the entropy S defines the change of the system state when the
system reversibly interchanges the heat with the environment at fixed temperature,
that is,

dS D 1
T

δQ rev . (7.2)

Similar to temperature, this definition describes only the change of the entropy.
Now let us consider two systems: a small system A and its environment as a large

heat reservoir denoted as system B. System A performs the process and at the end
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of the process it returns to the same state. In such a cyclic process, all parameters of
system A (including its entropy) return to the same value (since system A returns to
the same state). If the process is realistic, from our experience, the heat is generated
due to friction and the generated portion of heat in system A must to be transferred
from system A to reservoir B during the cycle. Thus, if we consider the entropy of
system B, dSB D 1/T δQgen > 0. Note that the entropy change of system A is zero,
since it returns to the same state. We thus get that the total entropy of both systems
dS D dSA C dSB > 0.

The second law thus determines the direction of the process: the realistic irre-
versible process in the isolated system is always characterized by increasing en-
tropy

dS > 0 , (7.3)

which becomes largest in the equilibrium state. The reversible cyclic process has
zero entropy change,

dSrev D 0 . (7.4)

The two laws of thermodynamics describe the possibility and the direction of
processes. The third law of thermodynamics defines the entropy of a system at zero
temperature. The entropy at this point is minimal and can be assigned a zero value
as it is a finite constant. Analysis of thermal processes allows us to conclude that
zero absolute temperature and the lowest value of the entropy are unreachable in a
finite number of processes.

Thermodynamics considers quasi-equilibrium processes. The change of the in-
ternal energy is the central quantity of interest. It changes due to thermal interac-
tion

δQ rev D T dS , (7.5)

mechanical interaction

δ W D pdV , (7.6)

and chemical interaction in open systems, which changes the number of con-
stituent particles of the system N , and any other types of interaction. All the in-
teractions can be described in the formX

i

forcei � displacementi . (7.7)

For thermal, mechanical, and chemical interactions we have

dU D T dS � pdV C µdN , (7.8)

where µ is the chemical potential. It is the energy which is being added to the
system when the number of particles is increased by 1.
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Thermodynamic potentials, such as the internal energy, U , the free energy

F D U � T S , (7.9)

and the enthalpy

H D U C p V (7.10)

are the most useful for description of thermodynamic systems. Additional ther-
modynamic potentials and relations between them are briefly described in Ap-
pendix A.4. The equilibrium of all constituent forces determines the thermal equi-
librium between different parts of the system.

7.2
Microstates, Statistics, and Entropy

In statistical physics the concept of a microstate is defined and it is related to the
system entropy. Let us consider a classical system consisting of N particles. In the
classical description the state of such a system is completely defined when the coor-
dinates qi and the momenta pi of all particles are known. In the 6N -dimensional
space consisting of all coordinates and momenta of all particles, such a state is a
single point. The space is denoted as the phase space, while the state is called the
microstate. As in an arbitrary space, we can denote the phase space element

dω � d3N qd3N p D dq1dq2 . . . dqN dp1dp2 . . . dpN . (7.11)

If the system is isolated, the total energy of the system is conserved during the
propagation of the microstate. The total energy is an experimental observable, that
is, it is a macroscopically accessible parameter, while the microstate (all coordi-
nates and momenta of particles) is not observed. In the classical thermodynamics
described in the previous section, the system is characterized by macroscopic state
parameters. From these arguments we can thus associate the observable quanti-
ties derived from the microscopic dynamics with the macroscopic thermodynamic
parameters.

For a given macroscopic state defined by a finite set of parameters there are a
large number of microstates. As an example we recall that the whole microscopic
trajectory is characterized by the same macroscopic energy. We denote the number
of microstates corresponding to a specified macroscopic state by Ω . Of course Ω
depends on a set of macroscopic parameters that define the given macroscopic
state. Below we form a relation between macroscopic and microscopic parameters.

Let us consider a macroscopic system, described by energy, volume, and the
number of particles: E , V , and N , respectively. If we divide the system into two
parts, we get

E D E1 C E2 , (7.12)

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c07 — 2013/6/3 — page 166 — le-tex

�

�

�

�

�

�

166 7 Statistical Physics

V D V1 C V2 , (7.13)

and

N D N1 C N2 , (7.14)

respectively. Now the total number of macrostates of the total system Ω (E , V, N ) is
the product of the number of microscopic states of the two subsystems:

Ω (E , V, N ) D Ω1(E , V, N )Ω2(E , V, N ) . (7.15)

The main principle of statistical physics affirms that all microscopic states of the
isolated system have the same realization probability. Then the macroscopic state
probabilities are completely defined by the number of microscopic states compris-
ing the macrostate. According to the set theory of Section 3.1, the most probable
macroscopic state should have the largest number of microstates when each mi-
crostate has equal probability.

Differentiation of (7.15) yields

dΩ D dΩ1 � Ω2 C Ω1 � dΩ2 , (7.16)

or

d ln Ω D d ln Ω1 C d ln Ω2 . (7.17)

In the extremum we should have

d ln Ω D 0 . (7.18)

As Ω is a microscopic parameter, this result describes the most probable state
of the system, which is equilibrium. From the thermodynamics, the equilibrium
state is defined by the extremum of entropy, so

dS D 0 . (7.19)

Thus, we can postulate that

S(E , V, N ) D kB ln Ω (E , V, N ) . (7.20)

The entropy defined by this equation is a proper extensive parameter. The propor-
tionality constant is taken as the Boltzmann constant kB, which properly normal-
izes the units.

To get this result we have assumed the concept of a closed system, where all
microstates are equally likely. This assumption is the basic postulate of statistical
mechanics. However, in the next section we consider open systems, where different
microstates are not equally probable, and some weighting factors have to be taken
into account.
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7.3
Ensembles

In this section we describe three types of statistical ensembles. Therefore, we in-
troduce the probability density, or the phase space density �(q j , p j ). �(q j , p j )dω
denotes the probability of a microstate, defined by q j , and p j in volume element
d3N q � d3N p � dω. The probability density is normalized so thatZ

dω�(q j p j ) D 1 . (7.21)

If f (q j , p j ) is some observable function of all particle coordinates and momenta,
the experimentally measurable value is the average quantity:

h f i D
Z

dω�(q j , p j ) f (q j , p j ) . (7.22)

Since each point in a phase space can be identified with the copy of the system
being in that state, the average here can be associated with the ensemble average.

7.3.1
Microcanonical Ensemble

Let us consider the closed system shown in Figure 7.1a. The phase space density
of a closed system is characterized by constant energy. The copies of such a system
may be in different microstates, but all of them have the same average energy. Such
systems compose the microcanonical ensemble.

Let us introduce the energy uncertainty ∆E . In that case the system, described
by the energy from E to E C ∆E , is described by the phase space density of the
form

�mc D
(

const., E � H(q j , p j ) � E C ∆E ,

0, otherwise .
(7.23)

Above we denoted the number of microscopic states corresponding to the specified
macroscopic state by Ω . This number can be used in the normalization of (7.23).
The microcanonical phase space density is thus

�mc D
(

1
Ω , E � H(q j , p j ) � E C ∆E ,

0, otherwise .
(7.24)

We can now use this density to write the entropy as an ensemble average.
From (7.22) and (7.20) we assume that S(E , V, N ) D hS(qi , pi )i andZ

dω�mc(qi , pi)S(qi , pi) D kB ln Ω (E , V, N ) , (7.25)
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where S(qi , pi ) is the “entropy” functional of a single microstate. Using the micro-
canonical phase space density, (7.24), we have

S(qi , pi) D �kB ln �mc(qi , pi) . (7.26)

This derivation can be considered as another form of (7.20); however, this expres-
sion in principle is not limited to the microcanonical phase space density. In gen-
eral, we can postulate the entropy of a system is given by

S D �kB

Z
dω� ln(�) . (7.27)

Extension to this expression is readily used in quantum physics to describe the
quantum entropy.

Let us derive some useful property of a closed system density matrix. According
to the classical description, all coordinates and momenta of the system under con-
sideration evolve in time. The temporal evolution of the single system corresponds
to a curve determined by the Hamilton equations of motion (which were defined
in Chapter 2):

Pqi D @H

@pi

, (7.28)

Ppi D �@H

@qi

. (7.29)

In the closed system the Hamiltonian does not depend on time explicitly and thus
the total energy does not depend on time. For an arbitrary quantity which is a
function of the microstate, we can write A D A(qi(t), p i (t), t). Its time dependence
is described by

dA

dt
D @A

@t
C
X

i

@A

@qi

Pqi C @A

@pi

Ppi , (7.30)

and taking into account the Hamilton equations, we have

dA

dt
D @A

@t
C
X

i

@A

@qi

@H

@pi

� @A

@pi

@H

@qi

, (7.31)

or

dA

dt
D @A

@t
C fA, Hg . (7.32)

Here

f f, gg D
X

i

@ f

@qi

@g

@pi

� @ f

@pi

@g

@qi

(7.33)
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are the Poisson brackets. Equation (7.32) applied to the phase space density reads

d�

dt
D @�

@t
C f�, Hg . (7.34)

In the course of time the different points of the phase space propagate along differ-
ent trajectories. As the dynamics is reversible, no points are gained and no points
are lost; thus, the phase space density must be conserved. Mathematically this state-
ment can be defined as

d�

dt
� 0 (7.35)

or

@�

@t
D �f�, Hg . (7.36)

This is the Liouville theorem for an arbitrarily closed system.

7.3.2
Canonical Ensemble

We next describe the system embedded in a thermal reservoir. This type of system
is shown in Figure 7.1b. Given the system and the reservoir described by tempera-
ture T , the total energy of the whole system and the reservoir is

E D ER C ES . (7.37)

The whole composite supersystem, that is, system plus reservoir, constitutes a
closed system, whose energy E should not change and can be treated as a con-
stant value. Different from the previous microcanonical ensemble, now the energy
of the system part, ES, is not fixed. We can thus calculate the probability p i of the
system being in microstate i of the system with energy Ei . When the system size is
much smaller than the size of the reservoir, the number of degrees of freedom of
the system is vanishingly small compared with that of the reservoir. The probability
pi is then proportional to the number of microstates of the reservoir. The reservoir
has energy E � Ei ; thus, its number of microstates is denoted by ΩR(E � Ei) when
the microstate of the system is i .

Using the relation Ei � ER, we can expand the number of microstates of the
reservoir ΩR in powers of Ei . Let us consider the entropy of the reservoir, SR D
kB ln ΩR. Expansion up to the first power gives

SR D kB ln ΩR(E � Ei) D kB ln ΩR(E ) � d(kB ln ΩR(E ))
dER

Ei C . . . , (7.38)

while higher powers can be disregarded. For the reservoir approaching infinite size,
and keeping in mind that only heat exchange is happening between the system and
the reservoir, so δQ D dER, we get from (7.2)

dSR(E )
dER

D 1
T

I (7.39)
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thus,

kB ln ΩR(E � Ei) D kB ln ΩR(E ) � 1
T

Ei (7.40)

or

pi / ΩR(E � Ei ) D ΩR(E ) exp
�

� Ei

kB T

�
. (7.41)

Thus, the system can now have arbitrary energy, but the probability decreases ex-
ponentially with increasing energy. Normalization of the probability gives the pref-
actor:

Z(T ) D
X

i

exp
�

� Ei

kBT

�
. (7.42)

This quantity is known as the partition function of the canonical ensemble. It is one
of the central quantities of statistical physics, and allows us to calculate significant
thermodynamic properties. The quantity

F(T ) D �kBT ln(Z(T )) (7.43)

can be associated with the free energy of the system (see Appendix A.4).
When the system is described by classical particles, we should write the proba-

bility density

�(qi , pi ) D 1
Z

exp
�

� H(qi , pi )
kB T

�
, (7.44)

where H(qi , pi) is the classical Hamiltonian. The partition function is now given
by

Z D
Z

dN qdN p exp
�

� H(qi , pi)
kBT

�
. (7.45)

These equations constitute the so-called Boltzmann statistics and the probabili-
ty distribution is the Boltzmann probability distribution. They are general in the
sense that they are easily extended to quantum physics, where the probability den-
sity is replaced by the density matrix and all properties of the thermodynamics can
be evaluated. Some applications of Boltzmann statistics will be given in the follow-
ing sections. Note that in the relaxation problems of weakly interacting systems,
use of Boltzmann statistics is usually sufficient.

7.3.3
Grand Canonical Ensemble

In previous subsections we described systems whose number of particles is fixed.
In this subsection we consider the open system, where the exchange of energy and
matter is allowed as shown in Figure 7.1c.
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Similar to the case of the canonical ensemble, we again consider the system em-
bedded in a reservoir characterized by constant temperature and constant chemical
potential for constituent particles. The system size is much smaller than that of the
reservoir; thus,

E D ES C ER , (7.46)

N D NS C NR , (7.47)

ES/ER � 1, and NS/NR � 1. The system is now open, so it can have an arbitrary
number of particles and arbitrary energy. We now consider the probability of the
system being in a state with NS particles and energy ES. As the whole system plus
reservoir supersystem is a microcanonical ensemble, the particular state of this
ensemble is given by the number of microstates. Since the size of the reservoir is
much larger than the size of the system, the number of microstates is determined
by the microstates of the reservoir. The probability will thus be proportional to the
number ΩR(ER, NR).

Let us construct the entropy of the reservoir similarly to (7.38):

SR(ER, NR) D kB ln Ω (ER, NR) . (7.48)

We can expand this quantity around ER � E :

SR(ER, NR) � SR(E , N ) � @SR(E , N )
@E

ES � @SR(E , N )
@N

NS . (7.49)

From (7.8) we have

@SR(E , N )
@E

D 1
T

(7.50)

and
@SR(E , N )

@N
D � µ

T
, (7.51)

which gives

kB ln Ω (ER, NR) D SR(E , N ) � 1
T

ES C µ
T

NS (7.52)

or

pS D 1
Zg

exp
�

� 1
kB T

(ES � µNS)
�

. (7.53)

The normalization factor is denoted as the partition function of the grand canonical
ensemble: it can be defined from

Zg D
NX

NSD1

Z
dq1 . . . dqN dp1 . . . dpN exp

�
� 1

kBT
(ES � µNS)

�
. (7.54)

The probability density is thus given by

�(N, qi p i ) D
exp

�
� H(qi p i )

kB T
C µ

kB T
N
�

P
N

R
dq1 . . . dqN dp1 . . . dpN exp

�
� H(qi p i )

kB T
C µ

kB T
N
� . (7.55)
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7.4
Canonical Ensemble of Classical Harmonic Oscillators

Let us consider an ensemble of N harmonic oscillators at temperature T having the
same frequency ω and mass m. As shown in Section 2.1.3 the system Hamiltonian
can then be given by

H(qα, pα) D
NX

αD1

�
p 2

α

2m
C mω2 q2

α

2

�
. (7.56)

First we calculate the free energy of this system. In continuous space we use the
dimensionless phase space element (1/ h)dqdp , where h is the Planck constant
(see Appendix A.5). The partition function in the case of continuous space is then
a function of temperature and the number of oscillators, so

Z(T, N ) D 1
hN

 
NY
α

Z
dqαdpα

!
exp

�
� H(qα pα)

kB T

�
. (7.57)

All integrals are of the Gaussian type:

Z
dx exp

�
� (x � s)2

D

�
D p

πD , (7.58)

which yields

Z(T, N ) D
�

kBT

„ω

�N

. (7.59)

The phase space probability density, which is equivalent to the probability of a
microstate, is given by

�(qα pα) D Z�1 exp
�

� H(qα pα)
kBT

�
. (7.60)

The entropy of the system is now

S D 1
hN

 
NY
α

Z
dqαdpα

!
�(qα pα)

��kB ln �(qα pα)
�

, (7.61)

which for our system is

S D kBN

�
1 C ln

�
kB T

„ω

��
. (7.62)

This expression for the entropy is actually of the form

S D kB ln Z C 1
T

hHi . (7.63)
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Now the mean energy of the system hHi � U is the internal energy of the system.
For the free energy of the harmonic oscillators, from (7.43) we get

F(T, N ) D �kBT ln Z D �N kBT ln
�

kB T

„ω

�
(7.64)

and the internal energy (7.9)

U D F C T S D N kBT , (7.65)

which is consistent with the ideal gas expression. Thus, the harmonic oscillators
represent the bosonic ideal gas.

7.5
Quantum Statistics

Having in mind previous sections where we defined the statistical properties of
thermodynamic quantities and introduced the elements of the phase space, we can
straightforwardly extend the theory to the quantum density matrix formalism.

As shown in preceding sections, the phase space probabilities essentially depend
on the system Hamiltonian. It is thus convenient to use the eigenenergy basis. In
this case the energies of quantum states are properly defined. The system density
matrix in the eigenenergy basis in the stationary state is diagonal:

�mn D �n δmn . (7.66)

Now the quantity

�n D hφn j O�jφni (7.67)

is the probability that a system assumes state n.
In the microcanonical ensemble we measure the probability of a system being

in a state defined by the energy interval from E to E C ∆E . All states with energy
inside this interval have equal probability, which is a fundamental assumption of
equal probability of microstates. In that case the probabilities must be defined as

�n D
(

1
Ω , E � En � E C ∆E ,

0, otherwise .
(7.68)

Similarly to the classical description, the factor Ω should be obtained from the
normalization condition of the total ensemble.

All states in the canonical ensemble are allowed, while their probabilities depend
on their energy. In the eigenenergy basis these quantities are given by

�n D exp(��En)P
i exp(��Ei)

, (7.69)
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where � D (kBT )�1. The partition function is similarly given by

Z D
X

n

exp(��En) . (7.70)

Using the notation of the function of an operator, we can write the canonical density
matrix in an arbitrary representation:

O� D exp(�� OH)

tr(exp(�� OH))
, (7.71)

where OH is the quantum mechanical Hamiltonian of the system. Now a physical
observable of the system represented by operator OA is given by

A D h OAi D tr( OA O�) . (7.72)

The equations are thus equivalent to the ensemble averaging in the classical case,
just the probability densities are replaced by the density matrix and the integrals
over the phase space are replaced by the trace operation.

7.6
Canonical Ensemble of Quantum Harmonic Oscillators

In Section 7.3.2 we calculated probabilities and thermodynamic properties of the
classical harmonic oscillator. The quantum harmonic oscillator is described by the
same Hamiltonian as in the classical system, but the coordinates and momenta
of the phase space are replaced by the corresponding operators. The Hamiltonian
then generates a ladder of states En D „ω(n C 1/2) separated by the harmonic
energy quantum „ω, as described in Section 4.6.1.

Once the state energies are known, the density matrix in the second-quantization
(number of quanta) representation is diagonal. The diagonal values are simply giv-
en by

�nn D exp(��„ω/2)
Z

exp(��„ωn) (7.73)

and the partition function

Z D exp
�

� �„ω
2

�X
n

exp(��„ωn) D 1
2 sinh(�„ω/2)

, (7.74)

so the complete expression for the density matrix is

�nn D 2 sinh
�

�„ω
2

�
exp

�
��„ω

�
n C 1

2

��
. (7.75)

We will now obtain the canonical density matrix in the coordinate representation.
The wavefunctions in the coordinate representation are given by (4.105). Note that
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the density matrix is no longer diagonal in this coordinate representation since
the coordinate operator does not commute with the Hamiltonian and the energy
eigenstates are not eigenstates of the coordinate operator. The canonical density
matrix in the coordinate representation is then given by

hx 0j O�jxi �
X
nn0

φn0 (x 0)�nn φ�
n (x )

D N exp
�

� x2 C x 0 2

2
� �ω

2

� 1X
nD0

exp (��ωn)
2n n!

Hn(x )Hn(x 0) ,

(7.76)

where N is the normalization constant, which we determined from the normaliza-
tion of the diagonal of the density matrix – the probability density – and H(x ) is
the Hermite polynomial (see (4.104)). We also set m D „ D 1. Using the integral
representation of the Hermite polynomials, we get

Hn(x ) D exp(x2)p
π

Z
dy (�2iy )n exp(�y 2 C 2ix y ) , (7.77)

and calculating the Gaussian integrals, we get with proper normalization

hx 0j O�jxi D 2 sinh
�

�ω
2

��
ω

2π sinh(�ω)

�1/2

� exp
�

� ω
4

�
(x C x 0)2 tanh

�ω
2

C (x � x 0)2 coth
�ω
2

��
.

(7.78)

This yields the Gaussian distribution for the coordinate along the diagonal:

hx j O�jxi D 2 sinh
�

�ω
2

��
ω

2π sinh(�ω)

�1/2

exp
�

�ωx2 tanh
�ω
2

�
.

(7.79)

In the high-temperature limit we obtain the classical distribution function

hx j O�jxi !
�

�ω2

2π

�1/2

exp
�

� �ω2

2
x2
�

. (7.80)

An interesting quantity is also the quantum coherence given by the off-diagonal
elements of the density matrix. Assuming x � x 0 but x ¤ x 0, we denote ∆x D
x � x 0, and in the high-temperature limit we have

hx 0j O�jxi / exp
�

� 1
2�„2

∆x2
�

. (7.81)

The coherence thus decays as the coordinates separate, and this dependence be-
comes sharper as the temperature increases. Thus, in the high temperature of the
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classical regime, the density matrix becomes the classical probability distribution
obeying Gaussian statistics.

In the case of N independent oscillators, we will have each oscillator in a specific
state nα , so the density matrix is

�fnngα D exp(�N �„ω/2)
Z

exp

 
�

NX
αD1

�„ωnα

!
, (7.82)

where

Z D
�

2 sinh
�

�„ω
2

���N

. (7.83)

Thus, the density matrix completely factorizes into products of individual density
matrices of different oscillators:

�fnngα D
NY

αD1

2 sinh
�

�„ω
2

�
exp

�
��„ω

�
nα C 1

2

��
. (7.84)

7.7
Symmetry Properties of Many-Particle Wavefunctions

When we describe particles in quantum mechanics we formulate the problem us-
ing operators instead of observables. The convenient operators are usually the coor-
dinate and momentum operators. The calculated wavefunction contains so many
spatial coordinates as there are particles; however, these coordinates should not
be understood as the coordinates of particles – these are only wavefunction pa-
rameters. The quantum particles are indistinguishable. The wavefunction is thus
a multidimensional field of the quantum amplitude in real space. We often refer to
the charge cloud or density.

The wavefunctions possess some specific symmetry with respect to particle per-
mutation. Consider the many-particle wavefunction Ψ (r1r2 . . . rN ). Let us assume
there exists an operator which interchanges coordinates i and j :

OPi j Ψ (r1 . . . ri . . . r j . . . rN ) D sΨ (r1 . . . r j . . . ri . . . rN ) , (7.85)

where s is some constant. As the Hamiltonian must be invariant to a change of
the parameter order (interchange of identical particles), the wavefunction of the
Hamiltonian is also the eigenfunction of the permutation operator. Note that appli-
cation of the operator OPi j twice on the wavefunction brings about the same original
wavefunction. From (7.85) then it follows that s2 D 1, or s D ˙1. We thus find that
there may be two types of particles: particles characterized by a symmetric wave-
function, where s D 1, and particles with s D �1, which have an antisymmetric
wavefunction.

Consider noninteracting quantum particles. The total Hamiltonian is given by

OH (r1r2 . . . p1 p2 . . .) D
X

i

Oh(ri p i) , (7.86)
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where Oh(ri p i) is the Hamiltonian of the ith system. Let us assume that we can
solve the eigenvalue problem for a single system, that is,

Oh(ri p i)φk (ri) D εk φk (ri) . (7.87)

The total wavefunction can then be taken as the product of all wavefunctions of
individual systems:

Ψk1k2...kN
(r1r2 . . . rN ) D Π N

i φki
(ri) (7.88)

with energy

E D
NX
i

εki
. (7.89)

However, this product state is the eigenstate of the Hamiltonian, but it does not
have a proper symmetry. Therefore, it has to be additionally symmetrized. We can
create the symmetric and antisymmetric wavefunctions as a superposition of all
possible permutations:

Ψ (S)
k1k2...kN

(r1r2 . . . rN ) D KS

ˇ̌̌
ˇ̌̌
ˇ̌̌

φk1 (r1) φk2 (r1) . . . φkN
(r1)

φk1 (r2) φk2 (r2) . . . φkN
(r2)

...
...

. . .
...

φk1 (rN ) φk2 (rN ) . . . φkN
(rN )

ˇ̌̌
ˇ̌̌
ˇ̌̌
C

, (7.90)

Ψ (A)
k1k2...kN

(r1r2 . . . rN ) D KA

ˇ̌̌
ˇ̌̌
ˇ̌̌

φk1 (r1) φk2 (r1) . . . φkN
(r1)

φk1 (r2) φk2 (r2) . . . φkN
(r2)

...
...

. . .
...

φk1 (rN ) φk2 (rN ) . . . φkN
(rN )

ˇ̌̌
ˇ̌̌
ˇ̌̌ . (7.91)

Here KS and KA are the normalization constants, j . . . jC denotes the permanent:
the sum of all possible products as of the determinant where the signs of all terms
are “+.”

For the antisymmetric wavefunction KA D (N !)�1/2 and the sum of the prod-
ucts is a determinant, denoted the Slater determinant. This form of the determinant
guarantees that the two particles cannot have the same quantum numbers: the de-
terminant is equal to zero if any two coordinates, as quantum numbers, become
identical. This demand is expressed by the Pauli exclusion principle, which is valid
for half-spin quantum particles, called fermions. The symmetric wavefunction does
not have this requirement – many particles can have the same state and the nor-
malization becomes

KS D 1p
N !n1!n2! . . .

, (7.92)

where ni is the number of particles in state i . Particles obeying this type of sym-
metry have integer spin and are called bosons.
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It is constructive to switch to the occupation number representation of one-
particle states. Let the one-particle states be labeled by jki so that

Ohjki D εk jki . (7.93)

The occupation numbers of these states are nk . They obey the restriction

X
k

nk D N . (7.94)

We can now denote the many-particle state as jn1, n2, . . .i, and it is an eigenfunc-
tion of the total Hamiltonian

OH jn1, n2, . . .i D
"X

k

εk nk

#
jn1, n2, . . .i (7.95)

as well as of the number operator

Onk jn1, n2, . . .i D nk jn1, n2, . . .i . (7.96)

In this representation the fermions and bosons are identified by a set of possible
occupation numbers. In the bosonic case the occupations n1, n2, . . . in a specific
state jn1, n2, . . .i can be arbitrary positive integers (of course (7.94) has to be satis-
fied). In the fermionic case, an additional restriction applies, so each nk must be 0
or 1.

7.7.1
Bose–Einstein Statistics

Let us assume we have a set of bosons. The canonical density operator is diagonal
in the occupation number representation. We can write the diagonal term as

(�C)n1n2... D 1
ZC

exp

 
��

X
k

nk εk

!
, (7.97)

and the partition function is

ZC D
X
fnk g

exp

 
��

X
k

nk εk

!
. (7.98)

Here the sum denotes the summation over all possible configurations of the occu-
pation numbers with the condition of (7.94). In the same way the grand canonical
ensemble is given by

(�G)n1n2... D 1
ZC

exp

 
��

X
k

nk (εk � µ)

!
(7.99)
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with the grand partition function

ZG D
X
fnk g

exp

 
��

X
k

nk (εk � µ)

!
. (7.100)

This expression can be rewritten as

ZG D
1Y

kD1

1X
nk D0

exp (�nk �(εk � µ)) , (7.101)

while the resulting sum of exponents is

1X
nk D0

exp(�nk �(εk � µ)) D 1
1 � exp(��(εk � µ))

. (7.102)

The thermodynamic quantities can now be conveniently calculated from the par-
tition function. For instance, the mean energy (for the derivation, see Appendix A.4)

U � h OHi D � @

@�
ln ZG D

X
k

εk

exp(�(εk � µ)) � 1
, (7.103)

while the mean number of particles

N � h ONi D kT
@

@µ
ln ZG D

X
k

1
exp(�(εk � µ)) � 1

. (7.104)

Considering (7.94), we have for the mean occupation of state k

nk D 1
exp(�(εk � µ)) � 1

, (7.105)

which is the famous Bose–Einstein distribution. This distribution is plotted in Fig-
ure 7.2. As the temperature becomes lower, the real distribution becomes sharper
and all bosons occupy the lowest-energy state. This transition is denoted Bose con-
densation. At low occupation numbers the distribution approaches the exponential
Boltzmann distribution.

Note that quanta of electromagnetic radiation, the photons, do not interact with
each other and so their chemical potential µ D 0. The photons have integer spin,
and thus they obey Bose–Einstein statistics. Each of the photons has energy „ω at
frequency ω. The mean number of photons at this frequency is then given by

n(ω) D 1
exp(�ω) � 1

. (7.106)

As kB T at 300 K is approximately 25 meV, the number of photons in the microwave
region („ω � kBT ) is

n(ω, T )jlong wavelength / T

ω
, (7.107)
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(E − µ)/(kT )
–10 –5 0 5 10

0.5

1.0

1.5

2.0

Figure 7.2 The distribution of the Bose-type occupation probability is represented by the solid
line and that corresponding to the Fermi-type probability is represented by the dashed line.

while in the visible and UV regions „ω � kB T , and these modes are mostly in the
vacuum state, giving

n(ω, T )jshort wavelength D exp
�
� ω

T

�
! 0 . (7.108)

7.7.2
Pauli–Dirac Statistics

For fermions we can write the same set of equations as for bosons. Consider the
grand canonical ensemble. Its density matrix is diagonal and the diagonal values
are

(�G )n1n2... D 1
ZG

exp

 
��

X
k

nk (εk � µ)

!
, (7.109)

with the grand partition function

ZG D
X
fnk g

exp

 
��

X
k

nk (εk � µ)

!
. (7.110)

However, now different from bosons, the numbers nk are either 0 or 1. The parti-
tion function thus takes a simple form:

ZG D
Y

k

(1 C exp(��(εk � µ))) . (7.111)

We follow the same procedure as for bosons and calculate the mean energy

U D
X

k

εk

exp(�(εk � µ)) C 1
. (7.112)
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The mean number of particles is given by

N D
X

k

1
exp(�(εk � µ)) C 1

. (7.113)

This gives the mean occupation of state k:

nk D 1
exp(�(εk � µ)) C 1

, (7.114)

which is the famous Fermi–Dirac distribution.
This distribution (together with the Bose distribution) is shown in Figure 7.2. In

the case of fermions the distribution becomes steplike as the temperature decreas-
es. This is the state where all fermions fill all available states up to the Fermi level
E D µ. This is because no two fermions can occupy the same state.

7.8
Dynamic Properties of an Oscillator at Equilibrium Temperature

The canonical density matrix is a static property of the quantum system which
can be used to describe the thermodynamic properties of classical and quantum
systems. However, in Section 3.8 we encountered the quantity of the stochastic
force, which was not identified explicitly. Statistical physics also allows an explicit
identification of the dynamic stochastic parameters, which at equilibrium constant
temperature can be treated as stochastic coordinates or stochastic forces acting on
systems.

For this purpose we consider the harmonic oscillator once again. The quantum
mechanical properties of a harmonic oscillator were considered in Section 4.6.1
and the Hamiltonian can be given by:

OH D Op 2

2m
C mw2

2
Ox2 (7.115)

Here Op is the momentum operator, m is its mass, w is the frequency (we use w

instead of ω as to be distinct from the frequency parameter of the Fourier trans-
form), and Ox is its coordinate operator. It is convenient to reformulate the prob-
lem in terms of creation/annihilation operators by using (4.243) and (4.244) in the
forms

Ox D l
1p
2

	 Oa† C Oa
 (7.116)

and

Op D i„
l

1p
2

	 Oa† � Oa
 , (7.117)
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where we introduced the length scale

l D
r

„
mw

. (7.118)

Having coordinate–momentum commutator identities, (4.4), we get the boson
commutation relation (4.250) and the Hamiltonian in the form defined by (4.251).
Now instead of coordinate and momentum dimensional operators, we have a
dimensionless representation in terms of the creation and annihilation operators.

The equilibrium canonical density matrix of the oscillator at constant tempera-
ture has been calculated exactly, (7.75). This diagonal form of the density operator
constitutes the complete statistical mixture of quantum states as all coherences are
completely zero. We now turn to the dynamic properties of the oscillator. Consider
the coordinate operator Ox . The characteristics of the coordinate at equilibrium are
the mean value and its variance. The mean value is

Nx D tr( Ox OW ) D
X
nn0

Oxnn0

� OWeq

�
n0n

D 0 (7.119)

as should be expected since in (7.116) Ox is given as a single power of creation and
annihilation operators, while the density matrix is diagonal. Now the variance can
also be calculated:

σ2 D Nx2 � Nx2 D l2

2
coth

�
�„w

2

�
. (7.120)

We thus get a strong dependence on temperature, � D (kBT )�1. This σ depen-
dence on the temperature is shown in Figure 7.3. We find that at low temperature,
when �„w � 1, only the lowest-energy state of the oscillator is occupied and the
coordinate is dispersed in a finite region (σ ! l2/2). However, at high tempera-
ture, �„w � 1, higher states of the oscillator are occupied and σ2 ! l2kBT/(„w ).

This result is intimately related to the probability density for finding the oscillator
at coordinate x . Quantum mechanics dictates that this is given by the square of the

βω

0.0 0.5 1.0 1.5 2.0

0.5

1.0

1.5

2.0

2.5

3.0

σ2

l2

Figure 7.3 Variance of the density distribution as a function of temperature as defined
in (7.120).
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amplitude of the wavefunction, j'n(x )j2, when the oscillator is in state jni. Having
the equilibrium density matrix in (7.75), we can perform the sum over all states.
This result is essentially the coordinate representation of the density matrix given
by (7.78). For the probability density we have a Gaussian shape for the coordinate
along the diagonal:

hx j O�jxi D 1
l
p

π coth(�w/2)
exp

�
� (x/ l)2

coth(�w/2)

�
. (7.121)

The harmonic oscillator in thermal equilibrium is thus a Gaussian system. At low
temperature the distribution does not contract to the Dirac delta distribution,

hx j O�jxi ! 1
l
p

π
exp

�
�
� x

l

�2
�

, (7.122)

because of quantum uncertainty.
An equivalent distribution can be calculated for a classical harmonic oscillator

using the classical canonical statistical probability distribution. The potential en-
ergy of the classical harmonic oscillator is given by the parabolic function of the
coordinate, V(x ) D mw2x2/2, and the probability of reaching a certain energy at
finite temperature is governed by the Boltzmann law. The coordinate distribution
function is therefore

�(cl)(x ) / exp
�

�x2„ w

2kB T

�
, (7.123)

which is equivalent to (7.121) when kBT � „w . Thus, the quantum harmonic
oscillator behaves classically at high temperature, while its quantum properties
emerge only at low temperature. This transition is defined by comparing the ther-
mal energy, kBT , with the oscillator quantum level splitting, „w .

As the coordinate of an oscillator (classical or quantum) is defined only through
the distribution function, we interpret this as the result of stochastic fluctuations.
The fluctuations have zero mean and nonzero variance. The other, dynamic prop-
erty of the equilibrium oscillator, which is relevant to further chapters, is the coor-
dinate correlation function. The equilibrium oscillator is thus a dynamic system ex-
ecuting Brownian-like motion. These fluctuations correspond to the thermal noise
only at high temperature. When the temperature is low, kB T � „w , we found that
the coordinate distribution remained broad in the quantum case with temperature-
independent variance. In this regime we should attribute fluctuations to the quan-
tum vacuum or noise.

The correlation function will be defined in the Heisenberg representation, where

Ox (t) D exp
�

i
„

OH t

�
Ox exp

�
� i

„
OH t

�
, (7.124)

and similarly

Op (t) D exp
�

i
„

OH t

�
Op exp

�
� i

„
OH t

�
. (7.125)
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The coordinate correlation function is given by

Cx x (t) � hx (t)x (0)i � trB
	 Ox (t) Ox(0)Weq



.

Using (7.116) and noting that the equilibrium density matrix is diagonal, we get

Cx x (t) � „
2mw

trB
	 Oa†(t) Oa(0)Weq C Oa(t) Oa†(0)Weq



, (7.126)

where we defined the time-dependent annihilation operator

Oa(t) D exp
�

i
„

OH t

�
Oa exp

�
� i

„
OH t

�
(7.127)

and a similar expression for the time-dependent creation operator.
According to the definition of the correlation function, let us define

Ca†a (t) � trB
	 Oa†(t) Oa(0)Weq



D exp(iw t)[1 � exp(��w )]

X
n

n exp(��„w n) (7.128)

and

Caa†(t) � trB
	 Oa(t) Oa†(0)Weq


 D C�
a†a

(t) C exp(�iw t) . (7.129)

After performing the infinite summation of exponential functions, we get

Ca† a(t) D exp(iw t)
exp(��„w )

1 � exp(��„w )
, (7.130)

thus giving the following expression for the coordinate–coordinate correlation
function:

Cx x (t) D „
2mw

�
cos(w t) coth

�
�„w

2

�
� i sin(w t)

�
. (7.131)

This function describes the very basic fluctuation properties of a harmonic oscilla-
tor at temperature T / ��1.

Note that the correlation function is a complex function with properties

Cx x (t) D C�
x x (�t) . (7.132)

The dependence of the correlation function on temperature is not trivial: the imag-
inary part of the correlation function does not depend on temperature, while the
real part is highly nonlinear. In the low-temperature limit �„w � 1, only the low-
est state of the oscillator is occupied and both real and imaginary parts have the
same magnitudes, so

C
(q)
x x (t) D „

2mw
e�iw t . (7.133)
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This is the regime of quantum noise. In the high-temperature limit �„w � 1, the
real part becomes proportional to temperature and the temperature-independent
imaginary part can be disregarded. We then get the classical result:

C
(c)
x x (t) D kBT

mw2 cos(w t) . (7.134)

The correlation function as it is for the single oscillator is thus a continuous
periodic function as should be expected for a harmonic oscillator. At zero time in
the quantum case Cx x (0) D „/(2mw ) coth(�„w/2) we get the finite variance of the
coordinate, while at later time we have the complete correlation of the harmonic
motion.

Let us take the Fourier transform of the correlation function as described in Ap-
pendix A.5. We get

Cx x (ω) �
Z

dteiω t Cx x (t) D „π
2mw

�
coth

�
�„w

2

��
δ(ω C w ) C δ(ω � w )

�
C �

δ(ω � w ) � δ(ω C w )
��

. (7.135)

The Fourier transform is thus a real function and it has two components: the even
part,

C 0
x x (ω) D „π

2mw
coth

�
�w

2

� �
δ(ω C w ) C δ(ω � w )

�
, (7.136)

and the odd part,

C 00
x x (ω) D „π

2mw

�
δ(ω C w ) � δ(ω � w )

�
. (7.137)

As we find, the odd part does not depend on temperature and is thus the pure
characterization of the oscillator. We can also form the general relation

C 0
x x (ω) D C 00

x x (ω) coth
�

�„ω
2

�
, (7.138)

and we can write the full correlation function as

Cx x (ω) D C 00
x x (ω)

�
coth

�
�„ω

2

�
C 1

�
(7.139)

or

Cx x (t) D
Z

dω
2π

C 00
x x (ω)

�
cos(ω t) coth

�
�„ω

2

�
� i sin(ω t)

�
. (7.140)

We thus see that in principle all properties of the harmonic oscillator are contained
in a single time-independent entity C 00

x x (ω). We can denote the function C 00
x x (ω)

in (7.137) as the spectral density of the harmonic system, which in our specific case
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is just a single delta peak. However, (7.138)–(7.140) imply general relations where
the spectral density can be taken as an arbitrary real-value continuous function
satisfying

C 00
x x (ω) D �C 00

x x (�ω) (7.141)

and thus

C 00(ω D 0) � 0 . (7.142)

As we find later, the same type of relations are obtained for a collection of harmon-
ic oscillators, but the spectral density is an infinite sum of delta peaks, and thus
simulates the continuous function.

7.9
Simulation of Stochastic Noise from a Known Correlation Function

In Section 3.8 we assumed that a specific stochastic process such as Brownian mo-
tion generates the stochastic trajectory and that the trajectory can then be character-
ized by a correlation function. In the previous section we developed a very delicate
procedure for how the statistical physics of a harmonic oscillator is related to the
stochastic dynamics. If we want to propagate the stochastic Langevin-like equation,
it is necessary to have the stochastic trajectory of a specific kind, characterized by
a specific correlation function. In this section we describe the procedure to obtain
the stochastic noise trajectory with the requested statistical properties.

Consider a stochastic process z(t). We assume that its Fourier transform

Z(ω) D
Z

dt exp(iω t)z(t) (7.143)

is integratable, so Z(ω) is also a stochastic function of frequency (in practice fi-
nite sets of data are used, and thus the integration can be always performed). The
inverse transform is then given by

z(t) D
Z

dω
2π

exp(�iω t)Z(ω) . (7.144)

When the process is ergodic, the correlation function that appears in the stochas-
tic Schrödinger equation apart from the normalization factor can be calculated as
the following integral:

C(t) � hz�(t)z(0)i D
Z

dτz�(t C τ)z(τ) . (7.145)

Now we insert the Fourier transforms of the stochastic processes and get

C(t) D
Z

dω
2π

exp(iω t)Z�(ω)Z(ω) . (7.146)
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Finally, the Fourier transform of the correlation function

C(ω) D
Z

dt exp(iω t)C(t) (7.147)

leads to

C(ω) D jZ(ω)j2 . (7.148)

This relation is the form in the Wiener–Khinchin theorem [40]. It also states that
the frequency image of the autocorrelation function is always a real function.

This theorem can be employed to generate the stochastic trajectory itself. Let us
define the amplitude and the phase of the stochastic process in the Fourier space:

Z(ω) D � (ω) exp(iφ(ω)) . (7.149)

Both � and φ are real functions of frequency. From the Wiener–Khinchin theorem
it follows that

� (ω) D p
C(ω) . (7.150)

� (ω) is thus fully defined by the correlation function of the process and therefore
is not a stochastic function. The phase of the process is the stochastic function:
it remains undefined by the correlation function and it can be chosen as some
known stochastic process. From the Wiener–Khinchin theorem it does not affect
the correlation and in practice it can be taken as a zero-correlated white noise, for
example, it can be taken as a linearly distributed random number for each value of
the frequency. However, in order to have the proper case that the imaginary-valued
fluctuations become negligible at high temperature when the correlation function
becomes symmetric, we should have φ(ω) D �φ(�ω). The properly correlated
stochastic process is then generated by

z(t) D
Z

dω
2π

exp(�iω t C iφ(ω))
p

C(ω) . (7.151)

This type of the random process is defined by the correlation function: if C(ω) is
an even function of the frequency, the real z(t) process is generated. However, that
is not necessary. As is shown in the previous section, the realistic quantum thermal
harmonic oscillator is described by a correlation function which is neither odd nor
even. The stochastic process representing such behavior is essentially a complex
one. However, the complex stochastic trajectory is still fully defined using (7.151).
Substituting (7.139) into (7.151), we get the realistic stochastic trajectories. For the
model spectral densities

C 00
1 (ω) D ω

ω2 C γ 2 (7.152)

and

C 00
2 (ω) D 1

(ω � 1)2 C γ 2 � 1
(ω C 1)2 C γ 2 (7.153)
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t

t

t

Re z(t)

t

Re z(t)

Im z(t)

Im z(t)

(a)

(a)

Figure 7.4 Modeled stochastic trajectories based on spectral densities (7.153) (a) and (7.152)
(b) at temperature kT D p

10γ . The real part (solid lines) and the imaginary part (dashed
lines) are shown separately.

we get the fluctuating trajectories as shown in Figure 7.4. We thus find that the
imaginary part in both cases is much smaller than the real part, which signifies fi-
nite temperature, but quantum effects may still be significant. Second, the spectral
density of (7.152) describes the stochastic process without clearly visible oscilla-
tions, which is similar to the overdamped Brownian oscillator (Wiener process).
Opposite to that, the spectral density, (7.153), which is a peaked function, shows
perturbed oscillations, and thus signifies the presence of oscillatory dynamics. In
both cases, however, the dynamics is chaotic.
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8
An Oscillator Coupled to a Harmonic Bath

In the previous chapter we reviewed the basic properties of three types of systems
and applied the results to the harmonic oscillator. The harmonic oscillator systems
are the basic models used for a thermal bath – a reservoir at constant temperature.
In this chapter we will describe the nonequilibrium properties of the oscillator
systems.

8.1
Dissipative Oscillator

Let us now describe a general form of quantum oscillator, characterized by coordi-
nate OQ and momentum OP . This oscillator is our system of interest. The potential
energy function is U( OQ). Let us assume that U(Q) has a minimum at Q D 0. This
oscillator weakly interacts with the set of harmonic oscillators, which determine
the thermal bath. This part of the system is not of interest – it is not observed – and
we thus study the observable system as it interacts with the bath.

The Hamiltonian of such a system is given by

OH D
OP2

2M
C U( OQ)C

X
k

 
Op 2

k

2mk

C mk ω2
k

2
Ox2

k

!
C OHSB( OQ, f Oxg) . (8.1)

Here the first two terms denote the kinetic and potential energies of the observable
oscillator described by the momentum OP and the coordinate OQ operators. The fol-
lowing sum represents the set of harmonic oscillators composing the bath. Their
momenta are Opk and the coordinates are Oxk . mk and ωk are the mass and frequen-
cy, respectively. The coupling of the system with the bath is assumed to be linear:

OHSB( OQ, f Oxg) D �
X

k

ck
OQ Oxk . (8.2)

The sign in front of the sum is taken as negative for convenience.
In terms of these definitions we get the quadratic form of the parameter xk in

the Hamiltonian. We can thus combine the system–bath coupling term with the

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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potential energy term of the bath oscillator. Let us write

mk ω2
k

2
Ox2

k � ck
OQ Oxk D

mk ω2
k

2

 
Oxk � ck

OQ
mk ω2

k

!2

� c2
k
OQ2

2mk ω2
k

. (8.3)

The last term is the system operator and thus can be merged into the bath potential.
As a result, we get

U( OQ) � c2
k
OQ2

2mk ω2
k

D V( OQ) . (8.4)

The coupling with the bath thus shifts the potential surface; however, as we have
formulated the problem for an arbitrary potential, we can take V( OQ) as the start-
ing potential for the problem. So for convenience the Hamiltonian is redefined by
using

OH D OP2

2M
C V( OQ)C

X
k

2
4 Op 2

k

2mk

C mk ω2
k

2

 
Oxk � ck

mk ω2
k

OQ
!2
3
5 . (8.5)

This model is usually referred to as the Caldeira–Leggett model [41, 42].
This system now has one advantage compared with the original problem. The

global minimum of the bath oscillators can be determined from the condition

@

@xk

H D 0 , (8.6)

which gives mk ω2
k
x

(0)
k
D 0. So we have the potential minimum at zero and this

does not depend on the coordinate of the oscillator, which was present in the orig-
inal Hamiltonian. Thus, under equilibrium conditions if the coordinate of the ob-
servable oscillator is characterized by zero mean, the mean of the bath oscillators
is then not affected.

8.2
Motion of the Classical Oscillator

In the case when all oscillators are classical, all operators in (8.5) are regular coordi-
nates and momenta. The equations of motion follow from the Hamilton principle
and give essentially the set of Newton equations:

M RQC @

@Q
V(Q)C

X
k

c2
k

mk ω2
k

Q D
X

k

ck xk , (8.7)

mk Rxk C mk ω2
k xk D ck Q . (8.8)

We thus get the set of coupled equations where on the left-hand side we have the
independent systems and on the right-hand side we have the driving force coming
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8.2 Motion of the Classical Oscillator 191

from the interaction. We can solve this system starting with (8.8) and using the
frequency-domain Green’s function method (see Appendix A.7). The solution of
the homogeneous (h) part defined by the kinetic equation

mk Rx (h)
k C mk ω2

k x (h) D 0 (8.9)

for initial conditions xk (0) D x
(0)
k

and pk (0) D p
(0)
k

is given by

x
(h)
k

(t) D x
(0)
k

cos(ωk t)C p
(0)
k

mk ωk

sin(ωk t) . (8.10)

For the inhomogeneous (i) part we take the solution via the Green’s function:

x
(i)
k (t) D ck

1Z
0

Gk (t � τ)Q(τ)dτ . (8.11)

We have used that Gk (t < 0) D 0 and Q(t � 0) D 0. The latter condition effectively
turns off the system–bath coupling for negative times. This may seem artificial;
however, when the bath performs stochastic fluctuations as described in the pre-
vious chapter the effects of the initial condition die out in a finite time. Thus, the
expression for the Green’s function holds for times longer than the bath correlation
time. The Green’s function satisfies the equation

mk
RGk (t)C mk ω2

k Gk (t) D δ(t) , (8.12)

which can be solved by using the Fourier transformation (see Appendix A.5). The
Green’s function is given by

NGk (ω) D 1
mk

lim
η!0

1
ω2 � ω2

k C iωη
(8.13)

and in the time domain we have

Gk (t) D 1
mk ωk

θ (t) sin(ωk t) . (8.14)

For (8.8) in the frequency space we get a simple solution:

xk (ω) D ck Gk (ω)Q(ω) . (8.15)

The full solution for the bath oscillator coordinate is then obtained using the
Cauchy contour integration technique, which gives

xk (t) D x
(0)
k

cos(ωk t)C p
(0)
k

mk ωk

sin(ωk t)

C ck

mk ωk

tZ
0

sin(ωk (t � τ))Q(τ)dτ . (8.16)
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This expression shows that in fact not only the bath affects the system, but also that
the system drives the bath through the last term. We now insert (8.16) into (8.7) and
change the time integral as

tZ
0

sin(ωk (t � τ))Q(τ)dτ

D 1
ωk

2
4Q(t)� Q(0) cos(ωk t)�

tZ
0

PQ(τ) cos(ωk (t � τ)dτ)

3
5 . (8.17)

We then obtain the Langevin equation for an oscillator of the form

M RQC M

tZ
0

dτγ (t � τ) PQ(τ)C @

@Q
V(Q) D � (t) �M γ (t)Q(0) , (8.18)

where we have the time-dependent friction function

γ (t) D 1
M

X
k

c2
k

mk ω2
k

cos(ωk t) (8.19)

and the fluctuating force

� (t) D
X

k

ck

"
x

(0)
k

cos(ωk t)C p
(0)
k

mk ωk

sin(ωk t)

#
. (8.20)

These are properties of the bath fluctuations. We see that there is an initial condi-
tion on the right-hand side of (8.18). However, it should be “forgotten” if γ (t)! 0
for long times.

Considering that xk D 0 and Q D 0 correspond to the global potential mini-
mum, the equilibrium dynamics should be characterized by hxki D 0 and hQi D 0.
We can then assume that the bath in equilibrium at temperature T has the canon-
ical distribution as described in Section 7.5. On that basis we can define the initial
condition x

(0)
k

and p
(0)
k

of bath oscillators. The classical canonical density matrix is
given by

WB D 1
Z (c) exp

 
� 1

2kBT

X
k

 
p 2

k

mk

C mk ω2
k x2

k

!!
. (8.21)

Here Z (c) is the classical partition function. It is given by

Z (c) D
Y

k

Z
dxk

Z
dpk exp

 
� 1

2kBT

X
k

 
p 2

k

mk

C mk ω2
k x2

k

!!
. (8.22)

All bath oscillators are independent; thus, the partition function is a product of
partition functions of separate oscillators. The integrals in the partition function
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are all Gaussian integrals and can be easily calculated. We then get

Z (c) D (2πkBT )N
Y

k

1
ωk

. (8.23)

The fluctuating force can now be described by its moments. The first moment –
the average value – is equal to zero,

h� (t)i D 0 , (8.24)

and its correlation function is given by

C� � (t) � h� (t)� (0)i D kBT
X

k

c2
k

mk ω2
k

cos(ωk t) . (8.25)

Checking (8.19), we can write the classical fluctuation–dissipation theorem:

C� � (t) D M kBT γ (t) . (8.26)

Comparing (8.25) with (7.134), we find that

C� � (t) D
X

k

c2
k C

(c)
x x (t) . (8.27)

Thus, as should be expected, the fluctuating force, which originates from classical
oscillators, shows the same correlation function as the harmonic oscillator itself.
The effect of fluctuations on the system is twofold. First, fluctuations are created
due to � (t). The fluctuations constitute input of thermal energy into the system.
Second, the bath introduces dissipation due to γ (t). This effect causes energy out-
put. When both effects are in place, the system can reach thermal equilibrium with
its environment. We thus find that all properties of the bath contract into the single
correlation function C� � (t).

The realistic surroundings of a system contain infinitely many degrees of free-
dom. Thus, the number of oscillators representing the bath should approach infin-
ity. Let us consider the definition of the damping parameter γ (t) as given by (8.19).
We can write it in the form

γ (t) D 1
M

1Z
0

dω
2π

J(ω) cos(ω t) , (8.28)

where

J(ω) D
X

k

c2
k

mk ω2
k

δ(ω � ωk ) (8.29)

is the classical spectral density of the bath. It describes how many oscillators are
in a specific frequency interval. As the total number of oscillators increases, the
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194 8 An Oscillator Coupled to a Harmonic Bath

number of oscillators in the frequency interval should increase, and we have to
switch to a continuous density function.

This spectral density is a positively defined function. In a specific problem it can
now be defined as a model function. The simplest model of fluctuations is

J(ω) D 2Γ . (8.30)

Then

γ (t) D Γ
M

δ(t) . (8.31)

From the fluctuation–dissipation relation we can write the correlation function

C� � (t) D Γ kBT δ(t) , (8.32)

and finally we have the Langevin equation:

RQC Γ PQ(τ)C 1
M

@

@Q
V(Q) D 1

M
� (t) . (8.33)

This is an equation of a damped harmonic oscillator, driven by a fluctuating force.
The stochastic process � (t) can be generated as described in Section 7.9.

8.3
Quantum Bath

In the previous section we showed that all properties of the bath which affect the
system are contained in a single fluctuation correlation function. We can now in-
troduce the quantum bath using these insights.

The damping process of the Langevin equation thus does not vanish at zero tem-
perature. However, since the coordinate is essentially a real parameter, we find
inconsistency of the classical Langevin equation due to the imaginary part of the
damping parameter. This shows that the classical Langevin equation cannot ac-
count for the quantum bath. The quantum Langevin equation is obtained using
the Heisenberg equation of motion for the coordinate operator in the Heisenberg
representation. We use

[ Ox n , Op ] D ni„ Ox n�1 (8.34)

and

[ Op n , Ox ] D �ni„ Op n�1 (8.35)

and we define

[V( Ox ), Op ] D i„V 0( Ox ) . (8.36)
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8.3 Quantum Bath 195

Then from the Heisenberg equation of motion

d OA
dt
D i
„ [ OH , OA] (8.37)

for the Caldeira–Leggett Hamiltonian, (8.5), we obtain the equations for operators

M
ROQC V 0( OQ)C

X
k

c2
k

mk ω2
k

OQ D
X

k

ck Oxk , (8.38)

mk
ROxk C mk ω2

k Oxk D ck
OQ . (8.39)

These equations are equivalent to the set of (8.7) and (8.8) and, thus the solution is
equivalent to (8.16), which gives the quantum Langevin equation:

M
ROQC M

tZ
0

dτγ (t � τ) POQ(τ)C V 0( OQ) D � (t)� M γ (t) OQ(0) . (8.40)

Now the time-dependent friction is a number as in (8.19), but the fluctuating force
has the form given in (8.20) and is an operator of the bath variables.

To describe the force we have to use the quantum statistical physics description
given in Section 7.8, where the full correlation function was calculated. The full
quantum correlation function of a harmonic oscillator is given by (7.131). Inserting
it into (8.27), we have the quantum form of the correlation function:

C� � (t) D
X

k

c2
k„

2mk ωk

�
cos(ωk t) coth

�
	„ωk

2

�
� i sin(ωk t)

�
. (8.41)

It has a symmetric (real) part with respect to time and an antisymmetric (imagi-
nary) part. The symmetric part

1
2

�
C� � (t)C C� � (�t)

� DX
k

c2
k„

2mk ωk

cos(ωk t) coth
�

	ωk

2

�
(8.42)

depends on temperature, while the antisymmetric part, which reflects quantum
fluctuations, is temperature independent:

1
2

(C� � (t)� C� � (�t)) D �i
X

k

c2
k„

2mk ωk

sin(ωk t) . (8.43)

Comparing these expressions with the damping function defined in (8.19), we find
that the symmetric part has the same symmetry as the damping function, that is,
γ (�t) D γ (t). At high temperature these results should turn into the classical
result given by

1
2

(C� � (t)C C� � (�t))jHT ! kBT γ (t) . (8.44)
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As we showed in Section 7.8, the Fourier transform of the full quantum cor-
relation function allows us to define the spectral density. In light of the present
problem we have the odd part of the Fourier transform of the correlation function
as

C 00
� � (ω) D π

X
k

c2
k
„

2mk ωk

�
δ(ω � ωk ) � δ(ω C ωk )

�
. (8.45)

This function can be used as a spectral density extended to negative frequencies. As
the classical form of the spectral density in (8.29) is one sided, we have the relation

C 00
� � (ω) D „ωπ J(ω) (8.46)

when ω > 0, while at negative frequencies

C 00
� � (ω) D „ωπ J(�ω), ω < 0 . (8.47)

All relaxation properties are now described by the spectral density. The force fluc-
tuation correlation function, coming from the quantum bath, is given by (7.140).
The symmetric part is then

1
2

(C� � (t)C C� � (�t)) D
Z

dω
2π

C 00
� � (ω) cos(ω t) coth

�
	ω
2

�
(8.48)

and the classical fluctuation–dissipation theorem then turns into

γ (t) D
Z

dω
2π

C 00
� � (ω)

„ω
cos(ω t) . (8.49)

That relation is one of the forms of the quantum fluctuation–dissipation theorem.
The spectral density or the correlation function is thus the main property of the
fluctuating environment. In practice the spectral density for the realistic environ-
ment (it contains infinite number of harmonic oscillators) is a continuous function
and various models for spectral densities are used.

8.4
Quantum Harmonic Oscillator and the Bath: Density Matrix Description

In the previous section we obtained the quantum Langevin equation for the co-
ordinate operator. In this section we consider the density matrix of a quantum
harmonic oscillator coupled to a bath of harmonic oscillators. This consideration
can be connected with the Langevin equation derived in the previous section in the
high-temperature limit.

To start, for convenience let us assume we have the harmonic oscillator model
and disregard the Q2 term in the Caldeira–Leggett Hamiltonian. The Hamiltonian
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can then be written in the following form:

OH D „ε
�
Oa† Oa C 1

2

�
C
X

k

"
Op 2

k

2mk

C mk ω2
k

2
Ox2

k C f k Oxk ( Oa† C Oa)

#
. (8.50)

Here we replaced the operators OQ and OP by the creation and annihilation operators
Oa† and Oa. The density matrix of the total system plus bath supersystem in the basis
of observable eigenstates of the system can be written as OWa,b , where a and b

represent the states of the system. OW is still an operator for the bath coordinates.
The Liouville equation for this density matrix gives

d OWa,b

dt
D �i(a � b)ε OWa,b � iLB OWa,b

� i
X

k

f k Oxk

	p
a OWa�1,b C

p
a C 1 OWaC1,b




C i
X

k

f k

	p
b C 1 OWa,bC1 C

p
b OWa,b�1



Oxk . (8.51)

Here we introduced the superoperator notation

LB OW D
"X

k

 
Op 2

k

2mk

C mk ω2
k

2
Ox2

k

!
, OW

#
. (8.52)

We can now reduce the time dependence by switching to the interaction picture:

OWa,b(t) D exp(�i(a � b)ε t) exp(�i OHB t) Owa,b(t) exp(i OHB t) , (8.53)

which for the density matrix gives

d Owa,b(t)
dt

D �i
X

k

f k Oxk (t)
p

a exp(iε t) Owa�1,b(t)

� i
X

k

f k Oxk (t)
p

a C 1 exp(�iε t) OwaC1,b(t)

C i
X

k

f k

p
b C 1 exp(iε t) Owa,bC1(t) Oxk (t)

C i
X

k

f k

p
b exp(�iε t) Owa,b�1(t) Oxk (t) , (8.54)

where we denote

exp(i OHB t) Oxk exp(�i OHB t) D Oxk (t) (8.55)

as the interaction representation of the bath coordinate. It evolves with respect
to the bath Hamiltonian. We can now formally integrate the resulting Liouville
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equation

Owa,b(t) D Owa,b(0)

� i
X

k

f k

tZ
0

dτ Oxk (τ)
p

a exp(iετ) Owa�1,b(τ)

� i
X

k

f k

tZ
0

dτ Oxk (τ)
p

a C 1 exp(�iετ) OwaC1,b(τ)

C i
X

k

f k

tZ
0

dτ
p

b C 1 exp(iετ) Owa,bC1(τ) Oxk (τ)

C i
X

k

f k

tZ
0

dτ
p

b exp(�iετ) Owa,b�1(τ) Oxk (τ) , (8.56)

and insert the result into the right-hand side of (8.54). This yields a somewhat
complicated expression which can be considerably simplified. We first disregard
the first powers of Oxk (t) as they perform stochastic fluctuations with zero mean,
and we also disregard nonresonant terms of the form

tZ
0

dτ exp(iε(t C τ))A(t, τ)! 0 (8.57)

as A(t, τ) are slowly varying functions. This approach is denoted the rotating-wave
approximation. Finally we obtain

d Owa,b(t)
dt

D
X

k

f 2
k

tZ
0

dτ

� eiε(t�τ)
	

a Oxk (t) Oxk (τ) Owa,b(τ)�p(a C 1)(b C 1) Oxk (τ) OwaC1,bC1(τ) Oxk (t)



� e�iε(t�τ)
	

(a C 1) Oxk (t) Oxk (τ) Owa,b(τ)�
p

ab Oxk (τ) Owa�1,b�1(τ) Oxk (t)



C e�iε(t�τ)
	p

(a C 1)(b C 1) Oxk (t) OwaC1,bC1(τ) Oxk (τ)� b Owa,b(τ) Oxk (τ) Oxk (t)



C eiε(t�τ)
	p

ab Oxk (t) Owa�1,b�1(τ) Oxk (τ)� (b C 1) Owa,b(τ) Oxk (τ) Oxk (t)



.

(8.58)

This is now a convenient form to perform averaging over the bath variables. First,
the averaging over the bath of the density matrix yields the reduced density matrix
of the oscillator:

�ab(t) D trB( Owa,b(t)) . (8.59)
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Next, we assume that the bath is in the canonical equilibrium form for all times, so

Owa,b(t) D �ab(t)�B , (8.60)

and this allows us to introduce the bath correlation function

C(t) D
X

k

f 2
k h Oxk (t) Oxk (τ)�Bi . (8.61)

For the reduced density matrix we then obtain a non-Markovian master equation
which describes the relaxation properties:

d
dt

�ab(t) D
tZ

0

dτ

� eiε(t�τ)
	

aC(t � τ)�ab(τ)�p(a C 1)(b C 1)C(t � τ)�aC1,bC1(τ)



� e�iε(t�τ)
	

(a C 1)C(t � τ)�ab(τ)�
p

abC(t � τ)�a�1,b�1(τ)



C e�iε(t�τ)
	p

(a C 1)(b C 1)C�(t � τ)�aC1,bC1(τ) � bC�(t � τ)�ab(τ)



C eiε(t�τ)
	p

abC�(t � τ)�a�1,b�1(τ)� (b C 1)C�(t � τ)�ab(τ)



.

(8.62)

This may seem to be a very complicated expression, but in fact it has a simple form.
Various terms on the right-hand side denote specific physical phenomena, such as
the transfer of energy between levels and coherence transfer. It also shows that
the populations are in fact independent of coherences. This is the consequence of
constant splitting between the nearest-neighbor energy levels.

We obtained this expression specifically for the harmonic oscillator. In coming
chapters we will develop a general formalism for an arbitrary quantum system with
countable energy levels.

When the interaction between the system and bath oscillators is weak, the time
evolution of the density matrix in the interaction representation is slow (it is con-
stant as the interaction is switched off). In this limit we can use the Markov ap-
proximation. Let us consider the relaxation of populations. From (8.62) we have a
master equation

d
dt

�aa D
h
�ak1 C (a C 1) Qk1

i
�aa C (a C 1)k1�aC1,aC1C a Qk1�a�1,a�1 ,

(8.63)

where the population rates

k1 D k� C k�
� (8.64)

and

Qk1 D kC C k�
C . (8.65)
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Here

k� D
tZ

0

dτeiε(t�τ)C(t � τ) (8.66)

and

kC D
tZ

0

dτe�iε(t�τ)C(t � τ) . (8.67)

The equation for coherences is also very simple:

d
dt

�ab D �
�
ak� C bk�

� C (a C 1)kC C (b C 1)k�
C

�
�ab

Cp(a C 1)(b C 1)(k�
� C k�)�aC1,bC1

C
p

ab(kC C k�
C)�a�1,b�1 . (8.68)

We thus find that the whole relaxation process is characterized by two complex
quantities kC and k�. The first row now describes the decay of the coherence, the
second and the third rows characterize the transfer of coherences. These nontrivial
effects are only possible for the harmonic oscillator within the range of the approx-
imations used.

However, the bath properties can be reduced to a single quantity. Consider the
integral of k� and let us change the integration variables t � τ D t1 so that we get
the integral

k� D
tZ

0

dt1eiε t1 C(t1) . (8.69)

As the correlation function decays with time and if we disregard the initial short-
time region, we can take the upper limit t to infinity. It is convenient then to intro-
duce an auxiliary spectral function

M(ω) D
1Z
0

dteiω t C(t) (8.70)

and write the correlation function in terms of the spectral density using (7.140):

C(t) D
Z

dω
2π

C 00(ω)
�

cos(ω t) coth
�

	ω
2

�
� i sin(ω t)

�
. (8.71)

The real part of the function M

Re M(ε) D 1
2

C 00(ε)
�

coth
�

	ε
2

�
C 1

�
(8.72)
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provides the population relaxation rates. We then get in (8.64) and (8.65)

k1 D 2C 00(ε)
e

	ε
2

e
	ε
2 � e�

	ε
2

(8.73)

and

Qk1 D 2C 00(ε)
e�

	ε
2

e
	ε
2 � e�

	ε
2

. (8.74)

The spectral density of the bath is now the only necessary function of the bath, and
characterizes all relaxation properties. From the rate expressions given by (8.73)
and (8.74), we can write the relation

k1 D e	ε Qk1 . (8.75)

This condition thus guarantees the proper Boltzmann equilibrium distribution of
the occupation numbers.

The imaginary part of the function M(ω) denotes the Lamb shifts of energy lev-
els, which become important for density matrix coherences. However, this part of
the function has no analytical expression for an arbitrary spectral density and has
to be calculated numerically, unless the spectral density has a simple form.

8.5
Diagonal Fluctuations

The quantum harmonic oscillator described by Hamiltonian (8.50) shows popula-
tion and coherence relaxation. However, the interaction term in the Hamiltonian
describes only the off-diagonal fluctuations due to the first powers of Oa and Oa†. In
this section we briefly repeat the derivation, but instead of off-diagonal fluctuations,
we consider the diagonal or energy fluctuations. The Hamiltonian is then given by

OH D „ε
�
Oa† Oa C 1

2

�
C
X

k

 
Op 2

k

2mk

C mk ω2
k

2
Ox2

k C f k Oxk Oa† Oa
!

. (8.76)

Following the same procedure, we obtain the Liouville equation for the total density
in the Schrödinger picture:

d OWa,b

dt
D �i(a � b)ε OWa,b � iLB OWa,b

� i
X

k

f k Oxk a OWa,b C i
X

k

f k b OWa,b Oxk . (8.77)

Using the interaction representation, (8.53), we obtain

d Owa,b(t)
dt

D �i
X

k

f k Oxk (t)a Owa,b(t)C i
X

k

f k b Owa,b(t) Oxk (t) .
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After the same procedure as in the previous section, we obtain the second-order
expression

d Owa,b(t)
dt

D
X

k

f 2
k

tZ
0

dτ
��aa Oxk (t) Oxk (τ) Owa,b(τ)C ab Oxk (t) Owa,b(τ) Oxk (τ)

�

�
X

k

f 2
k

tZ
0

dτ
��ab Oxk (τ) Owa,b(τ) Oxk (t)C bb Owa,b(τ) Oxk (τ) Oxk (t)

�
.

(8.78)

Now the averaging over the bath can be performed, which yields

d�ab(t)
dt

D �
tZ

0

dτ
�
a(a � b)C(t � τ) � b(a � b)C�(t � τ)

�
�ab(τ) .

Let us now separate the correlation function into its real and imaginary parts:

C(t) D C 0(t)C iC 00(t) . (8.79)

Using (7.140), we have

C 0(t) D
Z

dω
2π

C 00(ω) cos(ω t) coth
�

	ω
2

�
, (8.80)

C 00(t) D �
Z

dω
2π

C 00(ω) sin(ω t) . (8.81)

We then get

d�ab(t)
dt

D �
tZ

0

dτ
�
(a � b)2C 0(t � τ)C i(a2 � b2)C 00(t � τ)

�
�ab(τ) .

We thus find that the diagonal fluctuations affect only coherences of the density
matrix, that is, if a D b, the right-hand side of the Liouville equation is zero. In the
Markovian limit we have the solution

�ab(t) D e�(a�b)2γ tCi(a2�b2)η t�ab(0) , (8.82)

where

γ D
1Z
0

dτC 0(τ) , (8.83)

η D �
1Z
0

dτC 00(τ) . (8.84)
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We thus find that the decay rate γ and the frequency shift η are both related to the
function M(ω), (8.70); however, this spectral density may not be the same as that
of the off-diagonal fluctuations. In a general case we may have one set of oscillators
coupled to one type of phenomenon, and other oscillators coupled to the other type
of phenomenon. We then have a set of spectral densities that control the relaxation
dynamics.

8.6
Fluctuations of a Displaced Oscillator

In the previous sections we considered simple model systems. In this section we
describe a more realistic case of a molecule coupled to the vibrational bath and
describe some practical models of the spectral density. A molecule at equilibrium
is in the electronic ground state. Absorption or emission of a photon transfers the
molecule from one electronic state to another. As the molecule also has vibrational
modes, during the optical process the (slow) nuclear degrees of freedom remain
frozen and the molecular nuclear configuration becomes nonequilibrium with re-
spect to the new electronic state. That is the Franck–Condon transition. The com-
mon assumption is that the nuclear potential energy is parabolic in the vicinity of
the equilibrium. So for two electronic states – the ground state and the excited state
– we obtain a displaced (harmonic) oscillator model.

The energy diagram of the potential energy of such a system is depicted in Fig-
ure 8.1. In one dimension the electronic potential of the ground state is Vg(q) D
„ω0 q2/2, and the displaced electronic excited state is described by potential Ve(q) D
ω eg C „ω0(q � d)2/2 . Here ω0 is the vibrational frequency, ω eg is the energy
gap, and d is a dimensionless displacement parameter. The Huang–Rhys factor
s D 1/2d2 characterizes the strength of the electron–phonon coupling.

Vibrational dynamics in the harmonic potentials is exactly described by the the-
ory of the quantum harmonic oscillator. It gives an infinite set of wavefunctions
ψm with quantum numbers m D 1, . . . ,1 and corresponding energies Em D
„ω0(m C 1/2) with respect to the bottom of the corresponding potential surface.
Transitions between the ladder of the electronic ground state and the ladder of the

Coordinate

E
n
er
gy

Figure 8.1 Energy levels of a two-state molecule – the displaced oscillator model.
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204 8 An Oscillator Coupled to a Harmonic Bath

electronic excited state determine the vibronic progression in the absorption spec-
trum. The intensity of each vibronic peak is scaled by the overlap of vibrational
wavefunctions in the ground-state and excited-state potentials.

This description considers the electronic and vibrational system as a closed sys-
tem. However, the nuclear degrees of freedom face damping due to the interaction
with the rest of the vibrational degrees of freedom – the bath. A more general mod-
el of the electronic two-level system coupled to a phonon bath captures both the
vibrational-type ladder of the energy spectrum and the homogeneous broadening
at the same level of sophistication. Additionally, other vibrational degrees of free-
dom can be simply included. These can represent various types of vibrations.

The total Hamiltonian of such a system is given by

OH D 0jgihgj C (ω eg C λ)jeihej �
X

α

„ω(α)
0
p

sα
� Oa†

α C Oaα
� jeihej

C
X

α

„ω(α)
0

�
Oa†

α Oaα C 1
2

�
. (8.85)

Here the ground state is the reference state with energy 0, the excited state is shifted
by the reorganization energy λ DPα „ω(α)

0 sα , and the bath is represented by a set
of harmonic oscillators in terms of creation and annihilation operators. This form
of system–bath coupling introduces fluctuations into the energy of the electronic
excited state as described in the previous section. Therefore, we cannot now have
population relaxation between the excited state and the bath. The only relaxation
is inside the excited state or the ground state. This is essentially the vibrational
relaxation.

The most convenient form to describe nuclear fluctuations is the correlation
function of equilibrium system–bath fluctuations at constant temperature:

C(t) D TrB

n OQe(t) OQe(0)�eq

o
. (8.86)

Here

�eq D Z�1 exp

 
�
X

α

	„ω(α)
0

�
Oa†

α Oaα C 1
2

�!
(8.87)

is the thermally equilibrated density operator (	�1 D kB T ), and

OQe(t) D
X

α

„ω(α)
0
p

sα
� Oa†

α(t)C Oaα (t)
�

(8.88)

is the fluctuating collective coordinate in the Heisenberg representation. Averaging
in (8.86) gives

C(t) D
X

α

	
„ω(α)

0


2
sα

�
coth

	„ωα

2
cos ωα t � i sin ωα t

�
, (8.89)

which is a form of the two-point correlation function of the bath described in Sec-
tion 7.8. From Section 7.8 we can calculate the spectral density using the correlation
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8.6 Fluctuations of a Displaced Oscillator 205

function. From (7.140) we have

C 00(ω) D �
Z

dt sin Im C(t) . (8.90)

Let us now discuss the types of correlation functions (or spectral densities) most
relevant to such molecular systems. Assuming that the system is coupled to a con-
tinuous distribution of bath frequencies, we can obtain the integral form of (8.89)
for a predefined coupling strength distribution s(ω)dω  sα . Then the spectral
density is given by

C 00(ω) D π(„ω)2(s(ω) � s(�ω)) . (8.91)

When we have a dominant mode frequency ω0, while the mode is damped, the
vibrational frequency distribution may be modeled using a Gaussian coupling:

sG(ω) D 1p
2πγ

e
�

(ω�ω0 )2

2γ2 . (8.92)

This yields

C(t) / ω2
0e� 1

2 γ2 t2
�

coth
	„ω0

2
cos ω0 t � i sin ω0 t

�
(8.93)

and the spectral density

C 00
G (ω) D λµ

p
π

γ
p

2

�
e

�
(ω�ω0 )2

2γ2 � e
�

(ωCω0 )2

2γ2

�
, (8.94)

where λ and µ are the added scaling prefactors of the energy dimension ensuring
the right units for the spectral density. Also, the expression for µ can be chosen so
that λ is equal to the reorganization energy π�1

R1

0 dω/ωC 00(ω).
Another model of Lorentzian-type coupling

sL(ω) D 1
π

1
(ω � ω0)2 C (2 ln 2) γ 2 (8.95)

yields the correlation function

C(t) / ω2
0e�γ t

�
coth

	„ω0

2
cos ω0 t � i sin ω0 t

�
(8.96)

and the spectral density

C 00(ω) D λµ � 4ωω0γ�
ω2 � ω2

0 � γ 2
�2 C 4ω2γ 2

. (8.97)

Equation (8.97) is the most general form of the spectral density. It includes both
the damping parameter γ and the vibrational frequency ω0. By taking various lim-
its with respect to these parameters, we can obtain different damping regimes
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206 8 An Oscillator Coupled to a Harmonic Bath

representing different baths. Undamped, damped, and overdamped regimes are dis-
cussed in the following.

For the motion of the undamped system (γ D 0) the spectral density function is
obtained as a Fourier transform of a single nondecaying term of (8.89). It results
in the spectral density which couples the system to a single mode of vibrations via
the δ function:

C 00
u (ω) D π sω2

0

�
δ(ω � ω0) � δ(ω C ω0)

�
. (8.98)

The reorganization energy of such spectral density is sω0.
However, the spectral density given by the δ functions is not realistic because in

solutions any vibrational motion experiences dissipation. In that case the correla-
tion function decays over time and the spectral density becomes a smooth function.
Such a damped regime corresponds to the limit of the system being neither unaf-
fected nor overdamped by the bath motion. This limit is achieved by taking γ < ω0

in (8.97) and redefining the damping strength γ ! 2�1/2γ ,

C 00
d (ω) D 4λωω2

0 γ�
ω2 � ω2

0

�2 C γ 2ω2
. (8.99)

Here λ is the reorganization energy. This type of spectral density has a peak at
ω0; however, the peak width is defined by the damping strength γ , differently
from (8.98), where the peak is the δ function (Figure 16.5a).

The overdamped bath regime is usually represented by the spectral density of a
Brownian oscillator, which is derived semiclassically. In that case the classical corre-
lation function of an overdamped oscillator is assumed (see Section 3.8):

Ccl(t) D 2λkB T exp(�γ jtj) . (8.100)

Its Fourier transform is given by

Ccl(ω) D 4kB T
λγ

ω2 C γ 2 . (8.101)

As expected, the function is real, so the spectral density cannot be defined from
the relation given by (8.90). Instead we can use general relation (7.138). Note that
in the high-temperature limit the classical correlation function coincides with the
quantum correlation function. We must then have that

C 0(t)jHT D Ccl(t) (8.102)

or

C 0(ω)jHT D Ccl(ω) . (8.103)

From relation (7.138), we then have

C 00(ω) D C 0(ω)
	ω
2
D Ccl(ω)

	ω
2

(8.104)
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and we then get the well-known spectral density of an overdamped Brownian par-
ticle

C 00
o-sc(ω) D 2λ

γ ω
ω2 C γ 2

, (8.105)

with reorganization energy λ and relaxation rate γ . The full quantum correlation
function in the frequency domain is later constructed by the direct application of
the fluctuation–dissipation relation:

Co-sc(ω) D 2λ
γ ω

ω2 C γ 2

�
1C coth

�
	ω
2

��
. (8.106)

The bath described by such spectral density is denoted as the overdamped semiclas-

sical bath.
Alternatively, the overdamped bath can also be described by assuming the most

general form of the spectral density. Taking (8.97) at the limit γ � ω0, we obtain

C 00
o-q(ω) D 4λωγ 3

(ω2 C γ 2)2
. (8.107)

We denote this regime as quantum overdamped since it is introduced from the
quantum definition of the correlation function rather than derived from classical
assumptions. The reorganization energies are equal to λ for both types of over-
damped spectral density. The semiclassical spectral density function is equal to λ
at its maximum at ω D γ , while the quantum function has its maximum at
ω D p3/3γ � 0.58γ and the maximum value C 00

o-q(
p

3/3γ ) D 3
p

3/4λ � 1.3λ.
In Figure 8.2 we show how the spectral density of the damped quantum har-

monic oscillator is interpolated from the undamped to the overdamped case. The
undamped model γ ! 0 shows a well-resolved resonance at ω D ω0 D 1, while
the overdamped model γ � ω0 D 1 shows a steep rise at low frequencies and
later decays as ω�3.

0.0 1.0 2.0 3.0 4.0

C′′
(ω

)

γ = 4

γ
=

2
γ

=
0
.5

γ
=

0
.1

ω0

ω

γ
=

1

Figure 8.2 Spectral densities of a vibronic bath based on the damped Brownian oscillator. These
functions follow (8.99) (multiplied by γ) with parameters 4λ D 1 and ω0 D 1 for various values
of the damping parameter γ .
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In practice the molecules are usually coupled to several vibrational modes and
a spectral density may be described by a multipeak function. For the model with
several modes, the spectral density is then composed of several contributions:

C 00(ω) D C 00
o (ω)C C 00

vib(ω) . (8.108)

Here the overdamped mode C 00
o (ω) corresponds to the fast overdamped (semiclas-

sical C 00
o-sc(ω) or quantum C 00

o-q(ω)) bath and is responsible for the homogeneous
broadening. The second term, C 00

vib(ω), represents the spectral density of molecular
vibrations (undamped C 00

u (ω) or damped C 00
d (ω)) . This composition of the system–

bath correlation is the commonly used approach in simulations of the spectroscop-
ic results and is discussed in detail in the literature [43, 44].
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9
Projection Operator Approach to Open Quantum Systems

In previous chapters we introduced the wavefunction and the density operator de-
scriptions of quantum mechanical systems. They were first presented as equivalent
alternatives in Chapter 4. Later in the same chapter, we recognized the flexibility of
the density operator formalism, and we introduced the concept of mixed states and
the concept of the reduced density operator. In Chapter 6 we examined the conse-
quences of the quantum mechanical formalism for large systems. We introduced
the concept of decoherence, which explains the emergence of the classical world
from the quantum mechanical description. We are often dealing with systems with
a small number of degrees of freedom, which interact with a large environment
poorly characterized due to our limited knowledge of their state. Although we have
been formally assigning wavefunctions to these environmental states, often the
only information we were really using was that the overlap of the environmental
wavefunctions corresponding to different states of the subsystem tends to zero. In
other words, we have seen the coherence between different states of the subsystem
dephase. We were thus interested in the dynamics of a small quantum mechanical
subsystem embedded in some large environment. The total system (the subsys-
tem and the environment) was itself described by a single wavefunction and it can
therefore be said to be closed, because no interaction with the outside is taken into
account. The small subsystem, on the other hand, exhibits the properties of an open

system, because it exchanges energy and sometimes even matter with the external
environment. The environment can thus be described by the concepts of statisti-
cal physics (Chapter 7). Here, the concept of the reduced density operator finds its
most important application. We have already encountered the reduced density ma-
trix in Chapter 8. Instead of following the precise time evolution of a wavefunction
of a large closed quantum system, we are able to develop a reduced description
of the subsystem evolution only, with some effective description of the rest of the
environment and its influence on the subsystem dynamics.

The situation where we observe a microscopic subsystem on a macroscopic level
is very common. Most spectroscopic measurements are done on molecules dis-
solved in a solution, or they are done on some specific (e.g., electronic) degrees of
freedom that are embedded in a sea of other degrees of freedom (e.g., nuclear). The
information that we extract from such experiments is specific to the microscopic
subsystems, yet it depends on the unknown state of the large number of degrees

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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210 9 Projection Operator Approach to Open Quantum Systems

of freedom that our experiment sees only indirectly. These degrees of freedom are
often termed irrelevant as opposed to those of the subsystem that we are interested
in, which are termed relevant. Because the irrelevant degrees of freedom are actu-
ally quite important for the evolution of the relevant part of the system, it is often
better to speak of a (sub)system and its environment, bath, or reservoir. Because the
bath is often something macroscopic, finding itself in equilibrium corresponding
to some temperature, we often speak of the thermodynamic bath or thermodynamic

reservoir. When talking about the subsystem, we will from now on use the shorter
word system wherever it does not lead to confusion with the total closed system. In
this chapter we will discuss methods for systematic derivation of evolution equa-
tions for the reduced density operator of the relevant system.

9.1
Liouville Formalism

Let us first introduce a suitable formalism for manipulations with the density op-
erators. The equation of motion for a system described by the Hamiltonian H and
the density operator �, the Liouville–von Neumann equation, was derived in Chap-
ter 4 (4.82) and we give it again here for convenience:

d
dt

� D � i
„ ( OH� � � OH ) . (9.1)

Represented in the selected basis jai, this equation would be an equation for a
matrix, and the right-hand side would be obtained by matrix multiplication. We
introduced the superoperator notation in (4.86). Equations (4.86) and (9.1) can be
formally rewritten in a superoperator form:

d
dt

� D �iL� . (9.2)

The superoperator L is usually called the Liouvillian or Liouville superoperator. In
the Dirac bra-ket formalism, we can represent it by the following scheme where L
acts on an arbitrary operator OA:

L OA D
X
ab

X
cd

jaihbjLabcdhcj OAjdi . (9.3)

As in the case of operators, the superoperators can be specified by listing their
matrix elements, which form tensors of rank 4.

In this chapter we introduce a shorthand summation notation – the Einstein
summation convention – where a repeated index in matrix manipulation is un-
derstood as a summation, for example, A ab Bbc represents

P
b A ab Bbc. Thus, for

quantum mechanical operators OA D P
ab A abjaihbj and OB D P

ab Babjaihbj and
state vector jψi D P

a ψa jai, we have

jφi D OAjψi ! A ab ψb D φa (9.4)
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9.1 Liouville Formalism 211

and

OC D OA OB ! A ab Bbc D Cac , (9.5)

where jφi is a new vector obtained by the action of OA on jψi and OC is obtained by
the product of OA and OB.

The action of a superoperator, on the other hand, requires summation of two
indices. A superoperator acts on an operator as follows:

OB D L OA !
X

cd

Labcd A cd � Labcd A cd D Bab . (9.6)

To see that there is close analogy between the operator–state vector formalism and
the superoperator–operator formalism, we can group the pairs of indices into one
superindex. This can be done in many equivalent ways. One can, for instance, start
with

1 � (11)

2 � (12)

... (9.7)

to assign a unique number to all pairs of values by some rule. Relation (9.6) will
then read

LI J A J D BI , (9.8)

where I and J are superindices. Equation (9.8) is completely analogous to rela-
tion (9.4). In other words, by reordering the density matrix elements into a vector,
and by reordering the tensor elements of the Liouvillian into a matrix, we obtain
the equation of motion for the density matrix, (9.2), in the same matrix form as the
Schrödinger equation.

The space on which the superoperators act and which is formed by the opera-
tors is sometimes termed the Liouville space. In principle, both the Hilbert space
formulation and the Liouville space formulation are equivalent for a closed system
and they can be chosen depending on convenience. The advantage of the Liouville
space becomes apparent when turning to open systems and the reduced density
matrix.

In the Liouville space a formal solution of the Liouville–von Neumann equation
can be given as

�(t) D exp(�iLt)�(0) . (9.9)

The forward propagator, or Green’s function, G(t) D θ (t) exp(�iLt) is analogous
to the corresponding evolution operator for the state vector in Hilbert space (see
Chapter 4). For a density operator representing a pure state jψi, that is, for � D
jψihψj, the evolution superoperator G(t) can be expressed in terms of an action of
two Hilbert space evolution operators OU(t) (defined in Chapter 4) as

�(t) D G(t)�(0) () OU(t)�(0) OU†(t) . (9.10)
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As long as the density matrix � represents a closed quantum mechanical system, its
time evolution can be expressed equivalently by the evolution superoperator G(t)
and the evolution operator OU(t). When the system is open, however, only the su-
peroperator formalism has enough flexibility to fully describe the reduced system
dynamics.

9.2
Reduced Density Matrix of Open Systems

In this section we introduce the reduced density matrix description of an open
system interacting with some environment. We denote the relevant system by the
letter S, the thermodynamic reservoir – the environment – by R, and any terms that
correspond to their interaction by SR. Thus, the total Hamiltonian of the composite
system consisting of the relevant system and its environment is given by

OH D OHS C OHR C OHSR , (9.11)

and the corresponding Liouville superoperator reads

L D LS C LR C LSR . (9.12)

The total density matrix of the composite system is denoted by W(t), and in general
it cannot be split into parts corresponding to subsystems S and R in a simple way.
When the interaction term OHSR is equal to zero, and subsystems S and R never
interacted, we can write the total density operator as a product of two density op-
erators: �(t) for the system S and w (t) for the environment R. This is our starting
density operator:

W0(t) D �(t)w (t) . (9.13)

The density matrix reduced to subsystem S can be obtained by averaging W over
the degrees of freedom of subsystem R. The reduction of the total density operator
is achieved by applying the trace operation in the Hilbert space of subsystem R,
which in the noninteracting case leads to

trRfW0(t)g � trRf�(t)w (t)g D �(t)trRfw (t)g D �(t) . (9.14)

Here we used the fact that the density operator is normalized. If the systems inter-
act, one can only define the reduced density operator formally by

�(t) D trRfW(t)g , (9.15)

because there is no a priori density operator of the subsystem S. Subsystems S
and R are in general entangled due to interaction (see Chapter 6). If we are inter-
ested just in observables related to subsystem S, the reduced density matrix still
possesses all the necessary information.
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It is useful to remind ourselves of the way the trace operation would be applied
to the total density matrix operator expressed in some particular basis of the total
Hilbert space. We chose some basis of vectors jai of the Hilbert space of the sys-
tem S (Latin indices) and some basis of vectors jαi of the environment R (Greek
indices). The total density matrix will be then represented by the rank-four matrix

Waα,b�(t) D hajhαjW(t)jbij�i . (9.16)

The trace operation over the environmental degrees of freedom amounts to sum-
mation of the elements of the density matrix diagonal in Greek indices:

�ab(t) D hajtrRfW(t)gjbi D
X

α

Waαbα(t) . (9.17)

Here we reduced the density operator (represented by a matrix here) and we con-
tracted it from the total Hilbert space to the smaller Hilbert space of the system.

9.3
Projection (Super)operators

The projection operator approach (see, e.g., [40]) allows us to stay in the Hilbert
space of the total system, but it projects the total density matrix onto the degrees of
freedom of the system. For the relevant system the total density matrix is replaced
by the product of the reduced density matrix �ab(t) and some prescribed density
matrix wα� in the Hilbert space of R to represent the “unknown” bath state.

This operation (reduction and replacement Waαb�(t) ! �ab(t)wα�) can be ex-
pressed by the action of a certain superoperator P on W(t):

PW(t) D �(t)w . (9.18)

Expressed in the matrix elements, (9.18) is given by

Paαb�,a0α0b0 �0 Wa0 α0b0�0 (t) � �ab(t)wα� , (9.19)

which is fulfilled by

Paαb�,a0α0b0 �0 D δaa0 δbb0 wα� δα0�0 . (9.20)

where

trfwg D
X

α

wαα D 1 . (9.21)

Otherwise the operator w can be arbitrary. The superoperator P fulfills the relation

P2 D P , (9.22)
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214 9 Projection Operator Approach to Open Quantum Systems

which qualifies it as a projection superoperator. The superoperator P thus per-
forms a trace over the bath, producing the reduced density matrix. Then it repre-
sents the state of the bath by a predefined matrix w .

One can also always define a complementary superoperator Q as

Q D 1 � P . (9.23)

It can be shown easily that Q is also a projector and that PQ D 0. In the next few
sections we will show how to use superoperators P and Q to our advantage together
with the Liouville superoperators. This will significantly simplify the derivation of
approximate equations of motion for the reduced density matrix �(t).

9.4
Nakajima–Zwanzig Identity

Our final aim is to derive a suitable equation of motion for the reduced density
operator �(t). Such a derivation can be conveniently formalized if we first try to
find the equation of motion of the density matrix PW(t), which implicitly contains
�(t) (see (9.18)). As we show below, one can derive a formal equation in a closed
form. Solving this equation is as difficult as solving the full equation for W(t), but
it can be used as a starting point for a subsequent approximative treatment.

We start with the Liouville equation for the total density matrix:

@

@t
W(t) D �i (LS C LR C LSR) W(t) . (9.24)

It is useful to work in the interaction picture with respect to Liouvillians LS and LR

because this will later allow us to perform a certain perturbation expansion with
respect to LSR only. The interaction picture is used here in full analogy with the
interaction picture explained in Section 4.4.3 for the state vector. The analogy is
complete, just the operators are replaced by superoperators and the state vectors
are replaced by density operators. Equation (9.24) in the interaction picture reads

@

@t
W (I)(t) D �iLSR(t)W (I)(t) . (9.25)

The projector operators P and Q introduced allow us to write the following two
coupled equations:

@

@t
PW (I)(t) D �iPLSR(t)PW (I)(t) � iPLSR(t)QW (I)(t) , (9.26)

@

@t
QW (I)(t) D �iQLSR(t)QW (I)(t) � iQLSR(t)PW (I)(t) . (9.27)

In (9.27) we introduced the new quantity QW
(I)

0 (t) (an interaction picture):

QW
(I)

0 (t) D exp�

0
@i

tZ
t0

dτQLSR(τ)Q
1
AQW (I)(t) . (9.28)
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This transforms (9.27) into

@

@t
QW

(I)
0 (t) D �i exp�

0
@i

tZ
t0

dτQLSR(τ)Q
1
AQLSR(t)PW (I)(t) . (9.29)

The solution of (9.29) can be easily found by integration:

QW
(I)

0 (t) D QW
(I)

0 (t0)

� i

tZ
t0

dτ exp�

0
@i

τZ
t0

dτ0QLSR(τ0)Q
1
AQLSR(τ)PW (I)(τ) . (9.30)

After returning from the second interaction picture to QW (I)(t) by inverting (9.28),
we obtain

QW (I)(t) D expC

0
@�i

tZ
t0

dτQLSR(τ)Q
1
AQW (I)(t0)

� i

tZ
t0

dτ expC

0
@�i

t�τZ
t0

dτ0QLSR(τ0)Q
1
AQLSR(τ)PW (I)(τ) .

(9.31)

We next insert (9.31) into (9.26) and obtain a closed equation of motion for the
relevant part of the density matrix PW (I)(t):

@

@t
PW (I)(t) D �iPLSR(t)PW (I)(t)

� iPLSR(t) expC

0
@�i

tZ
t0

dτQLSR(τ)Q
1
AQW (I)(t0)

�
tZ

t0

dτPLSR(t) expC

0
@�i

t�τZ
t0

dτ0QLSR(τ0)Q
1
A

� QLSR(τ)PW (I)(τ) . (9.32)

This equation, called the Nakajima–Zwanzig identity, is exact. No approximations
were used in its derivation. We could have formulated it without the interaction
picture, in which case its form would be simpler (ordinary instead of time-ordered
exponentials). The Nakajima–Zwanzig identity is, however, useful mostly in ex-
panding the exponentials to a low order. This would mean that we would expand
the equations in the total Liouvillian, not just the interaction Liouvillian.
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We can identify three terms in (9.32): a term which seems to contain an effective
Liouvillian

LNZ(t)PW (I)(t) D PLSR(t)PW (I)(t) , (9.33)

the so-called initial correlation term

INZ(t) D PLSR(t) expC

0
@�i

tZ
t0

dτQLSR(τ)Q
1
AQW (I)(t0) , (9.34)

and a relaxation and dissipation term

KNZ(tIPW (I)) D
tZ

t0

dτPLSR(t) expC

0
@�i

t�τZ
t0

dτ0QLSR(τ0)Q
1
A

� QLSR(τ)PW (I)(τ) . (9.35)

The equation for the projected density matrix then reads

@

@t
PW (I)(t) D �iINZ(t) � iLNZ(t)PW (I)(t) � KNZ(tIPW (I)) . (9.36)

We will interpret these terms after we will deal with an alternative use of the pro-
jector superoperators in the section that follows .

9.5
Convolutionless Identity

The exact equation, (9.32), is an integrodifferential equation. The time derivative of
the state (the left-hand side of (9.32)) depends on the history of the system, that is,
the equation is time nonlocal. However, this dependence is not fundamental. As
we will demonstrate, it is possible to rewrite (9.32) in a time-local form.

We start with the full formal solution of the problem in the interaction represen-
tation, (9.25), that is, with

W (I)(t) D G(t, t0)W (I)(t0) . (9.37)

The evolution superoperator

G(t, t0) D exp

0
@�i

tZ
t0

dτLSR(τ)

1
A , (9.38)

which solves (9.25), can be used to convert (9.32) into an ordinary differential equa-
tion. We will start with (9.31), that is, one step before we completed the derivation

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c09 — 2013/6/3 — page 217 — le-tex

�

�

�

�

�

�

9.5 Convolutionless Identity 217

of the Nakajima–Zwanzig identity. We express all density operators in terms of
W (I)(t), for example, W (I)(τ) D G(τ, t)W (I)(t). So for (9.31) we write

QW (I)(t) D expC

0
@�i

tZ
t0

dτQLSR(τ0)Q
1
AQW (I)(t0)

� i

tZ
t0

dτ expC

0
@�i

t�τZ
t0

dτ0QLSR(τ0)Q
1
AQLSR(τ)

� PG(τ, t) (Q C P) W (I)(t) . (9.39)

QW (I)(t) appears on both sides of (9.39). Collecting both terms containing it, and
dividing by the factor in front of it, we obtain

QW (I)(t) D (1 � Σ (t))�1 expC

0
@�i

tZ
t0

dτQLSR(τ0)Q
1
AQW (I)(t0)

C (1 � Σ (t))�1Σ (t)PW (I)(t) , (9.40)

where the superoperator Σ (t) reads

Σ (t) D �i

tZ
t0

dτ expC

0
@�i

t�τZ
t0

dτ0QLSR(τ0)Q
1
AQLSR(τ)PG(τ, t) . (9.41)

The new closed-form equations for PW (I)(t) contain only W (I)(t) and W (I)(t0) on
the right-hand side. They are therefore ordinary differential equations and the his-
tory term was eliminated. The final convolutionless form of the equations of mo-
tion reads

@

@t
PW (I)(t) D �iICL(t) � KCL(t)PW (I)(t) , (9.42)

where

ICL D iPLSR(t)(1 � Σ (t))�1 expC

0
@�i

tZ
t0

dτQLSR(τ0)Q
1
AQW (I)(t0) (9.43)

and

KCL(t) D iPLSR(t)(1 � Σ (t))�1P . (9.44)

So we obtained again equations of motion of the projected density operator
PW (I)(t), this time in a convolutionless form. The term KCL contains a contri-
bution equivalent to LNZ of (9.33), and a contribution replacing LNZ of (9.35).
Equations (9.32) and (9.42) represent two equivalent expressions for the dynamics
of the projected density operator. These types of expressions can be efficiently used
in relaxation theory, as we show in Section 11.3.
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218 9 Projection Operator Approach to Open Quantum Systems

9.6
Relation between the Projector Equations in Low-Order Perturbation Theory

Identities (9.32) and (9.42) are not practical, unless we expand their terms in low
order of LSR. In order to simplify the following approximate treatment, we will use
a particular form of the projection superoperator, (9.18), and assume that the initial
condition for the total density matrix reads

W(t0) D �(t0)w . (9.45)

This choice leads to

QW(t0) D 0 , (9.46)

and thus the terms INZ and ICL containing W(t0) are eliminated from all equa-
tions. Interestingly, this type of initial equation is quite common in spectroscopy,
as we will discuss in Part Two (see Chapter 14).

Another point worth noting is the fact that we derived our identities in the inter-
action picture. We have to find the relation between the projected density operator
PW (I)(t) and the reduced density operator �(t). Using the definition of the interac-
tion picture, we have

PW (I)(t) D OU†
S (t)trR

n OU†
R(t)W(t) OUR(t)

o
w OUS(t) D �(I)(t)w . (9.47)

Here we used the fact that under the trace we can perform cyclical permutation of
the operators, and correspondingly the bath evolution has no effect.

In the second order, the Nakajima–Zwanzig identity, (9.32), becomes (we omit
the initial term because of (9.46))

@

@t
�(I)(t) D �itrRfLSR(t)wg�(I)(t)

�
t�t0Z
0

dτtrRfLSR(t)QLSR(t � τ)wg�(I)(t � τ) . (9.48)

At the same time, the second-order expansion of the convolutionless identity
leads to

@

@t
�(I)(t) D �itrRfLSR(t)wg�(I)(t)

�
t�t0Z
0

dτtrRfLSR(t)QLSR(t � τ)wg�(I)(t) . (9.49)

Equations (9.48) and (9.49) represent two different master equations for the re-
duced density operator in the interaction picture. The only difference between (9.48)
and (9.49) is the retardation in (9.48). The convolutionless version of the equation
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can be obtained from (9.48) by an approximation which reminds us of the proce-
dure by which we derived the convolutionless identity itself. Let us postulate an
evolution superoperator UP (t) which solves (9.32) so that

�(t � τ) D UP (�τ)�(t) . (9.50)

Inserting this relation into (9.48), we obtain an ordinary differential equation for
O�(t). Because we want to keep the master equation in the second order of pertur-
bation theory with respect to LSR(t), we have to approximate UP (�τ), which now
appears in the integration kernel, in zeroth order. This, however, means that we
have to assume it is identity UP (�τ) � 1. This leads to a second-order master equa-
tion which is identical to (9.49). Thus, after the replacement O�(t � τ) ! O�(t) in
the second-order Nakajima–Zwanzig master equation, we obtain the second-order
convolutionless master equation. This replacement is usually considered an ap-
proximation, but it certainly does not represent an approximation with respect to
the interaction Liouvillian LSR.

The question of which of the two-second order equations, (9.48) or (9.49), is bet-
ter has to be answered on an individual basis. Practical reasons limit us to these
second-order representations, while at the same time, going to higher orders does
not necessarily bring about an improvement [45]. In some cases, the second-order
convolutionless generalized master equation can be shown to be exact [46] because
it corresponds to the so-called second cumulant expansion [26].

9.7
Projection Operator Technique with State Vectors

The projection (super)operator technique is not exclusively reserved for density op-
erator problems. We can apply it to state vector problems as well. We used the
superoperator formulation in the previous sections, and we can now apply its re-
sults to the analogous problem with the state vector. The application to state vectors
amounts to replacement of the superoperators by operators and the replacement
of density operators by state vectors. In this section we use a slightly unusual look
at open quantum systems. We will consider a multistate system, in which two lev-
els will be considered explicitly, and the rest of the states will form a “bath” with
respect to which the explicitly considered part of the system Hilbert space will be
open. Let us consider an N -level system. The two lowest levels jgi and jei will be
the levels of interest, while the existence of a remaining band of a large (potentially
infinite) number of states j f ni is also assumed.

We will study the feasibility of exciting state jei by light with frequency ω when
the system is initially in state jgi. In the case when the transition from jgi to jei is
dipole allowed, that is, the dipole moment operator has the form

µ D deg(jeihgj C jgihej) C . . . , (9.51)
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the situation is simple. Let the Hamiltonian have the simple form of

H D �ejeihej C
X

n

� f n
j f nih f n j , (9.52)

where we assume �g D 0. The state vector jψ (I)(t)i in the interaction picture with
respect to H and its expansion in terms of the basis states can be written as

jψ (I)(t)i D c
(I)
g (t)jgi C c

(I)
e jei C

X
n

c
(I)
f n

(t)j f ni . (9.53)

We are interested in the excited state jei and therefore we consider the Schrödinger
equation for the coefficient c

(I)
e (t). Let the interaction with the external monochro-

matic electric field E(t) D E (t)e�iω t C c.c. be weak so that we can set c
(I)
g (t) �

c
(I)
g (0) D 1. From the Schrödinger equation

@

@t
jψ (I)(t)i D iµ(t)E(t)jψ (I)(t)i , (9.54)

we get

@

@t
c

(I)
e (t) D idegeiω eg tE (t)(e�iω t C eiω t )c(I)

g (t) . (9.55)

The term eiω eg t was obtained from the interaction picture of the transition dipole
operator. The right-hand side of (9.55) contains terms oscillating with frequencies
ω eg � ω and ω eg C ω. The former difference becomes zero at resonance and the
corresponding term leads to a steady increase of c

(I)
e (t). The second term oscillates

with twice the frequency at resonance. Its contribution can therefore be disregard-
ed. An effective equation for the expansion coefficient c

(I)
e (t) is therefore

@

@t
c

(I)
e (t) � ideg E0c

(I)
g (t) . (9.56)

This corresponds to a normal absorption of light.
The situation is more complicated when the direct transition from jgi to jei is

not allowed. Let us assume that at least some transitions from jgi to j f ni and from
j f ni to jei are allowed, that is,

µ D de f n
jeih f n j C

X
n

dg f n
jgih f nj C h.c. (9.57)

We are still interested only in what happens in the subspace given by the projec-
tor P D jgihgj C jeihej, that is, the details of the system evolution concerning
states j f ni are to be considered by some effective theory. Equation (9.54) requires
all states be known. However, applying the projector operator P to it would lead to
an effective equation projected just onto the two states we are interested in.

By analogy with the previous section, we should expect the equation of motion
for Pjψ (I)(t)i in the form of (9.42), with K(1)

CL(t) and K(2)
CL(t) in the corresponding

operator forms:

K(1)
CL(t) D iPµ(t)E(t)P , (9.58)
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K(2)
CL(t) D iP

tZ
t0

dτµ(t)E(t)Qµ(τ)E(τ)P . (9.59)

Because the transition dipole moment µ contains j f ni states in all terms (see (9.57))
the projection PµP and correspondingly K(1)

CL are equal to zero. The only term that
is able to bring the excitation to state jei is therefore the term K(2)

CL. The projected
Schrödinger equation reads

@

@t
Pjψ (I)(t)i D �K(2)

CL(t)Pjψ (I)(t)i . (9.60)

We will again assume that the population of states jei and j f ni is negligible with
respect to the population of jgi. Disregarding c

(I)
e (t) on the right-hand side, we

obtain

@

@t
c

(I)
e (t) D �

tZ
t0

dτ
X

n

ei�e /„t de f n
e�i� f n /„(t�τ)d f n gE (t)E (τ)

� (e�iω t C eiω t )(e�iωτ C eiωτ)c(I)
g (t) . (9.61)

The integration can be performed, leading to

@

@t
c

(I)
e (t) D �i

X
n

(e�i(ω�ω egCω f n g)t C ei(ωCω eg�ω f ng)t )de f n
d f n gE (t)E (t)

�
 

e�i(ω�ω f ng)t

ω � ω f n g
� ei(ωCω f ng)t

ω C ω f n g

!
c

(I)
g (t) .

(9.62)

Here we assumed the slowly varying envelope approximation, and we assumed that
E (t0) D 0.1) There are now a number of conditions under which transition to state
jei can happen. We can identify four terms on the right-hand side of (9.62) which
have to be integrated to obtain c

(I)
e (t). The resonance conditions in the correspond-

ing four cases are as follows:

ω � ω eg C ω f n g C ω � ω f n g D 2ω � ω eg � 0 , (9.63)

ω � ω eg C ω f n g � ω � ω f n g D ∆ω � ω eg � 0 , (9.64)

ω C ω eg � ω f n g � ω C ω f n g D ∆ω C ω eg � 0 , (9.65)

ω C ω eg � ω f n g C ω C ω f n g D 2ω C ω eg � 0 . (9.66)

Here, ∆ω � 0 represents a possible mismatch of the two appearences of ω due
to finite width of the exciting pulses. First of all, condition (9.66) cannot be satis-
fied with positive frequencies, and it does not correspond to any physical process.

1) Integrating by parts, we obtain
R t

t0
dτE(τ)eiωτ D [E(τ)eiωτ /iω]t

t0
� R t

t0
dτE 0(τ)(eiωτ )/(iω). The

derivative E 0(t) of the envelope E(t) is small and smooth so its integral with a fast exponential is
negligible. Considering E(t0) D 0, we get

R t

t0
dτE(τ)eiωτ � E(t)(eiωt )/iω.
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222 9 Projection Operator Approach to Open Quantum Systems

In conditions (9.63) and (9.66), the light frequency ω does not cancel out, while
it completely cancels in conditions (9.64) and (9.65). In this latter case, we arrive
at the condition ω eg D 0, which cannot be satisfied (we have no control over the
transition frequency). However, if the excitation pulse carries a spectrum of fre-
quencies with width ∆ω, the two occurrences of ω in (9.64) and (9.65) do not have
to cancel exactly and the resonance condition can be fulfilled. We denote this by the
resonance condition ∆ω ˙ ω eg � 0. Alternatively, we could consider excitation by
two pulses with different frequencies (different by the value of ∆ω), which would
lead to the same resonance condition.

In (9.63) we arrived at the theory of two-photon absorption. Interestingly, although
states j f ni were instrumental in providing the channel for excitation, their tran-
sition frequencies do not appear in the resonance condition. Considering condi-
tion (9.63), we get from (9.62)

@

@t
c

(I)
e (t) D �i

 X
n

de f n
d f n g

ω � ω f n g

!
E (t)E (t)c(I)

g (t) , (9.67)

which corresponds to the normal linear absorption process described by (9.56) only
with the replacement E (t) ! E (t)E (t) and deg ! P

n(de f n
d f n g)/(ω f n g � ω). The

effective two-photon transition dipole moment,

D
(2)
eg D

X
n

de f n
d f n g

ω f n g � ω
, (9.68)

contains the transition dipole moments and transition frequencies of states j f ni.
The conditions specified by (9.64) and (9.65) are even less specific when it comes

to the value of the light frequency ω. They state that if the excitation pulse contains
a spread of frequencies large enough to be equal to the transition frequency ω eg ,
state jei can be excited. Again, the transition frequencies ω f n g have no role in
the resonance condition. As in two-photon absorption, they influence the effective
transition dipole moment. The two conditions (9.64) and (9.65) correspond to the
Raman scattering process.
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10
Path Integral Technique in Dissipative Dynamics

In this chapter we make a short detour from the master-type equations describing
the relaxation problems. The path integral approach (see, e.g., [47], and also [42],
where its application to quantum dissipative systems is extensively described) is
one of the techniques which applies quantum dynamics to classical trajectories. It
can be applied in a wide variety of systems and it provides a very elegant extension
to statistical physics. In the problem of quantum dissipative dynamics the path in-
tegral technique allows an easy description of mixed quantum–classical dissipative
systems.

10.1
General Path Integral

Consider the coordinate and momentum operators. In the general spirit of quan-
tum mechanics, the eigenstates of the position operator Oq can be defined using

Oqjqi D qjqi . (10.1)

They create the complete and orthogonal basis set in the sense hqjq0i D δ(q � q0),
and Z

dqjqihqj D 1 . (10.2)

In the same way, we introduce the momentum operator eigenstates

Op jp i D p jp i (10.3)

with the same properties hp jp 0i D δ(p � p 0), andZ
dp jp ihp j D 1 . (10.4)

As momentum and coordinate states are equivalent, we can use either representa-
tion for quantum problems.

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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224 10 Path Integral Technique in Dissipative Dynamics

In the coordinate representation, the coordinate operator Oqq D q, and the canon-
ical commutation relation, (Chapter 4), is satisfied when Opq D �i„@/@q. In the
momentum representation the result is similar, for example, Op p D p , and the
canonical relation is satisfied when Oq p D i„@/@p . The quantity of interest is now
the scalar product of coordinate and momentum eigenstates denoted by hqjp i. For
this purpose we can write the eigenequation for the momentum operator in the
coordinate representation:

Op φ p (q) D p φ p (q) , (10.5)

which describes the wavefunction φ p (q) of the momentum operator with momen-
tum eigenvalue p . The normalized solution reads

φ p (q) D 1p
2π„ exp

�
i
„ p q

�
, (10.6)

with normalizationZ
dqφ�

p (q)φ p 0(q) D δ(p � p 0) . (10.7)

In the coordinate representation, the wavefunction of the coordinate operator is
given by

Oqψq0 (q) D q0ψq0 (q) , (10.8)

which is satisfied by ψq0 (q) D δ(q � q0). Then,

hqjp i �
Z

dq0δ(q � q0)φ p (q0) D 1p
2π„ exp

�
i
„ p q

�
. (10.9)

This is an important relation for the path integral formulation in the coordinate
representation.

Consider a particle with mass m moving in a one-dimensional space along coor-
dinate q in a potential V(q). The Hamiltonian describing this motion is

OH D Op 2

2m
C V( Oq) , (10.10)

where Op and Oq are the momentum and coordinate operators. The Schrödinger
equation describes the time evolution of a state vector (see Chapter 4):

@

@t
jψi D � i

„
OH jψi . (10.11)

We can now introduce the time-evolution operator

jψ(t)i D U(t)jψ(0)i , (10.12)

where

U(t) D exp
�

� i
„

OH t

�
. (10.13)
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10.1 General Path Integral 225

From (10.12) in the coordinate representation we write for the wavefunction

ψ(q, t) D
Z

dq0hqjU(t)jq0iψ(q0, 0)

�
Z

dq0K(q, tI q0, 0)ψ(q0, 0) , (10.14)

where we denote

K(qf, tfI q0, t0) � hqfj exp
�

� i
„

OH(tf � t0)
�

jq0i . (10.15)

This value denotes the amplitude of the transition from system coordinate q0 at
time t0 to coordinate qf at later time tf. It is a complex value, so it cannot be associ-
ated with the probability and is denoted by a probability amplitude. The probability
is given by jK(qf, tfI q0, t0)j2.

Due to the completeness of the coordinate representation (10.2), we can write
the composition law of propagators:

K(q2, t2jq0 t0) D
Z

dq1K(q2, t2jq1 t1)K(q1, t1jq0 t0) , t0 < t1 < t2 . (10.16)

This bears strong similarity with the stochastic Markovian dynamics described by
the equivalent Chapman–Kolmogorov equation for transition probabilities as in
Chapter 3. Let us divide the time interval into many equidistant N intervals as
shown in Figure 10.1:

tf � t0 W tn D t0 C n� , � D (tf � ti )/N , (10.17)

and n D 0 . . . N . n D 0 denotes the initial point t0, while n D N denotes the final
point tf. The full propagator is then

K(qf, tfjq0, t0) D
Z

dqN�1 � � �
Z

dq2

Z
dq1

K(qf, tfjqN�1, tN�1) � � � K(q2, t2jq1, t1)K(q1, t1jq0, t0) (10.18)

(notice that the initial and final positions are not integrated over), where

K(qn, tn jqn�1, tn�1) D hqnj exp
�

� i
„

OH�

�
jqn�1i (10.19)

t0 tn tf

qi
qn

qf

four intervals
three divisions

Figure 10.1 Construction of the path integral. The total interval is divided into N D 4 intervals
by three divisions. The coordinate is followed at each interval.
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226 10 Path Integral Technique in Dissipative Dynamics

is the elementary propagator over the infinitesimal interval �.
The infinitesimal propagator can be easily calculated. If we take N ! 1 and

� ! 0, we can expand the exponent in (10.19) as

K(qn, tn jqn�1 tn�1) D hqnj1 � i
„

OH� C . . . jqn�1i . (10.20)

Using the properties of the Fourier integral, we obtain from the first term

hqnjqn�1i D δ(qn � qn�1) �
Z

dp

2π„ exp
�

i
p

„ (qn � qn�1)
�

. (10.21)

The second term from the Hamiltonian (10.10) reads

hqnj i
„

OH�jqn�1i D i
„ �hqnj Op 2

2m
jqn�1i C i

„�hqnjV( Oq)jqn�1i . (10.22)

For the kinetic energy part we insert the full set of momentum operators and
use (10.9):

hqnj Op 2

2m
jqn�1i D

Z
dpn�1hqnj Op 2

2m
jpn�1ihpn�1jqn�1i

D
Z

dpn�1

2π„ exp
�

i
„ pn�1(qn � qn�1)

�
p 2

n�1

2m
. (10.23)

The potential energy from (10.21) gives

hqnjV( Oq)jqn�1i D V(qn�1)δ(qn � qn�1)

D
Z

dpn�1

2π„ exp
�

i
„ pn�1(qn � qn�1)

�
V(qn�1) .

Inside the integral the sum of kinetic and potential energy terms gives

p 2

2m
C V(q) � H(p , q) , (10.24)

which is the classical Hamiltonian function (not an operator). The elementary prop-
agator is then reconstructed by taking the small terms into the exponent:

K(qn, tn jqn�1 tn�1) D
Z

dpn�1

2π„ ei pn�1(qn �qn�1)
„ � i

„ �H(pn�1,qn�1) . (10.25)

We can now combine (10.18) to get the full propagator:

K(qf, tfjq0 t0) D
0
@N�1Y

j D1

Z
dq j

1
A N�1Y

kD0

Z
dpk

2π„

!

� exp

 
i
„

N�1X
lD0

�
�
p l Pq l � H(p l , q l )

�!
, (10.26)
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10.1 General Path Integral 227

where Pq l D (q lC1 � q l )/�. Notice that there is one p integral for each interval (N
intervals), while there is one less q integral over points connecting these intervals.
In the continuous limit we write the general path integral

K(qf, tfjq0 t0) D
qfZ

q0

Dq

Z
Dp exp

0
@ i

„

tfZ
t0

dτL(p (τ)q(τ))

1
A , (10.27)

where

Z
Dp D

N�1Y
kD0

Z
dpk

2π„ , (10.28)

Z
Dq D

N�1Y
kD1

Z
dqk . (10.29)

Here and in the following the absence of integration limits implies the integration
over the whole space, i.e. from �1 to C1. In the exponent we get the classical
Lagrangian (not an operator) as a function of the paths in the phase space defined
by q(t) and p (t):

L(p (τ)q(τ)) D p (τ) Pq(τ) � H(p (τ), q(τ)) . (10.30)

For the Hamiltonian form as in (10.10) we have an independent momentum-
related term. So in the path integral we have independent Gaussian-type integrals
over the momentum. These can be integrated by using

Z
dp exp

�
a

�
p Pq � p 2

2m

��
D exp

�
a

m Pq2

2

�r
2π m

a
(10.31)

by extending it to imaginary space (a D i�/„). We then get the path integral in the
sole coordinate space as a set of N trajectories and N � 1 integrals:

K(qf, tfjq0 t0) D
� m

2π„i�

�N/2

0
@N�1Y

j D1

Z
dq j

1
A exp

 
i�
„

N�1X
lD0

 
m Pq2

l

2
� V(q l)

!!

(10.32)

or in the continuum version

K(qf, tfjq0 t0) D
qfZ

q0

Dq exp
�

i
„ S(q(τ))

�
, (10.33)

where we assume the normalization constants are absorbed in Dq. The functional

S(q(τ)) D
tfZ

t0

dτ
�

m Pq2(τ)
2

� V(q(τ))
�

(10.34)
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denotes the classical action functional given for a path q(τ) starting at qi at t0 and
ending at qf at tf. The path is continuous in time and is forward in time (i.e., it has
no loops or parts with back-propagation).

Note that the path integral is the symbolical expression whose explicit simulation
would require us to calculate the discrete expression (10.26). On the other hand,
when the action is calculated, the proper normalization can be defined using some
specific known-limit cases.

10.1.1
Free Particle

Let us now consider a free particle. In this case V(q) D 0 and the propagator is
given by

K(qf, tjq00) D hqfj exp
�

� i
„

OH t

�
jq0i . (10.35)

The Hamiltonian is

OH D Op 2

2m
. (10.36)

We then have

K(qf, tjq00) D hqfj exp
�

� i
„

Op 2 t

2m

�
jq0i . (10.37)

Inserting the momentum eigenstate complete basis, we get the Gaussian integral

K(qf, tjq00) D
Z

dp

2π„ exp
�

i
„ p (qf � q0) � it

„
p 2

2m

�
, (10.38)

which finally gives

K(qf, tjq00) D
r

m

2πi„t
exp

�
im
2„t

(qf � q0)2
�

. (10.39)

The same result should be available from the path integral. The action over the
paths is given by

S(q(τ)) D m

2

tZ
0

Pq(τ)d(q(τ)) D m

2
( Pq f qf � Pq0q0) . (10.40)

Now we partition the path into the classical Nq part and the deviation y :

q(τ) D Nq(τ) C y (τ) . (10.41)

For the classical paths the straight paths contribute

Nq(τ) D q0
t � τ

t
C qf

τ
t

. (10.42)
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These give

S( Nq(τ)) D m

2t
(qf � q0)2 . (10.43)

For the quantum paths we can take the Fourier series

y (τ) D
1X

αD1

�α sin(να τ) . (10.44)

Here να D πα/ t guarantees boundary conditions y (0) D y (τ) D 0. The action
functional over the quantum paths is given by

S(y (τ)) D
tZ

0

dτ
m Py 2(τ)

2
D

1X
αD1

� 2
α

mν2
α

2

tZ
0

dτ cos2(να τ) , (10.45)

which gives

S(y (τ)) D mπ2

4 t

1X
αD1

� 2
α α2 . (10.46)

The path integral over the quantum paths is

Z
Dy exp(. . .) /

Y
α

0
@ 1Z

�1

d�α

1
A exp

�
i
„ S(y (τ))

�
, (10.47)

which gives the Gaussian integrals over the �α . However, note that this quantum
contribution does not affect the dependence on the endpoints q0 and qf. This path
integral thus affects only the normalization of the probability amplitude. The nor-
malization factor can be easily obtained fromZ

dqfjK(qf, tjq00)j2 D 1 , (10.48)

which finally gives the same result as (10.39).

10.1.2
Classical Brownian Motion

In this chapter we are describing quantum path integrals. However, we can use
the path integral to describe a simple stochastic process – Brownian motion. In the
simplest model, Brownian motion is described using the diffusion equation

@w (x , t)
@t

D D
@2 w (x , t)

@x2 . (10.49)

The solution for the initial condition is

w (x , t) D 1p
4πD t

exp
�

� x2

4D t

�
. (10.50)
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We can introduce the propagator

w (x , t) D
Z

dxi K(x , tjxi ti )w (xi ti ) . (10.51)

The propagator is then given by

K(x , tjx 0 t0) D 1p
4πD(t � t0)

exp
�

� (x � x 0)2

4D(t � t0)

�
. (10.52)

Let us now divide the time interval t � t0 into N intervals and consider the com-
pound probability that the particle is at point xn at time tn in the interval dx . The
probability of such a path x (τ) is

�
dxp
4πD�

�N

exp
�

� (x1 � x0)2

4D�
� (x2 � x1)2

4D�
. . . � (xN � xN�1)2

4D�

�

D
�

dx (τ)p
4πDdτ

�N

exp

0
@� 1

4D

tZ
t 0

dτ Px2(τ)

1
A .

(10.53)

Now if we sum up over all possible trajectories, or integrate over all intermediate
points xn , we will get the full propagator in terms of the path integral:

K(x2, t2jx1 t1) D
x2Z

x1

Dx exp

0
@� 1

4D

tZ
t 0

dτ Px2(τ)

1
A . (10.54)

This result also introduces the weight of a single trajectory. All trajectories start at
x1 and end at x2 and

x2Z
x1

Dx � lim
N!1

�Z
dxp
4πD�

�N

. (10.55)

Similarly, the path integral can be applied to the overdamped oscillator motion
in a harmonic potential (see Section 3.6). In that case we will get a slightly different
weight for a single trajectory. The stochastic process � (τ) is then described by the
path integral of the form

Kosc(� , tj�0 t0) D
�Z

�0

D� Posc(� (τ)) . (10.56)

The probability weight of each path

Posc(� (τ)) D exp

0
@� 1

4D

tfZ
t i

dτ( P� (τ) C D � (τ))2

1
A . (10.57)

Classical stochastic processes can thus be easily described by the simple path
integrals and these can be used in the mixed semiclassical models as we show later
in this chapter.
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10.2
Imaginary-Time Path Integrals

In the previous section we showed how the quantum mechanical transition proba-
bility amplitude can be given in terms of the paths in space. We will use this result
to derive equations of motion for the density matrix. In this section we present an
elegant connection between the path integral expression of the probability ampli-
tude and the partition function of statistical physics.

The partition function of the canonical ensemble was described in Chapter 7 and
is given by

Z D tr(e�� OH ) , (10.58)

where � D (kB T )�1. Consider the operator

OZ (�) D e�� OH . (10.59)

It is equivalent to the evolution operator defined by (10.13) if we extend the time
axis into the imaginary dimension by taking � D it„�1. Then OZ (�) D OU(t D
�i�„). In the coordinate representation we can then calculate the amplitude

hqfj OZ (�)jqii D hqfje�� OH jqii , (10.60)

and by taking the trace, we find the partition function

Z D
Z

dqhqje�� OH jqi . (10.61)

Knowledge of how to calculate the propagators can be easily translated to the
problem of the partition function. Using the analogy with the path integral of the
previous section, taking t0 D 0 and tf D �i�„, as well as q0 D qf D qN , we find
the imaginary-time path integral expression for the partition function:

Z D
Z

dq

qZ
q

Dq0 exp
�

� 1
„ S (E)(q0(τ))

�
, (10.62)

where now

S (E)(q(τ)) D
�„Z

0

dτ
�

m Pq(τ)2

2
C V(q(τ))

�
. (10.63)

The functional S (E) is called the Euclidean action for a path starting and ending at
the same coordinate q. The starting time is 0 and the time propagates along the
imaginary axis. The integrals

Z
dq

qZ
q

Dq �
Z

D1q (10.64)
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can be denoted as a single path integral, whose endpoints are additionally integrat-
ed over the whole space.

In the same way we can now write the canonical density matrix, which in the
coordinate representation reads

W(q2q1) D Z�1hq2j OZ (�)jq1i

D Z�1

q2Z
q1

Dq exp
�

� 1
„ S (E)(q(τ))

�
. (10.65)

Now here the initial and final propagation coordinates of the trajectory q(τ) are
different, leading to the canonical density matrix in the coordinate representation.

When the total system consists of an observable system and a bath we have the
additive Hamiltonian

OH D OHS C OHB C OHI . (10.66)

We denote the system coordinates as q and the bath coordinates as x . In the same
way, we get for the Euclidean action

S (E) D S
(E)
S (q(τ)) C S

(E)
B (x (τ)) C S

(E)
I (q(τ), x (τ)) . (10.67)

For the observable system we can easily define the reduced canonical density matrix
by tracing over the bath coordinates:

�(q2q1) � trB W(q2x , q1x ) D Z�1

q2Z
q1

Dq

Z
D1x

� exp
�

� 1
„ S

(E)
S (q(τ)) � 1

„ S
(E)
B (x (τ)) � 1

„ S
(E)
I (q(τ), x (τ))

�
.

(10.68)

Note that the action functionals in the exponent are classical functions (not oper-
ators). The exponent thus factorizes. Additionally we define the reduced partition
function of the system ZS ZR D Z and we get

�(q2q1) D Z�1
S

q2Z
q1

Dq exp
�

� 1
„ S

(E)
S (q(τ))

�
F (E)(q(τ)) , (10.69)

where we introduced the influence functional

F (E)(q(τ)) D Z�1
R

Z
D1x exp

�
� 1

„ S
(E)
B (x (τ)) � 1

„ S
(E)
I (q(τ), x (τ))

�
. (10.70)

In the influence functional all paths run over loops with the same initial and final
coordinates. That is not the case in the expression for the system density matrix
in (10.69). In this path integral, the density matrix is defined as a regular path
integral of system quantities. However, the bath affects the system through the
influence functional.
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10.3
Real-Time Path Integrals and the Feynman–Vernon Action

In the previous sections we described a general formulation of the path integrals.
In this section we consider dissipative dynamics of open systems. We thus need to
consider the time dependence of the reduced density matrix. The time dependence
of the full density matrix of the global system is given by

W(t) D e�i OH t/„ OW (0)ei OH t/„ . (10.71)

In the coordinate representation we have

hqf, xfj OW (t)jq0
f x

0
f i D

Z
dqi

Z
dq0

i

Z
dxi

Z
dx 0

i

K(qfxf, tjqi xi , 0)hqi xi j OW (0)jq0
i x

0
i iK�(q0

f x
0
f , tjq0

i x
0
i , 0) .

(10.72)

K(qfxf, tjqi xi , 0) is the coordinate representation of the time-evolution operator in
the space of the system and bath coordinates,

K(qfxf, tjqi xi , 0) D hqfxfje�i OH t/„jqi xi i , (10.73)

which we described in previous sections in this chapter. For the propagators we can
now write the real-time path integral

K(qfxf, tjqi xi , 0) D
qfZ

qi

Dq

xfZ
xi

Dx exp
�

i
„ S(q(τ), x (τ))

�
. (10.74)

The functional integration has endpoints q(0) D qi , q(t) D qf, x (0) D xi , and
x (t) D xf. The total action is given by a sum of Lagrangians:

S D SS C SR C SI D
tZ

0

dτ
	
LS(q(τ)) C LR(x (τ)) C L I(q(τ), x (τ))



. (10.75)

The reduced density matrix of the system is then given by taking the trace over the
bath:

�(qfq
0
f, t) D

Z
dxfhqf, xfj OW (t)jq0

f xfi . (10.76)

Since the action S is the classical functional, the conjugation amounts to complex
conjugation; thus, the density matrix can be immediately described by the com-
bined path integral of bra and ket parts.

Let us assume that the initial state is a product state of the system and the bath.
The bath is in a canonical ensemble. We can then write

OW (0) D O�(0) ˝ 1
ZR

exp
�
�� OHR

�
. (10.77)
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For the reduced density matrix we insert (10.77) into (10.72) and then into (10.76).
For propagators we use the path integral expression (10.74) to finally get a compact
expression for the reduced density matrix:

�
�
qfq

0
f, t
� D

Z
dqi

Z
dq0

iJ
�
qf, q0

f, tjqi , q0
i , 0
�

�
�
qi , q0

i , 0
�

, (10.78)

with the reduced density matrix propagator

J (qf, q0
f , tjqi , q0

i , 0) D
qfZ

qi

Dq

q0
fZ

q0
i

Dq0 exp
�

i
„ SS(q(τ)) � i

„ SS(q0(τ))
�
F(q(τ), q0(τ)) . (10.79)

Here the functional

F(q(τ), q0(τ)) D 1
ZR

Z
dxf

Z
dxi

Z
dx 0

i hxi je�� OHR jx 0
i i

xfZ
xi

Dx

xfZ
x 0

i

Dx 0

� exp
�

C i
„ SR[x ] C i

„ SI[x , q] � i
„ SR[x 0] � i

„ SI[x 0, q0]
�

(10.80)

is called the Feynman–Vernon (FV) action functional [48]. The FV functional ac-
counts for the effect of the bath on the system during the propagation. This func-
tional depends only on the bath and the system–bath interaction and it can be cal-
culated separately. It consists of two conjugate propagators as functionals of paths
x (τ) and x 0(τ) and the equilibrium density matrix, which can be given in terms of
the Euclidean path integral [49].

Next let us consider the bath of harmonic oscillators [49] as defined in the
Caldeira–Leggett Hamiltonian (8.5). The bath-related Lagrangians are then given
by

LR D
NX

αD1

mα

2

� Px2
α (t) � ω2

α x2
α(t)

�
, (10.81)

L I D
NX

αD1

�
cα xα (t)q(t) � 1

2
c2

α

mα ω2
α

q2(t)
�

. (10.82)

In this form the exponents of the FV functional factorize into those for different
bath oscillators. Now in the exponent of the influence functional we have Gaussian
integrals, which can be evaluated exactly. From (10.80) we take the direct propagator
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for a single bath oscillator, given by

xfZ
xi

Dx exp
�

i
„ SR(x (τ)) C i

„ SI(q(τ), x (τ))
�

. (10.83)

Let us take the path x (τ) for the bath oscillator as

x (τ) D Qx (τ) C y (τ) . (10.84)

Here Qx is the classical path and y is the deviation from the classical path. After
inserting the Lagrangian into the path integral, we get a single integral over the
classical path and the path integral over the deviation:

exp

0
@ i

„

tZ
0

dτ
�

mα

2
( PQx2(τ) � ω2 Qx2(τ)) C c Qx(τ)q(τ) � 1

2
c2

α

mω2 q2(τ)
�1A

�
Z

Dy exp

0
@ i

„

tZ
0

dτ
mα

2

� Py 2(τ) � ω2 y 2(τ)
�1A .

(10.85)

The functional with respect to deviation y (τ) represents the quantum corrections.
We have also dropped all terms linear in y . This is because Qx (τ) is the classical
path that minimizes the action, while other terms of the classical paths do not
contribute.

The action of the classical trajectory is computed by performing the integration
by parts with respect to the PQx2 term and using the equation of motion, (8.8). We
then have

tZ
0

dτ
�

m

2
( PQx2 � ω2 Qx2) C c Qx q � 1

2
c2

mω2 q2
�

D 1
2

� Px f xf � Pxi xi

�C c

2

tZ
0

dτ Qx(τ)q(τ) � 1
2

c2

mω2

tZ
0

dτq2(τ) . (10.86)

We use Qx (0) D xi and Qx (t) D xf.
The next part is the evaluation of the path integral over the fluctuations y (τ).

These paths start and end at y D 0. The corresponding path integral can be evalu-
ated by using the Fourier series

y (τ) D
1X

αD1

�α sin(να τ) . (10.87)
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Here να D πα/ t guarantees proper boundary conditions. The second row
in (10.85) due to orthogonality of trigonometric functions is then (apart from
the normalization)

Z
Dy exp(. . .) /

Y
α

0
@ 1Z

�1

d�α

1
A exp

 
imt

4„
X

α

� 2
α

�
ν2

α � ω2�! . (10.88)

These are essentially the Gaussian independent integrals that give

1Z
�1

dx exp
�

imt

4„
�
ν2

α � ω2� x2
�

D
s

4„π
imt

�
ν2

α � ω2
� . (10.89)

Noting that

1Y
αD1

�
1 �

� x

πα

�2
�

D sin(x )
x

, (10.90)

we have

Z
Dy exp(. . .) /

s
ω t

sin(ω t)
. (10.91)

The normalization constant can be obtained by comparing the result with the free
particle result (ω ! 0) in Section 10.1.1. which finally gives

Z
Dy exp(. . .) D

r
mω

2πi„ sin(ω t)
. (10.92)

The classical path for predefined initial conditions was given by (8.16). A solution
with the boundary condition Qx (0) D xi and Qx (t) D xf can be obtained from the
initial-value solution by choosing the appropriate p (0) value:

p (0) D mωxf

sin(ω t)
� mωxi

cos(ω t)
sin(ω t)

� c

tZ
0

sin(ω(t � s))
sin(ω t)

q(s)ds , (10.93)

which yields

Qx (τ) D xi

sin(ω(t � τ))
sin(ω t)

C xf
sin(ωτ)
sin(ω t)

C c

mω

τZ
0

sin(ω(τ � s))q(s)ds

� c

mω
sin(ωτ)
sin(ω t)

tZ
0

sin(ω(t � s))q(s)ds . (10.94)
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Inserting this trajectory into the expression for the classical action, (10.86), we get
the value of the classical action:

S (cl) D mω
2 sin(ω t)

	�
x2

f C x2
i

�
cos(ω t) � 2xi xf




C cxi

sin(ω t)

tZ
0

ds sin(ω(t � s))q(s) C cxf

sin(ω t)

tZ
0

ds sin(ωs)q(s)

� c2

mω sin(ω t)

tZ
0

ds

sZ
0

du sin(ω(t � s)) sin(ωu)q(s)q(u)

� c2

mω2

tZ
0

dsq2(s) .

(10.95)

The remaining task is to calculate the trace over the initial bath density matrix.
In Chapter 7 we gave the equilibrium density matrix of a harmonic oscillator in the
coordinate representation (7.78). We can rewrite it as

�B(x , x 0) D
Y

α

2 sinh
�

�ωα

2

��
mα ωα

2π„ sinh(�ωα)

�1/2

� exp
�

� mα ωα

2„ sinh(�ωα)

�
(x2 C x 0 2) cosh �ωα � 2x x 0

��
.

(10.96)

The remaining integrals over the endpoints xi and xf are then again the Gaussian
integrals, which finally give

FFV(q(τ), q0(τ)) D exp
�

� 1
„ SFV(q(τ), q0(τ))

�
, (10.97)

and the FV influence action is [48]

SFV(q(τ), q0(τ)) D
tZ

0

dt0

t 0Z
0

dt00(q(t0) � q0(t0))

� [C(t0 � t00)q(t00) � C�(t0 � t00)q0(t00)]

C iλ

tZ
0

dt0(q2(t0) � q0 2(t0)) . (10.98)

Here

C(t) D
Z

dω
2π

C 00(ω)
h
coth

�
�„ ω

2

�
cos(ω t) � i sin(ω t)

i
(10.99)
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is the equilibrium bath quantum correlation function given by the spectral density
and

λ D
X

α

c2
α

2mα ω2
α

D
Z

dω
2π

C 00(ω)
ω

is the potential renormalization term, usually denoted as the reorganization energy.
The FV influence action has self-renormalization terms such as q(t0)C(t0 � t00)q(t00)
and q(t0)q(t0) as well as cross-terms of the type q0(t0)C(t0 � t00)q(t00). The bath thus
convolutes the left and right elements of the density matrix, thus making the whole
evolution entangled and convoluted.

10.4
Quantum Stochastic Process: The Stochastic Schrödinger Equation

Quantum mechanical systems are always in the presence of stochastic noise of the
environment. This coupling introduces uncertainty and reversibility. This action
of the environment in the Langevin meaning can be understood as the external
time-dependent fluctuating force. In that case the classical system obtains fluctu-
ating character. A quantum system, in principle, can be understood on the same
basis. As described in Chapter 4, the wavefunction of an isolated system follows the
Schrödinger equation. As we showed in previous sections in this chapter the prop-
agator of the wavefunction can be given as a path integral. In this section we briefly
review the derivation of the stochastic Schrödinger equation following [50, 51],
which directly apply the FV result to describe a fluctuating wavefunction of the
system coupled to the environment.

The common assumption is that there is a quantum system coupled to the har-
monic bath. The reduced density matrix propagator of such a system is given
by (10.79), while the FV influence functional has the form of (10.98).

Consider the real stochastic Gaussian process � (t) and the statistical average of
the integral [52]

G( f (τ)) D
*

exp

0
@iγ

tfZ
t i

dτ� (τ) f (τ)

1
A+ , (10.100)

where f (τ) is a real function of time. The angle brackets here denote the statistical
average over fluctuations. This average can be calculated by expanding the expo-
nent in a Taylor series:

G( f (τ)) D 1 C
1X

nD1

(iγ )n

n!

tfZ
t i

dτ1 . . .

tfZ
t i

dτnh� (τ1) . . . � (τn)i f (τ1) . . . f (τn) .

(10.101)
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As the stochastic process is Gaussian, the second-order cumulant completely de-
scribes the average (higher-order cumulants for the Gaussian process vanish). We
thus get (see Appendix A.2)

*
exp

0
@iγ

tfZ
t i

dτ� (τ) f (τ)

1
A+ D e�

γ2

2

R tf
ti

dτ2
R tf

ti
dτ1 f (τ2)h� (τ2)� (τ1)i f (τ1) . (10.102)

Consider now the FV influence functional (10.98), where the fluctuation correla-
tion function is real and symmetric. The FV influence action is then

SFV(q(τ), q0(τ)) D 1
2

tZ
0

dt0

tZ
0

dt00(q(t0) � q0(t0))C(t0 � t00)(q(t00) � q0(t00)) .

(10.103)

Comparing this integral with (10.102), we find that the FV influence functional can
be written as a statistical average of a single integral

SFV(q(τ), q0(τ)) D
*

i

tZ
0

dτ� (τ)(q(τ) � q0(τ))

+
, (10.104)

and the full propagator of the reduced density matrix becomes factorized into two
conjugate parts. These can be associated with the propagators of the system wave-
function.

The propagator of the system wavefunction is then given as an ensemble average
of

K(qf, tjqi , 0) D
qfZ

qi

Dq exp

0
@ i

„

tZ
0

(LS(q(τ)) C i� (τ)q(τ))

1
A . (10.105)

The corresponding stochastic Schrödinger equation in the case of the multimode bath
can be given in the form

d
dt

jψi D � i
„

OHSjψi C
X

k

Olk �k (t)jψi . (10.106)

Here OHS is the Hamiltonian of the isolated system, and Olk is the operator connect-
ing the system to the kth mode of the bath, which produces the stochastic noise
�k (t). The noise is described as the real-valued Gaussian noise. In that case the
ensemble-averaged density matrix corresponds exactly to the reduced density ma-
trix.

However, this approach produces the high-temperature result, which is due to
the real-valued correlation function and the corresponding Gaussian stochastic
noise (see Chapter 8). The realistic bath at equilibrium characterized by a constant
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240 10 Path Integral Technique in Dissipative Dynamics

temperature yields the fluctuation correlation function, which is a complex-valued
function. It has been shown that this case of the FV influence functional can also
be factorized into two conjugate parts using the complex-valued fluctuating Gaus-
sian trajectories [51]. The stochastic propagator of the wavefunction that generates
the proper FV influence functional is then given by

K(qf, tjqi , 0) D
qf(t )Z

qi (0)

Dqe
i
„

R t
0 [LS(q(τ))Cz (τ)q(τ)�

R τ
0 ds q(τ)C(τ�s)q(s)] , (10.107)

where z(t) is the complex-valued stochastic process with the correlation function
C(t), and the stochastic average of these propagators leads to the FV influence
functional for a specific bath correlation function.

The stochastic wavefunction of the system under the action of such a bath satis-
fies the non-Markovian stochastic Schrödinger equation in the form [50]

d
dt

jψi D �i OHSjψi C
X

k

2
4Olk zk (t)jψi � Olk

tZ
0

dsCk (t � s)
δ

δzk (s)
jψi

3
5 .

(10.108)

The stochastic process zk (t) is characterized by the following properties:

hzk (t)i D 0 , (10.109)

hzk (t)zk (s)i D 0 , (10.110)

and

hz�
k (t)zk (s)i D Ck (t � s) I (10.111)

thus, it simulates the stochastic action of the bath and the statistical average of the
density matrix over different fluctuating trajectories, and then exactly generates the
proper reduced density matrix.

10.5
Coherent-State Path Integral

In this section we derive the path integral representation of the system density op-
erator in terms of coherent states. This representation is convenient for the class
of problems where coordinate and momentum operators are not used explicitly.
Instead we assume that the Hamiltonian is given in terms of bosonic creation and
annihilation operators. Again we consider the time evolution of the density opera-
tor:

W(t) D e�i OH t/„ OW (0)ei OH t/„ . (10.112)
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10.5 Coherent-State Path Integral 241

The density matrix in the coherent-state representation is:

hα0j OW (t)jαi D 1
π2

Z
d2α0

i

Z
d2α i K(α0, α0

i I t)hα0
i j OW (0)jα iiK�(α i , αI t) ,

(10.113)

where K(α, α i I t) is the coherent-state representation of the time-evolution opera-
tor

K(α, α i I t) D hαje�i OH t/„jα ii . (10.114)

We will now calculate this quantity similarly to in the previous subsections.
First we insert the unity resolution by the coherent states:

K(α, α i I t) D
Z

d2α1

π
K(α, α1I t � t1)K(α1, α i I t1) , 0 < t1 < t , (10.115)

and divide the time interval into N equidistant steps of size �:

t W tn D n� , � D t/N , (10.116)

and n D 0, . . . , N . We then have

K(α, α i I t) D
Z

d2α1

π

Z
d2α2

π
. . .
Z

d2αN�1

π
K(α, αN�1I �) . . . K(α2, α1I �)K(α1, α i I �) , (10.117)

where we have the infinitesimal propagator

K(α2, α1I �) D hα2j exp
�

� i
„

OH�

�
jα1i . (10.118)

In the limit � ! 0,

exp
�

� i
„

OH�

�
� 1 � i

„
OH� . . . , (10.119)

and the integral is given by

hα2j1jα1i D exp
�

α�
2 α1 � jα1j2

2
� jα2j2

2

�
. (10.120)

For the term OH� we assume a Hamiltonian of the form that conserves the number
of particles:

OH D
X

m

∆m Oa†m Oam . (10.121)

Expansion in the coherent states is trivial. Since

Oa†m Oamjni D n(n � 1)(n � 2) . . . (n � m C 1)jni , (10.122)
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we have

hα2j Oa†m Oamjα1i D α�m
2 αm

1 exp
�

α�
2 α1 � jα1j2

2
� jα2j2

2

�
. (10.123)

The expansion of such a Hamiltonian in the coherent states then gives

hα2j1 � i
„

OH�jα1i D exp
�

α�
2 α1 � jα1j2

2
� jα2j2

2

�

�
�

1 � i
„�H(α2, α1)

�
, (10.124)

where H(α2, α1) D P
m ∆m α�m

2 αm
1 : here all Oa† have been replaced by α�

2 and all
Oa have been replaced by α1. When � is vanishing, by exponentiating the last term,
we get

K(α2, α1I �) D hα2jα1i exp
�

� i
„�H(α2, α1)

�
. (10.125)

We now can combine the elementary propagators to get

K(α, α i t) D lim
N!1

hαjαN�1i
 

N�1Y
kD1

Z
d2αk

π
hαk jαk�1i

!

� exp

 
NX

kD1

�
� it

„N
H(αk , αk�1)

�!
, (10.126)

or in the continuous limit we can write the path integral

K(α2, α1 t) D
α2Z

α1

Dα exp
�

i
„ S(α(τ))

�
, (10.127)

where the action in the coherent-state representation is

S(α(τ)) D
tZ

0

dτ
	
i„α�(τ) Pα(τ) � H(α(τ))



. (10.128)

Here α(τ) D α1 at τ D 0 and α(τ) D α2 at τ D t.
The final expression has some resemblance to the (q p ) representation of the path

integral of (10.30). According to the physical meaning, we can use the Lagrangian

L(α(τ)) D i„α�(τ) Pα(τ) � H(α(τ)) (10.129)

and we can use all the formal theory of the coordinate representation. Now we can
write the density matrix at time t:

hα2j OW (t)jα1i /
α2Z

α2 i

Dα0

α1Z
α1i

Dα

� exp
�

i
„ S(α0)

�
hα2 i j OW (0)jα1ii exp

�
� i

„ S�(α)
�

. (10.130)
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The equilibrium density matrix is given by the Euclidean action:

W(α2α1) /
α2Z

α1

Dα exp
�

� 1
„ S (E)(α(τ))

�
, (10.131)

where

S (E)(α(τ)) /
�„Z

0

dτH(α(τ)) . (10.132)

The proportionality signs here signify the overcompleteness of the coherent states.
The normalization conditions can be determined at the level of the solution.

10.6
Stochastic Liouville Equation

In Section 10.4 we described the stochastic wavefunction approach consistently ap-
pearing from the open quantum system Hamiltonian. Here we obtain the equation
for the reduced density matrix for the Gaussian overdamped bath [53]. Let us now
consider the stochastic Hamiltonian

OH(τ) D OHS( Oa†, Oa) C Ol( Oa†, Oa)� (τ) , (10.133)

where the stochastic trajectory � (τ) is a Gaussian stationary process. The density
matrix of the system with the specific stochastic trajectory will be given by W(� , t)
.

The stochastic noise is considered as the Gaussian process with the correlation
function

h� (τ)� (τ0)i D e�γjτ�τ0j (10.134)

and thus it satisfies the Fokker–Planck equation (3.84), which we rewrite here in
the form

@

@t
P(� , tj�0 t0) D OΓ P(� , tj�0 t0) . (10.135)

The term OΓ D γ@/@� (� C @/@� ) can be understood as the operator. This process
has also been described as a path integral by (10.56) and (10.57) (here γ replaces D).
We now can write the total density matrix in terms of path integrals:

W
�

α�
f , α0

f , � , t
�

D
α fZ

α i

Dα

α0
fZ

α0
i

Dα0

Z
d�i

�Z
�i

D�

� exp
�

i
„ S(α(τ), � (τ)) � i

„ S�(α0(τ), � (τ))
�

� �S
�
α�

i , α0
i , �i , 0

�
�B(�i )Posc(� (τ)) . (10.136)
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Here the factorized initial condition was assumed:

WS
�
α�

i , α0
i , �i , 0

� D �S
�
α�

i , α i , 0
�

�B(�i ) . (10.137)

Differentiation of the density matrix leads to the following equation:

@

@t
OW (� , t) D � i

„
h OHS, OW (� , t)

i
� i

„
hOl, � (t) OW (� , t)

i
C OΓ OW (� , t) . (10.138)

This expression is sometimes denoted as Kubo’s stochastic Liouville equation.
Note that the stochastic noise generated by this approach is due to the harmonic

overdamped oscillator [53]. Therefore, it can be represented using the harmonic
creation and annihilation operators Ob† and Ob. In this approach

OΓ ! �γ Ob† Ob (10.139)

and

� ! Ob† C Ob . (10.140)

We then obtain the operator equation

@

@t
OW (t) D � i

„
h OHS, OW (t)

i
� i

„
hOl, ( Ob† C Ob) O�(t)

i
� γ Ob† Ob OW (t) . (10.141)

Here we can introduce the number of quanta of the bath oscillator; thus, we expand
the density matrix as

OW D �n jni , (10.142)

where jni is the bath state. We thus get the hierarchy of equations for these density
matrices:

@

@t
O�n(t) D � i

„
h OHS, O�n(t)

i
� nγ O�n(t)� i

p
n

„
hOl, O�n�1(t)

i
� i

p
n C 1
„

hOl, O�nC1(t)
i

.

(10.143)

Note that the density matrix O�0 is described by the equation

@

@t
O�0(t) D � i

„
h OHS, O�0(t)

i
� i

„
hOl, O�1(t)

i
, (10.144)

and thus its time evolution is reminiscent of the system dynamics affected by the
bath. The density matrix O�0 is thus the reduced system density matrix and the other
terms are then denoted as the auxiliary density matrices.

In this treatment the stochastic noise has been described by the classical stochas-
tic process with the real correlation function, that is, the infinite-temperature limit.
The finite-temperature effect can be introduced by taking the full FV influence
functional in the density matrix propagator, (10.136), with respect to the harmonic
bath. Then differentiating the propagator with respect to time yields equations of
motion. We demonstrate the hierarchical equations of motion at finite temperature
in Section 11.8.
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11
Perturbative Approach to Exciton Relaxation in Molecular
Aggregates

The most general model of a quantum dissipative system consists of a set of en-
ergy levels coupled to a set of fluctuating coordinates. This model is very general
and covers a broad range of microscopic systems where the electronic degrees of
freedom can be distinguished. Weak thermal fluctuations by nuclei comprising the
bath can be easily identified. In the other context, we may address the problem of
spin dephasing in the ferromagnetic or the current fluctuations in a superconduc-
tor. The electronic excitations in molecular aggregates are unique in this class of
systems because their electronic excitations are localized on separate molecules as
described in Section 5.4, while fluctuating nuclear vibrations originate from local-
ized intramolecular nuclear normal modes. These vibrations are usually assumed
to be isolated; thus, each molecule is then coupled to its own independent bath co-
ordinates. Additionally, since all molecules in the aggregate are often of the same
type, the different bath modes are of the same type. We will describe this model in
this chapter.

The theoretical description of molecular excitations is usually given in terms
of the perturbative exciton relaxation schemes. Within such an approach the in-
teraction of electronic excitations with intramolecular and intermolecular vibra-
tions causes a disruption of the phase relationship between excited states of the
molecules. Such a type of interaction has a distinct influence on the coherence in
the exciton dynamics and plays the dominant role by determining the exciton re-
laxation pathways, which is often described in terms of the Redfield theory. The
simplest molecular aggregate – the molecular dimer – is an ideal model system
disclosing effects caused by the excitonic quantum coherence [54, 55] and display-
ing energy relaxation and transport pathways. We present simulations on this type
of system later in this chapter.

Recently developed nonlinear spectroscopies, such as two-dimensional photon
echo spectroscopy [56–59], were a key tool in demonstrating a complex pathway
of energy transfer in LH2 [60] and LH3 [61], the peripheral light-harvesting com-
plexes in photosynthetic bacteria, and long-lasting coherence in Fenna–Matthews–
Olson (FMO) complexes [57, 62] and in LHCII [63]. Recently, two-dimensional pho-
ton echo spectra were also recorded for the so-called reaction centers [64, 65] and
for other molecular aggregates, for instance, for polymers [66] or for cylindrical
(bitubular) J aggregates [67]. Photosynthetic molecular aggregates were described

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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by using the exciton concept [24]. Apart from clear identification of exciton transfer
between pigment molecules or their clusters, quantum coherence and population
oscillations were also observed. All these new data boosted active research which
aims to evaluate the importance of coherence, entanglement, and noise in the en-
ergy transport of biological molecular complexes [68–73]. This chapter reviews the-
oretical approaches based on the density matrix method used in molecular aggre-
gates.

11.1
Quantum Master Equation

In this section we consider a quantum system coupled to a bath. Let us denote
the system Hamiltonian by OHS, the bath Hamiltonian by OHB, and the coupling
between the system and the bath as OHSB. The total Hamiltonian is then given by

OH D OHS C OHB C OHSB . (11.1)

The time dependence for the density matrix of the system coupled with the bath,
OW , follows the Liouville equation (we take „ D 1 throughout this chapter):

d OW

dt
D �i

h OH , OW
i

. (11.2)

At this point we transform the problem into the interaction representation (we
denote its operators by the time dependence):

OW D exp
�
�i( OHS C OHB)t

� OW (t) exp
�

i
� OHS C OHB

�
t
�

. (11.3)

This leads to the following transformation of the Liouville equation

d
dt

OW (t) D �i
h OHSB(t), OW (t)

i
, (11.4)

where OHSB(t) is the interaction representation of the system–bath Hamiltonian:

OHSB(t) D exp
�

i
� OHS C OHB

�
t
� OHSB exp

�
�i
� OHS C OHB

�
t
�

. (11.5)

First we integrate (11.4) from some arbitrary initial time t0:

OW (t) D OW (t0) � i

tZ
t0

dτ
h OHSB(τ), OW (τ)

i
. (11.6)

Then we substitute this result into the right-hand side of (11.4):

d
dt

OW (t) D �i
h OHSB(t), OW (t0)

i
�

tZ
t0

dτ
h OHSB(t),

h OHSB(τ), OW (τ)
ii

. (11.7)
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It is worthwhile mentioning that no approximation has been done so far, that
is, (11.7) is exact.

A general simplification can be fulfilled at this point on the basis of two argu-
ments. The first is that the term containing OW (t0) comes linearly into the equation
of motion. If we assume that the system under the influence of the bath is dissi-
pative, the initial condition should be “forgotten” after a sufficiently long time. The
second argument is that the initial condition amounts to the point of reference
of the problem. Assuming that the bath is composed of harmonic oscillators and
the system–bath coupling is linear in the bath coordinates, we cause these terms
to vanish when we perform averaging over the equilibrium bath when the density
OW (t0) corresponds to the canonical ensemble for the bath coordinates. With these

arguments in mind, we can safely disregard the initial condition, set t0 to infini-
ty, take the trace over the bath, and have the equation of motion for the reduced
density matrix O�(t) D TrB OW (τ):

d
dt

O�(t) D �
tZ

�1

dτtrB

h OHSB(t),
h OHSB(τ), OW (τ)

ii
. (11.8)

This equation of motion is nonperturbative and it is usually simplified by using
various approximations [20]. The standard procedures involve assuming an equi-
librium bath with its canonical form of the density matrix at constant temperature,
denoted as the Born approximation: this gives OW (τ) � O�(τ) ˝ O�B. It allows us to
define the relaxation operator, and the resulting equation is denoted as the gen-

eralized master equation. That form can be used to compute the time-dependent
density matrix, while keeping the memory effects. When the bath dynamics is fast,
the reduced density matrix of the system can be taken out of the integral, which
implies the Markov approximation and the second-order perturbation expression
for the relaxation operator. Using the harmonic bath model with a specific spectral
density, we get the level of approximations which is denoted by the Redfield (or the
modified Redfield) theory. Even more approximations can be involved by including
only diagonal and zero-frequency terms in the relaxation operator. That gives the
secular Redfield theory.

11.2
Second-Order Quantum Master Equation

In the Liouville space, (11.4) is given by

d
dt

WI(t) D �iV(t)WI(t) , (11.9)

where the system–bath interaction in the Liouville space is

V(t) OA H)
h OHSB(τ), OA

i
. (11.10)
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The first approximation is the condition that the total density matrix can be fac-
torized into the system �(t) and the bath components (Born approximation). The
second approximation is that the bath is in the equilibrium state, �B, all the time:

WI(t) D �I(t) ˝ �B . (11.11)

The last step is to perform the trace operation over the equilibrium bath variables.
This gives the generalized quantum master equation, (11.8), in the form

d
dt

�I(t) D �
tZ

t0

dτtrB (V(t)V(τ)�I(τ) ˝ �B) . (11.12)

This Liouville space expression is very compact and captures the essential physi-
cal insight: the natural quantity which affects the density matrix dynamics is a two-
times correlation function of the system–bath interactions. It is not very convenient
for practical simulations, since one has to consider the complete microscopic bath
dynamics inside the trace.

We next take a bilinear form of the system–bath interaction:

OHSB D
X

n

OSn Oqn , (11.13)

where n is an index of expansion (i.e., not a state of the system), OSn is the system
operator (usually a projector), and Oqn is the associated bath coordinate operator. In
the Hilbert space,

V(t) OA ()
X

n

OSn(t) Oqn(t) OA � OA OSn(t) Oqn(t) . (11.14)

The trace over the bath then yields coordinate–coordinate correlation functions and
we get a compact form:

d
dt

�I(t) D �
tZ

t0

dτRI(t, τ)�I(τ) , (11.15)

where the time-nonlocal rate superoperator is defined as

RI(t, τ)�I(τ) D
X
mn

h OSm(t) OSn(τ)�I(τ)Cmn(t � τ)

� OSm(t)�I(τ) OSn(τ)Cnm(τ � t)

� OSn(τ)�I(τ) OSm(t)Cmn(t � τ)

C�I(τ) OSn(τ) OSm(t)Cnm(τ � t)
i

. (11.16)

Here

Cmn(t) D trB ( Oqm(t) Oqn(0)�B) (11.17)
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11.2 Second-Order Quantum Master Equation 249

is the coordinate–coordinate correlation function. Note that in the bath equilibrium
the relaxation operator is essentially a function of the time difference between t

and τ, that is, RI(t, τ) ! RI(t � τ).
The system operator OSn is understood here as the projection operator of the type

OSn D jaihbj, where jai and jbi are electronic eigenstates. The bath coordinate is
then understood as the specific coordinate or a whole set of coordinates, coupled
to that specific Hamiltonian element. The model includes the effect of the sys-
tem–bath interaction on the density matrix nonperturbatively, while the relaxation-
inducing terms are calculated at the level of the Born approximation. This results
in the memory-like effect of the bath through the bath correlation functions.

The rate operator is given by the second-order products of the system–bath in-
teraction. Taking the initial condition t0 ! �1, we have that the rate operator is
a function of interaction delay times t � τ. The evolution according to this rate is
still infinite order in the system–bath interaction. It is convenient to introduce the
delay time s D t � τ explicitly. In the Schrödinger representation we can then write

d
dt

�(t) D �i
h OHS, �(t)

i
�

1Z
0

dsR(s)�(t � s) , (11.18)

with the rate superoperator

R(s) OA D
X
mn

� OSm OG(s) OSn OG (�s) OACmn(s)

� OSm OA OG (s) OSn OG (�s)Cnm(�s)

� OG(s) OSn OG (�s) OA OSm Cmn(s)

C OA OG (s) OSn OG(�s) OSm Cnm(�s)
�

. (11.19)

Here we used the wavefunction propagator

OG (s) D exp
�
�i OHSs

�
. (11.20)

The integrodifferential form of the quantum master equation obtained is very com-
plicated. It can be simplified by using the Redfield approximation, that is, by assum-
ing the second-order approximation for the relaxation kernel [74]. The second-order
level is obtained by the Markov approximation. To that end we assume that the sys-
tem–bath interaction is weak and the system density matrix in the interaction picture

is a slowly evolving function, compared with the decay time of the relaxation tensor,
that is, it can be taken out of the integral, since RI(t � τ) decays much faster than
�I(t) varies. Equation (11.15) can be simplified as

tZ
t0

dτ0RI(t � τ0)�I(τ0) �
1Z
0

dτRI(τ)�I(t) , (11.21)

where we took t0 ! 1 and we introduced the integration over the delay time τ D
t � τ0. The integration over the delay time τ can be performed and the time-local
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equation with the time-independent rate matrix is obtained. In the Schrödinger
picture we get the Redfield equation is

d
dt

�(t) D �i[ OHS, �(t)] � K�(t) , (11.22)

where the Redfield relaxation superoperator is given by

K D
1Z
0

dτR(τ) , (11.23)

and the integral kernel is defined by (11.19).
The Redfield relaxation superoperator can be simplified considerably if the sys-

tem operators are expanded into an orthogonal basis jai. The Hamiltonian is

OH D
X
ab

�
hab C Qhab Oqab

�
jaihbj C OHB( Op , Oq) . (11.24)

In general hab D δab�a C Jab . The remaining part can be partitioned out into the
term OHB( Op , Oq), representing the fluctuating environment, and the weak coupling
amplitude Qhab as a system–bath coupling amplitude and Oqab as the generalized co-
ordinate of the bath, coupled to system Hamiltonian element ab. Inserting (11.24)
into (11.23) and (11.19), we obtain the relaxation matrix defined by fluctuation cor-
relation functions:

Kab,a0b0 D
X

cd

1Z
0

dτ

 
δbb0

X
e

Qhae
Qhd c Cae,d c(τ)Ged(τ)Gca0(�τ)

� Qhaa0 Qhcd Ccd,aa0(�τ)Gb0 c(τ)Gd b(�τ)

� Qhd c
Qhb0b Cb0 b,d c(τ)Gad(τ)Gca0(�τ)

Cδaa0

X
e

Qhcd
Qheb Ccd,eb(�τ)Gb0 c(τ)Gd e(�τ)

!
. (11.25)

The correlation function Cab,cd(τ) describes fluctuations of the Hamiltonian ele-
ments ab and cd. The functional form of the correlation function and the coeffi-
cients Qhab can be defined for a specific system and the bath model.

A natural choice for the basis set for the Redfield relaxation superoperator is the
eigenstate basis of the system Hamiltonian. This choice makes simulations much
simpler, and it allows us to introduce the secular approximation and to define the
requirement for the long-time limit. Let us assume that states jai are eigenstates of
the system Hamiltonian (the exciton states in the case of the exciton Hamiltonian).
In that case

hab D δab�a (11.26)

is diagonal and the Redfield equation reduces to

d
dt

�ab(t) D �iωab�ab(t) � Kab,cd�cd (t) , (11.27)
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11.2 Second-Order Quantum Master Equation 251

where ωab D �a � �b .
If the system–bath coupling is weak compared with the splitting of energy lev-

els, the relaxation effect is a small perturbation to the natural system evolution –
quantum phase rotation. The free-system solution is

�
(0)
ab

(t) D exp(�iωab t)�(0)
ab

(0) . (11.28)

The relaxation effect can be included approximately by a slowly varying amplitude
of the form

�ab(t) D �
(I)
ab

(t) exp(�iωab t)�(0)
ab

(0) . (11.29)

Here we assume j P�(I)
ab

j � ωab , where the dot denotes the time derivative. The
Redfield equation in the interaction picture then gives

d
dt

�
(I)
ab

(t) D �Kab,cd�
(I)
cd

(t) exp(i(ωab � ω cd )t)
�

(0)
cd

(0)

�
(0)
ab(0)

, (11.30)

whose solution is

�
(I)
ab(t) D �

(I)
ab(0) � Kab,cd

�
(0)
cd (0)

�
(0)
ab

(0)

tZ
0

dτ�
(I)
cd (τ) exp(i(ωab � ω cd)τ) . (11.31)

The integral

tZ
0

dτ�
(I)
cd (τ) exp(i(ωab � ω cd )τ) (11.32)

is the essential quantity which affects the dynamics. When the system–bath cou-
pling is smaller than the energy-level splitting, �

(I)
cd

(τ) is a slowly varying function
compared with the density matrix oscillation frequency. Inside the integral we have
a difference of two frequencies. If that difference is of the order of the typical os-
cillation frequency, then the integral kernel becomes highly oscillatory; the integral
thus vanishes. The terms which do not vanish are those where ωab D ω cd . In
general, all energy gaps are different and there are only two general cases where
jωab � ω cd j � j P�(I)

cd
j: (1) when a D c and b D d, and (2) when a D b and c D d.

We thus keep only those terms in the original Redfield equation, and we disregard
all other terms. That is the essence of the secular approximation.

The secular approximation is thus different from the more general rotating-wave
approximation (RWA). The RWA may include coherence transfer terms in the case
when energy splittings of two different coherences are the same. Such a case is pos-
sible, for example, for the harmonic oscillator as was shown in Chapter 8. The secu-
lar approximation is thus more restrictive. As demonstrated, this approximation is
well defined in the eigenstate basis. In some other basis one cannot define natural
frequencies for different density matrix elements; thus, the secular approximation
cannot be defined.
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The secular Redfield relaxation equation can be written in the form

d
dt

�ab(t) D �i(ωab � iγab)�ab(t) � δab

X
b

kab�bb(t) , (11.33)

where γaa � 0. In the eigenstate basis we have the population transport rate
(a ¤ b)

kab D �2j Qhabj2Re

1Z
0

dτCab,ba(τ)eiωab τ , (11.34)

while for the diagonal we have

kaa D �
b¤aX

b

kba . (11.35)

The dephasing rate of the coherences (a ¤ b) is

γab D
1Z
0

dτ

 X
e

j Qhaej2Cae,ea(τ)e�iω ea τ C
X

e

j Qhbej2Cbe,eb(�τ)e�iωbe τ

� 2 Re Qhaa
Qhbb Caa,bb(τ)

!
.

(11.36)

All these rates are given by one-sided Fourier transforms of the coordinate–
coordinate correlation function. As we showed in (8.71), these can be given in
terms of the fluctuation spectral densities.

11.3
Relaxation Equations from the Projection Operator Technique

In an alternative approach, relaxation equations of a similar type can be obtained
directly from the projection operator approach described in Chapter 9. Equa-
tion (9.49) already contains the second-order approximation in the system–bath
interaction and it is time local (time convolutionless). For a more specific deriva-
tion we require the form of the interaction Hamiltonian OHSB of (11.13). We assume
an initial condition, W(t) D �(t) ˝ �B, where �B is the equilibrium bath statistical
operator. Such an initial condition leads to elimination of the initial term ICL if we
choose a projector in the form

P OA D trBf OAg�B . (11.37)
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Equation (9.49) leads to

@

@t
�(I)(t) D � i

„
h
trB

n OHSB(t)�B

o
, �(I)(t)

i

� 1
„2

t�t0Z
0

dτ
�

trB

nh OHSB(t),
h OHSB(t � τ), �(I)(t)�B

iio

� trR

nh OHSB(t), trB

nh OHSB(t � τ), �(I)(t)�B

io
�B

io�
. (11.38)

The first term on the right-hand side of (11.38) can be handled easily:

trB

n OHSR(t)�B

o
D
X

n

trB

n
U

†
R(t) OqnUR(t)�B

o
S

(I)
n (t) D

X
n

hqniS
(I)
n (t) ,

(11.39)

where we defined hqni D trBf Oqn�Bg and we assumed that the equilibrium den-
sity operator �B does not evolve in time due to the influence of OHB, that is,
UR(t)�BU

†
R(t) D �B.

The four terms of the double commutator term of (11.38) have to be handled
separately. For the sake of brevity, let us denote Ht � OH (I)

SB(t), Hτ � OH
(I)
SB(t � τ),

and � � �(I)(t) for now. We have terms Ht Hτ� and �Hτ Ht , which are Hermite
conjugate to each other, and terms Ht�Hτ and Hτ�Ht , which are also Hermite
conjugate to each other. We then get

Ht Hτ� !
X
n,m

hqn(t)qm(t � τ)i OS (I)
n (t) OS (I)

m (t � τ)�(I)(t) , (11.40)

Ht�Hτ !
X
n,m

hqm(t � τ)qn(t)i OS (I)
n (t)�(I)(t) OS (I)

m (t � τ) . (11.41)

The third term of (11.38) contains terms similar to (11.40) and (11.41), where corre-
lation functions hqa(t)qb(t0)i are replaced by hqaihqbi (see (11.39)). We now define
the bath correlation functions in the form

Cnm(t) D hqn(τ)qmi � hqnihqmi , (11.42)

and we can write (11.38) in the form

@

@t
�(I)(t) D � i

„
X

n

h
hqni OS (I)

n (t), �(I)(t)
i

� 1
„2

t�t0Z
0

dτ
X
n,m

h
Cnm(τ) OS (I)

n (t) OS (I)
m (t � τ)�(I)(t)

� Cmn(�τ) OS (I)
n (t)�(I)(t) OS (I)

m (t � τ)

� Cmn(τ) OS (I)
n (t � τ)�(I)(t) OS (I)

m (t)

C Cnm(�τ)�(I)(t) OS (I)
n (t � τ) OS (I)

m (t)
i

. (11.43)
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We can now transform the resulting equations to the Schrödinger picture, �(t) D
US(t)�(I)(t)U†

S (t). This leads to

@

@t
�(t) D � i

„

"
OHS C

X
n

hqni OSn , �(t)

#

� 1
„2

t�t0Z
0

dτ
X
n,m

�
Cnm(τ) OSn

OS (I)
m (�τ)�(t) � C�

nm(τ) OSn�(t) OS (I)
m (�τ)

� Cmn(τ) OS (I)
n (�τ)�(t) OSm C C�

mn(τ)�(t) OS (I)
n (�τ) OSm

�
,

(11.44)

where we used C�
nm(t) D Cmn(�t), which can be derived from the definition given

by (11.42). This form is, in principle, equivalent to (11.18), except for the first term
hSni, which was disregarded in (11.18).

An even more compact form of the master equation can be obtained by defining

Λn(t) D 1
„2

t�t0Z
0

dτ
X

m

Cnm(τ) OS (I)
m (�τ) . (11.45)

The final form of the master equation then reads

@

@t
�(t) D � i

„

"
OHS C

X
n

OSn(hqni � i„Λn(t)), �(t)

#

C
X

n

� OSn�(t)Λ†
n(t) � Λn(t)�(t) OSn

�
. (11.46)

Here we can define an effective Hamiltonian OHeff D OHS C P
n

OSn(hqni � i„Λn(t)
which is not Hermitian. The commutator in (11.46) is defined as [ OHeff, �] D OHeff��
� OH

†
eff.

11.4
Relaxation of Excitons

The excitons of molecular aggregates are quantum systems with one key proper-
ty: they have an isolated well-defined ground state jgi, and the bath in equilibri-
um is in thermal equilibrium with respect to that state. The lifetime of state jgi
is infinite. The next set of states can be reached by optical excitations. These are
called the single-exciton states. The system in the single-exciton state lasts for sev-
eral nanoseconds. However, the system may hop between different single-exciton
states. Thus, the transport theory for excitons applies for the single-exciton mani-
fold of states, which we label by jei.
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The exciton model reflects the dipole–dipole-type intermolecular interaction. In
addition, each molecule is coupled to the bath, which determines the transition en-
ergy fluctuations. These energy fluctuations are the key quantities in the descrip-
tion of the transport and dephasing rates.

Let us consider the secular Redfield equation. In this case states jai and jbi are
distinct single-exciton states jei and je0i. They are related to molecular excitations
jmi by the transformation

jei D
X

m

cemjmi , (11.47)

where ψem is the exciton wavefunction. These wavefunctions transform the system
Hamiltonian into a diagonal matrix

ε e D
X
mn

( OHS)mn cem cen . (11.48)

The system is affected by nuclear fluctuations of different molecules. The system–
bath interaction is thus of the form

OHSB D
X

n

Qhm qmjmihmj . (11.49)

The relaxation should be described in the eigenstate basis, while the fluctuation
amplitudes of the molecular excitations are then transformed as follows:

Qhee0 D
X

m

Qhm cem ce0 m . (11.50)

The correlation functions for the Redfield superoperator in the exciton basis are
given by

Ce1 e2,e3 e4 (τ) D
X
mn

Qhm
Qhnhqm(τ)qn(0)ice1 m ce2 m ce3 n ce4n . (11.51)

In the following we combine the fluctuation amplitudes into the energy–energy
correlation function. Additionally we assume that all molecular fluctuations are of
the same type and they are independent. We thus have

Ce1 e2,e3 e4 (τ) D C(τ)
X

m

ce1 m ce2 m ce3 m ce4 m , (11.52)

where

C(τ) D j Qhmj2hqm(τ)qm(0)i . (11.53)

Other types of correlation functions vanish, hqm(τ)qn(0)i D 0 for m ¤ n. With
these definitions we have the Redfield rate of exciton transfer:

ke1 e2 D �2Re Me1 e2,e2 e1 (ω e1 e2 ) ,
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where the function M(ω) is the one-sided Fourier transform of the correlation func-
tion in the exciton basis

Me1 e2 e3 e4 (ω) D
 X

m

ce1m ce2m ce3m ce4m

! 1Z
0

dτC(τ)eiωτ .

The dephasing rate of the single-exciton coherences is also given in terms of the
function M(ω):

γe1e2 D
X

e

Me1 e,ee1 (ω e1 e) C
X

e

M�
e2 e,ee2

(ω e2e)

� 2Re Me1 e1,e2 e2 (0) . (11.54)

This theory thus allows us to evaluate all model parameters using the single spec-
tral density (or their family). As we additionally find, all fluctuations in this model
become correlated to some degree. So a theory which includes some additional
correlations may be desirable.

11.5
Modified Redfield Theory

In this section we consider only the population transfer, which is the most im-
portant component in the exciton relaxation and energy transfer problems. The
Redfield approach assumes that the bath is Markovian and is in thermal equilibri-
um. However, it is important that the bath is often affected by the system; thus, the
bath equilibrium for different system states can be slightly shifted. The modified

Redfield theory includes these effects: it is nonperturbative with respect to diagonal
fluctuations and it includes correlations between diagonal and off-diagonal fluctua-
tions [75] (the term “modified” was not introduced in the original paper of Zhang et

al.).
The exact result for the relaxation part of the generalized quantum master equa-

tion in the Born approximation, as shown above, in the Liouville space is given by
the relaxation kernel:

RI(t, τ)�I(τ) � trB (V(t)V(τ)�I(τ) ˝ �B) . (11.55)

In the exciton relaxation problem, the initial state is created by absorption of a
photon. Thus, �B should not be considered in equilibrium, since the equilibrium
is for the electronic ground state.

Let us consider the Hamiltonian defined by (11.24), where the system-part matrix
hab is diagonal. Thus, states jai and jbi are the system eigenstates in the absence of
the bath. In the Schrödinger representation for the system the population transfer

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c11 — 2013/6/3 — page 257 — le-tex

�

�

�

�

�

�

11.5 Modified Redfield Theory 257

integral kernel from state a to state b is

[R(t � τ)�(τ)]bb D trB

nh
e�i OH0(t�τ)

i
bb

Qhba qba Waa(τ)
h
ei OH0(t�τ)

i
aa

Qhab qab

o
,

(11.56)

where OH0 D OHS C OHB, and Waa(τ) is the matrix element of the total density matrix
in the eigenstate basis, still an operator in the bath subspace. Let us assume that
the bath performs stochastic fluctuations, so in the Heisenberg representation for
the bath Hamiltonian qab(t) is the time-dependent fluctuation. Now keeping the
second order in the off-diagonal fluctuations qab in the eigenstate basis, we write
the adiabatic propagator with respect to electronic state jai as

h
ei OH0(t�τ)

i
aa

D exp

0
@iεa(t � τ) C i

tZ
τ

dτ0qaa(τ0)

1
A . (11.57)

For the initial state a and the final state b we then get

[R(t � τ)�(τ)]bb D j Qhbaj2 exp(iωab(t � τ))

� trB

2
4exp

0
@�i

tZ
τ

dτ0qbb(τ0)

1
A qba(τ)

� exp

0
@�i

τZ
t

dτ0qaa(τ0)

1
A Waa(t)qab(t)

3
5 . (11.58)

The last step in formulating the problem is to determine Waa . It is taken as the total
density matrix when the bath is in thermal equilibrium with respect to exciton state
jai. To obtain that limit we take the time limit for which the bath density matrix
remained in state jai as infinitely long time. We thus get

[R(t � τ)�(τ)]bb D j Qhbaj2�aa(t) exp(iωab(t � τ))

� lim
t 0!�1

trB

2
4exp

0
@�i

tZ
τ

dτ0qbb(τ0)

1
A qba(τ)

� exp

0
@�i

τZ
t 0

dτ0qaa(τ0)

1
A �B exp

0
@�i

t 0Z
t

dτ0qaa(τ0)

1
A qab(t)

3
5 . (11.59)

This trace can be calculated exactly using the cumulant expansion when the bath is
harmonic (see Appendix A.8). We then get the following rate expression in terms
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of the so-called spectral lineshape g(t) functions (A98):

kba D 2Re j Qhbaj2
1Z
0

dτeiωab τ˚ Rgab,ba(τ)

� � Pgbb,ba(τ) � Pgaa,ba(τ) C 2iλba,aa

� � Pgab,aa(τ) � Pgab,bb(τ) C 2iλab,aa

��
� exp(�gaa,aa(τ) � gbb,bb(τ) C gaa,bb(τ)

C gbb,aa(τ) C 2i(λaa,bb � λaa,aa)τ) .

(11.60)

Here

gab,cd(t) D
tZ

0

dτ

τZ
0

dsCab,cd(τ � s) (11.61)

is the so-called lineshape function, dots and double dots denote the time deriva-
tives. and λab,cd are the reorganization energies (Stokes shifts) given in the limit

λab,cd D � lim
t!1

Pgab,cd(t) . (11.62)

Also note that Rg(τ) D C(τ).
The modified Redfield rate expression is very suitable for excitons. It includes

full equilibration in the excited initial state. The way this expression interpolates
between Redfield and Förster theories has been demonstrated [31, 76]. It also in-
cludes correlations of diagonal and off-diagonal fluctuations. The modified rate
formula thus explicitly includes the bath relaxation effects.

11.6
Förster Energy Transfer Rates

We next consider the Förster model for energy transfer between donor molecules
(initial state – d) and acceptor molecules (final state – a) with weak electrostatic in-
teractions. It is thus yet another population transfer model. In that case their tran-
sition energy and coupling fluctuations can be considered as independent. The in-
termolecular coupling is now considered as a weak perturbation due to the dipole–
dipole interaction between transition charge densities, which is described in Sec-
tion 5.4.

The Förster energy transfer rate expression follows directly from the modified
Redfield rate expression. In the modified Redfield rate expression we then only
need to consider autocorrelation functions, that is, the quantities gaa,aa, gd d,d d, and
gad,d a D gd a,ad ; all other combinations of indices have zero amplitudes. We then
have

Fad(τ) D F
(0)
ad

(τ)jUadj2 (11.63)
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and

F
(0)
ad (τ) D exp(�iωad τ � gaa,aa(τ) � gd d,d d(τ) � 2iλd d,d d τ) . (11.64)

Integrating these relations, we obtain the Förster energy transfer rate formula [76,
77]:

K
(F)
ad

D jUad j2
Z

dω
2π

Aa (ω)Fd(ω) . (11.65)

Here

Aa (ω) D
Z

dτ exp(i(ω � εa)τ � gaa,aa(τ)) (11.66)

and

Fd (ω) D
Z

dτ exp
�
i(ω � (εd � 2λd d,d d))τ � g�

d d,d d(τ)
�

(11.67)

are spectral lineshapes of the acceptor absorption and the donor fluorescence, nor-
malized to unit area (these are derived in Part Two). The symmetry g(τ) D g�(�τ)
ensures that Aa (ω) and Fd (ω) are real. Equation (11.65) is commonly used with ex-
perimental normalized absorption and emission, and the intermolecular coupling
is calculated using the dipole–dipole model between transition densities.

11.7
Lindblad Equation Approach to Coherent Exciton Transport

The relaxation process of a quantum system is in general not time local, that is,
it has some memory. The memory is present since in practice the energy trans-
fer through the bath has a finite timescale. This is formally described by the bath
correlation function. However, when the bath correlation time is short compared
with the system dynamics time, the time-local equation well describes the exciton
dynamics. The memory may still effectively remain due to the nonsecular nature
of the equation, that is, the effect of excitation is transferred from population to
coherence and back, leading to some effective phase delay.

We first assume that we can prepare the system at the initial time t D 0 in the
system and bath product state, so the total system density matrix is of the form
W(0) D �(0) ˝ �B. Such a condition is commonly realized in optical excitation of
molecular aggregates. Following the description of the Markov processes, we can
define the transformation of the system density matrix to some later time [9]:

�(t) D V(t)�(0) � trB
�
U(t)�(0) ˝ �BU†(t)

�
, (11.68)

where U(t) is the Green’s function of the total system. This transformation is some-
times denoted as a “dynamic map.” If we write the bath operator in its eigenstate
basis, �B D P

n λn j'nih'n j, we find

�(t) D V(t)�(0) �
X
mn

λnh'mjU(t)j'ni�(0)h'n jU†(t)j'mi . (11.69)
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We can now denote Wmn(t) D p
λnh'm jU(t)j'ni and get

V(t)�(0) �
X
mn

Wmn(t)�(0)W†
mn(t) . (11.70)

Taking into account that there is no assumption about the dynamics involved, the
dynamic map is a completely positive and trace-preserving operation; however, it is
time irreversible.

As in Markov processes we may use Markov-type relations, that is,

V(t1)V(t2) D V(t1 C t2) . (11.71)

This condition is satisfied by an exponential form,

V(t) D exp(Lt) , (11.72)

and the density matrix of the system then satisfies

d
dt

� D L� . (11.73)

That is the generalization of the Liouville equation and it now includes the effects of
the coupling with the bath, that is, the relaxation. This dissipative process formally
composes the quantum dynamical semigroup and L is its generator.

It is possible to construct the most general form of the superoperator L by ex-
panding it into an arbitrary set of operators. However, the whole mathematical
derivation is beyond the scope of this book (see, e.g., [9]). The most important part
is the final result:

L� H) �i
h OHS, �

i
C

N2�1X
kD1

γk

�
OA k� OA†

k
� 1

2
OA†

k
OA k� � 1

2
� OA†

k
OA k

	
. (11.74)

This is called the Lindblad form [78]. Here the first term on the right-hand side
represents the unitary part of the dynamics, and OA k are Lindblad operators. While
they are obtained as mathematical constructions, they have the meaning of various
modes which couple the system with the bath (collective coordinates). Having tak-
en the Lindblad operators as dimensionless, we have γk as the relaxation rates of
different decay modes. The sum runs over the number of independent bath modes;
N is the number of degrees of freedom (number of states) of the system.

Assuming that the number of bath modes is uncountable, we next write the
Lindblad equation as follows:

d
dt

� D �i[HS, �] C
X

k

�
OL k� OL†

k � 1
2

OL†
k

OL k� � 1
2

� OL†
k

OL k

	
. (11.75)

We expand the Lindblad operator OL k in a orthonormal basis set of system states:

OL k D
X
ab

u
(k )
ab

jaihbj . (11.76)
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Substituting this into the Lindblad equation, we have the following terms:� OL k� OL†
k

�
ab

D
X
a0b0

u
(k )�
bb0 u

(k )
aa0�a0 b0 , (11.77)

� OL†
k

OL k�
�

ab
D
X
a0b0

u
(k )�
a0a u

(k )
a0b0�b0 b , (11.78)

and �
� OL†

k
OL k

�
ab

D
X
a0b0

u
(k )�
b0a0 u

(k )
b0b

�aa0 . (11.79)

By denoting

Zab,cd D
X

k

u
(k )�
ab

u
(k )
cd

, (11.80)

we obtain the Redfield-like equation

d
dt

�ab D �i
h OHS, �

i
ab

C
X
a0 b0

Kab,a0b0�a0b0 , (11.81)

with relaxation rates

Kab,a0b0 D Zbb0,aa0 � δb0b

2

X
c

Zca,ca0 � δa0a

2

X
c

Zcb0,cb . (11.82)

That is a very important relation which has a direct connection with the Redfield
equation and it defines the physical meaning of the correlation coefficients Zab,cd .
Let us consider the population transport from state b to state a and a ¤ b. The rate
governing this process is

Kaa,bb D Zab,ab . (11.83)

The dephasing rate of the density matrix coherence �ab is

Kab,ab D Zbb,aa � 1
2

X
c

[Zca,ca C Zcb,cb ] . (11.84)

The commonly used expression can be written

Kab,ab D � Nγab � 1
2

�
τ�1

a C τ�1
b

�
, (11.85)

where the lifetime of state a is given by the total rate of population escape τa DPc¤a
c Zca,ca and

Nγab D 1
2

(Zaa,aa C Zbb,bb) � Zbb,aa (11.86)
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is known as the pure dephasing rate. Terms such as Zaa,bb can be taken as complex
numbers, and then Nγab might include a Lamb shift of the oscillation frequency.
Note, however, that we must have Zaa,bb D Z�

bb,aa
, so Zaa,aa is real and Nγab D Nγ�

ba
.

However, this description leaves a lot of undefined “off-diagonal” parameters.
They must be chosen in a specific way to lead to a physically reasonable result.
We thus assume that the Lindblad equation yields the canonical equilibrium dis-
tribution of the isolated system �(1) D exp(�	 OHS) at long times t ! 1 [79]. The
equilibrium exciton populations are then given by �

(1)
aa / exp(�	εa), where εa is

the energy of state a, and all off-diagonal density matrix elements vanish: �
(1)
ab

D 0
for a ¤ b. For the equilibrated state at t ! 1 the Lindblad equation for all a and b

gives

0 D
X

c

"
Zbc,ac � 1

2

X
d

(δac Zd c,d b C δbc Zd a,d c)

#
exp(�	ε c) . (11.87)

This equation is satisfied when the Lindblad operator matrix elements are com-
pletely uncorrelated, that is, Zab,cd D δac δbd Zab,ab, thus leading to the secular
relaxation equation which satisfies the detailed balance and the requirement for
the equilibrium to be satisfied. However, that is not the only solution. Let us rear-
range (11.87) in the form

0 D
X

c



Zbc,ac exp(�	ε c) � 1

2
Zca,cb exp(�	εa) � 1

2
Zca,cb exp(�	εb)

�
.

(11.88)

A sufficient condition for this equality is obtained when each term in the sum
of (11.88) is required to be 0, which can be satisfied by

Zab,cd

exp(�	εa) C exp(�	ε c)
D Zd c,ba

exp(�	εd) C exp(�	εb)
. (11.89)

The Lindblad equation determines all other off-diagonal rates responsible for co-
herence–coherence transfer and for population–coherence mixing. Terms such as
Kaa,bb and Kab,ab can be calculated microscopically from the Redfield rate expres-
sions. This leads to fixing correlation coefficients hju abj2i (a ¤ b).

Additional determination of coefficients is possible for excitons with respect to
the special – ground – state. This state jgi has an infinitely long lifetime and it
is a reference state for all fluctuating coordinates, that is, it is not fluctuating it-
self. Therefore, hu�

ab
u cdi D 0 if one of the indices a, b, c, or d coincides with g.

The Lindblad equation then guarantees that there is no population transfer to the
ground state. However, the coherence decay rates involving the ground state, which
determine the homogeneous linewidth of the absorption spectrum, are as follows:

Kge,g e D � Nγg e � 1
2

τ�1
e , (11.90)

Nγg e D 1
2

Zee,ee . (11.91)
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With this model we are thus able to relate all coefficients of type Cee0 ,ee0 to the
Redfield theory:

Zee,ee D 2 Nγg e , (11.92)

Zee0 ,ee0 D Kee,e0 e0 . (11.93)

And finally

Ze0 e0,ee D 1
2

(Zee,ee C Ze0 e0 ,e0 e0 ) � Nγee0 . (11.94)

The exciton concept allows us to suggest the relation between the Lindblad cor-
relation coefficients and the exciton wavefunctions. First note that for correlation
coefficients we can assume that

Z2
ab,cd < Zab,ab Zcd,cd (11.95)

or

Zab,cd D p
Zab,ab Zcd,cd cos(αab,cd) , (11.96)

where we define the mixing angle αab,cd .

11.8
Hierarchical Equations of Motion for Excitons

Hierarchical equations of motion (HEOM) correspond to a nonperturbative theory
describing the exciton dynamics in the open quantum systems introduced in Sec-
tion 10.6. Because it is a full theory, it is computationally expensive. An additional
complication for excitons is that we assume an independent bath for each molecu-
lar excitation. We therefore have to deal with N bath modes for N molecules denot-
ed as a coordinate OQ m, and we have N hierarchy dimensions. Here we present a
modified HEOM theory usually termed the hierarchical quantum master equation
(HQME) [80]. It is still nonperturbative, but is restricted to the approximate form
of the bath correlation function.

Let us start with the semiclassical overdamped spectral density for the nth
molecule (see Section 8.6):

C 00
n (ω) D 2λn

γn ω
ω2 C γ 2

n

. (11.97)

The fluctuation correlation function of the bath (7.140) for the nth molecule can be
given in the form

Cn(t) D 1
π

Z
1

1 � e�	ω
e�iω t C 00

n (ω)dω . (11.98)
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By expanding the Bose–Einstein function up to the (	ω) term

1
1 � e�	ω D 1

	ω
C 1

2
C 	ω

12
C O[(	ω)3] (11.99)

(this expansion corresponds to [0/0] Padé decomposition of the spectrum [81]), we
have

Cn(t) D
�

2λn

	
� 	λn γ 2

n

6

	
e�γn t � iλn γne�γn t C λn γn 	

3
δ(t) . (11.100)

The high-temperature approximation schemes use only the first two terms of this
expansion. Here, all three terms are used and the rest of the correlation function
is accounted for by the Markovian-white-noise residue ansatz [80]. The criterion of
applicability certainly depends on temperature: it was shown in [80] to represent
adequate dynamics when

min fΓn(γn)/ΩS, �ng & 2 , (11.101)

where Γn(γn) D [
p

12 C (	γn)2 C 6]/	, ΩS is the characteristic frequency of the
system, and �n D p

6Γn(γn)/(	λn γn).
The HQME for the correlation function given in (11.100) is written in the Li-

ouville space as a hierarchy of coupled differential equations for auxiliary density
operators denoted by j�n(t)ii [80]:

d
dt

j�n(t)ii D �i OLej�n(t)ii �
NX

mD1

�
γm nm C δ ORm

�
j�n(t)ii

C
NX

mD1

nm
OAm j�n�

m
(t)ii C i

NX
mD1

OQ�
mj�nC

m
(t)ii , (11.102)

where the auxiliary superoperators

δ ORm D λm γm 	
3

OQ�
m

OQ�
m (11.103)

and

OAm D i

�

2λm

	
� 	λm γ 2

m

6

	
OQ�

m � iλm γm
OQı

m

�
(11.104)

are introduced. Here OQ�
m� , [ OQ m , �] (� is an arbitrary operator) is the com-

mutator and OQı
m� , f OQ m , �g is the anticommutator. In (11.102) j�0(t)ii corre-

sponds to the physical reduced density operator, while n is a vector of indices
n � (n1, n2, . . . , nN ), and we use the notation n˙

m � (n1, n2, . . . , nm ˙ 1, . . . , nN ).
All indices of auxiliary density matrices represent the number of vibrational quanta
and are positive numbers [53].

Formally the hierarchy in (11.102) is infinite; thus, the equations are nonpertur-
bative and non-Markovian. Various truncation schemes can be used. The simplest
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one is based on the assumption that all auxiliary density matrices with tier level
L D PN

mD1 nm greater than the truncation level L trunc are simply discarded. The
truncation level is usually chosen to guarantee convergence of the simulation re-
sults. Other truncation schemes are also possible [53, 82].

Since the HEOM theory is derived as an operator equation and makes no approx-
imation for the bath, it is thus independent of the basis chosen for the solution of
the problem. It can thus capture effects such as exciton delocalization, polaron for-
mation, and collapse of a delocalized exciton onto a single chromophore.

11.9
Weak Interchromophore Coupling Limit

Energy transfer in molecular aggregates in the case of weak resonance coupling
is usually considered within the framework of Förster resonance energy transfer
(FRET) theory. This is a widely employed method that works remarkably well even
in situations where the condition of weak chromophore–chromophore coupling
might be questionable. However, for some applications FRET theory has several
important closely related deficiencies. Namely, since FRET theory is an approach
of the Fermi golden rule type, it gives the population transfer rates but no pre-
scription for propagating the other elements of the density matrix, for example,
coherences. By the same token, FRET theory intrinsically assumes that the excita-
tions are localized on individual chromophores despite their mutual interaction.
The latter deficiency can be overcome by using the modified Redfield theory, but in
this case the former still persists, which renders the description of coherent phe-
nomena impossible.

It is possible, however, to formulate a dynamical description of the whole reduced
density matrix in the weak resonance coupling limit [83]. The derivation is similar
to that of the generalized quantum master equation, except that this time the reso-
nance coupling instead of the system–bath interaction is treated as a perturbation.
Therefore, we split the system Hamiltonian in the following way:

OHS D OH� C OHJ . (11.105)

Here OH› and OHJ denote accordingly the diagonal and off-diagonal parts of the
Frenkel exciton Hamiltonian. In the presence of the bath the reference part of the
total Hamiltonian for the perturbation expansion is taken as

OH0 D OH� C OHSB C OHB , (11.106)

which leaves out the resonance coupling part OHJ as a perturbation. Switching to
the Liouville space notation, we split the total Liouvillian in the same manner:

L D L0 C LJ . (11.107)

We first write the solution of the Liouville equation in the usual way using the
Green’s function

W(t) D G(t)W(0) . (11.108)
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We next define the interaction representation with respect to L0:

WI(t) D G0(�t)W(t) (11.109)

and

V(t) D G0(�t)LJG0(t) . (11.110)

Then, using the projection operator technique as introduced in Chapter 9, we get
an equation for PWI(t) and truncate it at second order in OHJ:

d
dt

PWI(t) D �iPV(t)PWI(t) �
tZ

t0

dτPV(t)PQV(τ)PWI(τ) I (11.111)

Here the so-called initial term proportional to QWI(t0) is omitted. To justify this
omission as well as to ensure the maximum quality of the second-order approx-
imation, the choice of the operator P is essential, and it is best dictated by the
physical situation in question. For instance, in the case of optical excitation, we
can assume that the system is initially in the ground state, � D jgihgj, and the
bath is in the canonical equilibrium, �B, so the total density matrix is factorized
as W(t0) D � ˝ �B. Then according to the Franck–Condon principle, upon the
excitation the bath part remains unchanged and the system–bath state remains
factorized. In this way the appropriate projection operator reads

P OZ D trB( OZ)�B , (11.112)

and therefore QWI(t0) D 0, which eliminates the initial term.
Denoting N�(t) D TrB(WI(t)) and resolving the projectors and commutators (thus

returning to the Hilbert space), we can rewrite (11.111) in terms of N�(t):

d
dt

N�(t)�B D �itrB

� OHJ(t)�B

�
N�(t)�B C i N�(t)trB

�
�B OHJ(t)

�
�B � R( J2) ,

(11.113)

where

R( J2) D
tZ

t0

dτ
h
trB

� OHJ(t) OHJ(τ)�B

�
N�(τ) � trB

� OHJ(t)�B

�
trB

� OHJ(τ)�B

�
N�(τ)

� trB

� OHJ(t) N�(τ)�B OHJ(τ)
�

C trB

� OHJ(t)�B

�
N�(τ)trB

�
�B OHJ(τ)

�
� trB

� OHJ(τ) N�(τ)�B OHJ(t)
�

C trB

� OHJ(τ)�B

�
N�(τ)trB

�
�B OHJ(t)

�
C N�(τ)trB

�
�B OHJ(τ) OHJ(t)

�
� N�(τ)trB

�
�B OHJ(τ)

�
trB

�
�B OHJ(t)

�i
.

(11.114)
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The traces can be evaluated as follows. Taking the matrix element of trB( OHJ(t)�B),
we obtain the expression

hajTrB

� OHJ(t)�B

�
jbi D Jabeiωab t trB(Ga (�t)Gb(t)�B) , (11.115)

where G(t) is the Green’s function corresponding to the Hamiltonians involving
the nuclear coordinate Oq: OHSB( Oq) C OHB( Oq, Op ). The trace can now be evaluated by
employing the second-order cumulant approximation:

TrB(Ga (�t)Gb(t)�B) D exp
��(1 � δab)

�
g�

a (t) C gb(t)
��

, (11.116)

where ga(t) is the lineshape function associated with the transition from state jgai
to state jeai. Thus,

hajTrB

� OHJ(t)�B

�
jbi D Jabeiωab t�(1�δab)(g�

a (t )Cgb(t )) � Jab(t) . (11.117)

Similarly, the larger traces in (11.114) can be evaluated. Then changing the integra-
tion variable in (11.114) to τ0 D t � τ, we can employ the Markov approximation
N�(t � τ) � N�(t). Setting t0 D 0 (e.g., the optical excitation giving the time reference),
we obtain the equations of motion in the final form:

d
dt

N�ab(t) D �i
X

c

Jac(t) N�cb(t) C i
X

N�ac(t) Jcb(t)

�
X

cd

�
Raccd(t) N�d b(t) � R�

cabd(t) N�cd(t)

� Rd bac(t) N�cd(t) C R�
bd d c(t) N�ac(t)

�
. (11.118)

The relaxation tensor reads

Rabcd(t) D
tZ

0

dτ[ Jab Jcd Mabcd(t, t � τ) � Jab(t) Jcd(t � τ)] , (11.119)

where the auxiliary function is given as

Mabcd(t, τ) D eFabcd (t,τ)Ciωab tCiω cd τ , (11.120)

and

Fabcd(t, τ) D �g�
a (t) � gb(t) � g�

c (τ) � gd (τ)

� δac

�
ga(t) � ga(t � τ) C g�

a (τ)
�C δad

�
ga(t) � ga (t � τ) C g�

a (τ)
�

C δbc

�
gb(t) � gb(t � τ) C g�

b (τ)
� � δbd

�
gb(t) � gb(t � τ) C g�

b (τ)
�

.

(11.121)

Here we disregarded the cross-correlations, that is, assumed gab(t) D δab ga(t).
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Finally, the connection between the reduced density operator in the interaction
picture N�(t) D TrB(WI(t)) and in the Schrödinger picture �(t) D TrB(W(t)) is given
by the equation

N�ab(t) D eiωab tC(1�δab)[ga(t )Cg�
b (t )]�ab(t) . (11.122)

We thus get a dynamic relaxation picture through the g(t) functions (these are
introduced in Appendix A.2). The bath thus affects not only the excitation in a rigid
frame of excitonic wavefunctions, but the frame itself becomes “flexible.” The bath
renormalized the intermolecular couplings dynamically, which is never captured
by the Redfield equations.

11.10
Modeling of Exciton Dynamics in an Excitonic Dimer

As described in Section 5.3, an elementary molecular aggregate is a molecular
dimer made up of two strongly coupled molecules. It was described in Section 5.3.
It is characterized by two site energies ε1 and ε2 and the intermolecular coupling J .
We next denote ∆ D ε2 � ε1.

The Hamiltonian of such a system is solvable analytically by introducing the
mixing angle θ (5.57) so that the exciton eigenvectors are

�
ψe1 n1 ψe2 n1

ψe1 n2 ψe2 n2

	
D
�

cos(θ ) � sin(θ )
sin(θ ) cos(θ )

	
. (11.123)

The Schrödinger equation for the system gives the mixing angle

tan(2θ ) D 2 J

∆
(11.124)

and then the eigenstate energies are given by

ε˙ D Nε ˙ ∆
2

q
1 C tan2(2θ ) , (11.125)

where 2Nε D ε1 C ε2.
To include the relaxation effects we couple each molecular excitation in the dimer

(the excitation energy) to its own phonon bath characterized by the spectral density:

C 00(ω) D 2λ
ωΛ

ω2 C Λ2 . (11.126)

In that case their energy fluctuations are uncorrelated.
We next present simulations of exciton dynamics in this system using several dif-

ferent models described in the various sections in this chapter. This section is thus
devoted to the application to the model dimer. The set of simulation parameters for
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the dimer is as follows. The trial system Hamiltonian in reciprocal centimeters is
taken as�

10 200 100
100 10 100

	
. (11.127)

This leads to a mixing angle of θ � 2.6 rad. The eigenenergies are 10 000 C 38.2
and 10 000 C 261.8. The bath is characterized by Λ D 0.53 J , which is taken as
approximately 100 fs. These values of the parameters are typical of photosynthetic
pigment–protein complexes [24].

For the initial condition we assume that the molecular dimer is excited by an
ultrashort laser pulse. In that case the pulse bandwidth covers both exciton eigen-
states, so both are excited simultaneously. Such laser excitation prepares the system
in a highly nonequilibrium excited configuration described by the density matrix

�(t D 0) D
�

0.5 0.5
0.5 0.5

	
. (11.128)

We will next follow the exciton dynamics in this system using the propagation
methods described below when this system is either weakly (λ D 0.1 J ) or strongly
(λ D J ) coupled to the bath.

Secular Redfield Dynamics The secular Redfield scheme serves as the simplest
approach. The dynamics for the weak system–bath coupling strength are shown in
Figure 11.1. As population and coherence dynamics are uncoupled, we can observe
only exponential monotonous decay of nonequilibrium populations to the equilib-
rium. The coherences oscillate with their native frequencies dictated by the energy
gaps between the eigenlevels. The decay of these coherences is limited only by the
exciton lifetimes and by their pure dephasings. The strong system–bath coupling
in Figure 11.2 leads to faster relaxation and almost overdamped relaxation of the
coherence.

Modified Redfield Theory The modified Redfield theory is intrinsically similar to
the secular Redfield theory, only the transport rates are calculated differently. In
this case in Figure 11.1 the population transfer rates are different; thus, popula-
tions redistribute faster. Note that this weak coupling regime does not induce any
noticeable relaxation in the excited state; thus the rates of the Redfield and modi-
fied Redfield theories almost coincide. In Figure 11.2 the strong coupling case is
shown. We find that the rates in this case are higher and the population dynamics
are faster. This change in rates is induced by exciton relaxation in the excited state.
The coherences propagate in the same way as in the secular Redfield theory as the
coherence is described by the same rates.

Full Redfield Theory The full Redfield theory as described by (11.27) is the most
straightforward approach to tackle the nonequilibrium system dynamics as it is a
direct outcome of second-order perturbation theory. All fluctuations are included
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Lindblad Weak J HEOM

Modified RedfieldSecular RedfieldFull Redfield

ρ11
ρ22

ρ12
ρ21

Figure 11.1 The density matrix dynamics of the dimer with initial conditions as in (11.128)
in the case of weak system–bath coupling strength. “HEOM” means “hierarchical equation of
motion.”

up to second order. In the weak system–bath coupling case the system remains
highly coherent as implied by oscillatory populations and density matrix coher-
ences. After the initial coherent phase, the populations cease to oscillate and ap-
proach equilibrium values monotonically. In this state the coherences are almost
zero. A completely different picture is obtained in the strong system–bath cou-
pling case, where the Redfield equation parameters make the solution diverge. This
demonstrates that the Redfield equation has a limited parameter space of validity. It
must be noted that since the equation is up to second order in fluctuations, the er-
ror of the solution accumulates with time. At second order we have the fluctuation
intensity, which perturbs the system dynamics, proportional to

δc D �

ˇ̌̌
ˇ̌̌ 1Z

0

C(t)dt

ˇ̌̌
ˇ̌̌ , (11.129)

where � characterizes the strength of off-diagonal fluctuations in the eigenstate
basis. For the dimer � D 1/2 sin2(2θ ), while to estimate the integral we take the
high-temperature limit and get

δc D λ
	Λ

sin2(2θ ) . (11.130)

δ�1
c provides the timescale where the Redfield solution should be trustworthy. Note

that δc roughly coincides with the homogeneous linewidth of the absorption line.
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Figure 11.2 The density matrix dynamics of the dimer with initial conditions as in (11.128) in
the case of strong system–bath coupling strength.

For the dimer parameters we get

Λ �
�

t <
Λ	
λ

	
. (11.131)

Using the above parameters we roughly have Λ t < 1 for the weak coupling and
Λ t < 0.1 for the strong coupling. In the weak system–bath coupling case the result
is physically feasible also for Λ t � 1; however, it should be concluded that it is not
trustworthy without relating it to a particular experiment. That is obvious in the
case of the strong system–bath coupling, where the result diverges for Λ t � 0.1.
The secular theories cure this problem; however their result is questionable as well.

Lindblad Dynamics The Lindblad equation allows for the quantum transport
regime where the populations are coupled with density matrix coherences. The
equation maintains the physical density matrix for all times. The Lindblad dy-
namics as presented in this chapter are parametrized with respect to the Redfield
theory: we choose the Lindblad correlation cosine matrix to be [79]

cos(α e4,e3,e2,e1 ) D Max(we1,e2 � we3,e4 , we1,e3 � we2,e4 , we1,e4 � we2,e3 ) , (11.132)

where

we1,e2 D
X

n

jcne1 cne2 j (11.133)

is the exciton overlap integral with condition 0 < we1,e2 < 1.
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The Lindblad equation now includes the same transport rates as in the Redfield
theory. Additionally they are tuned so that the thermal equilibrium coincides with
the secular Redfield theory for excitons. This results in the Lindblad equation be-
ing intermediate between the full Redfield theory and the secular Redfield theory.
It thus captures the coherent dynamics as observed in the weak system–bath cou-
pling case (oscillatory population evolution) as well as satisfactory relaxation to the
equilibrium similar to the secular equation. The result remains physically reason-
able in the strong system–bath coupling limit as well. In this case the coherences
are overdamped and the system is driven to equilibrium monotonically. Howev-
er, this construction of the parameters relies on heuristic arguments, so the result
must be understood with respect to a specific experiment.

Weak Resonance Coupling Regime The weak- J theory captures the other limit of
the strong system–bath coupling correctly. In this case when the coupling with the
bath is strong and comparable to the interchromophore coupling J , the theory cor-
rectly reflects the density matrix dynamics since the diagonal bath fluctuations in
the eigenstate basis are included through the cumulant expansion. This part can be
understood as exact provided the diagonal and off-diagonal fluctuations are weakly
correlated. This is in stark contrast to the Redfield theory, which fails and diverges.
The long-time limit is however shifted from the correct thermal equilibrium, but
the initial dynamics is properly recovered. The finite coherence elements at long
times show that the excitonic basis is no longer the eigenbasis of the solution and
the site basis is more appropriate. Thus, in the long-time limit the system relaxes
to the site basis equilibrium.

HEOM (HQME) Dynamics The HQME method is a way to compute the aggregate
dynamics without approximations at any temperature. However, the hierarchy is
infinite and additional constrains are included with respect to the fluctuation cor-
relation functions. It thus correctly includes the quantum transport effects as well
as realistic coherence dephasing rates. In Figures 11.1 and 11.2 we show the cas-
es of weak and strong couplings using the HEOM method. In the initial time it
reflects the coherent dynamics, which transform into the dissipative ones. In Fig-
ures 11.1 and 11.2 only the short-time dynamics are shown. However, in the long-
time limit, it can be shown that coherences in the strong system–bath coupling
case do not relax to the equilibrium. This shows that the weak- J theory becomes
more accurate in that limit and the site basis is more appropriate especially in the
strong system–bath coupling limit. The exciton states thus decay and the dynamics
should be described in the site basis.
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11.11
Coherent versus Dissipative Dynamics: Relevance for Primary Processes in
Photosynthesis

An essential step in developing a description of exciton relaxation in molecular
aggregates is to make the right approximations. The most sophisticated HEOM
theory is by no means the best tool to describe few-chromophore systems. Howev-
er, it is an essentially exact description and its ultimate application amounts to the
full solution of quantum dynamics. It thus scales badly with the system size. For
instance, if the system consists of N chromophores and we assume that each site
is coupled to an independent bath coordinate, we have to use an N -dimensional
space for hierarchy of equations. If additionally we take M terms into expansion
of the Bose–Einstein distribution with respect to the temperature, we add M more
dimensions in the hierarchy. The problem becomes hardly tractable on a computer
even for moderate system sizes (approximately 10). However, with use of a multi-
core supercomputer, aggregates as large as N D 36 have been processed [84] us-
ing the HEOM. Current applications are mostly limited to the overdamped model
of the bath, while the colored bath is theoretically possible in HEOM [85]. Alter-
native exact methods including an arbitrary bath spectral density are available as
well [71, 84, 86–89]. These are not considered in this book because of space limita-
tions.

As the HEOM is numerically exact, it is now taken as a reference by compar-
ing the approximate methods. As we showed, the approximate methods for density
matrix can be used in specific parameter regions. For instance, in the case of weak
system–bath coupling, the full Redfield theory is very suitable at short times. As
the system reaches the incoherent relaxation phase, the secular theory can be used
to propagate the populations to the thermal equilibrium. Surprisingly, the simplest
secular Redfield theory gives proper relaxation timescales. As it is simple to im-
plement and is very efficient in simulations, it is the best choice for estimating
qualitative behavior. In the case of strong system–bath couplings, the weak- J the-
ory gives the correct coherent dynamics phase and encapsulates the formation of
polarons.

Special attention has to be paid to the Lindblad and modified Redfield theories.
The Lindblad equation of motion guarantees a physically proper density matrix for
all time delays; however, it does not provide a recipe to obtain the relaxation rates
or to define the correlation coefficients using spectral densities of the harmonic
bath. The method to relate the Lindblad parameters with the Redfield rates pre-
sented in this book gives a qualitatively important result as it allows us to capture
the short-time coherent dynamics and the long-time dissipative dynamics correct-
ly. The modified Redfield scheme is “an upgrade” of the secular Redfield theory,
and promises better exciton transfer rates. However, as the theory relies on the ex-
citon basis, its second-order approximation in the off-diagonal fluctuations limits
the rates again to the weak coupling regime since in the case of strong system–
bath couplings (strongly coupled systems) all fluctuations are large, become corre-
lated, and cannot be treated at second order. The modified Redfield scheme is thus
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trustworthy when all fluctuations are weak or when the chromophores are weak-
ly coupled. However, the weak- J theory may be a better choice in that case as it
captures dynamic wavefunction relaxation.

The theories presented were demonstrated for a simple pair of two-level sites.
The results and conclusions obtained can be extended to larger systems since the
excitonic dimer is the simplest system having all ingredients as in larger systems.

Recent multidimensional spectroscopy experiments, which we describe in Part
Two, done primarily on the FMO aggregate [24, 90] and later on other molecular
aggregates, revealed a broad range of coherent processes that take place in the fem-
tosecond time domain [62, 72]. As these experiments initiated the discussion of the
importance of quantum coherent effects in the biological functioning of the light
harvesting complex in photosynthesis, this initiated a revision of the quantum re-
laxation theories with a strong emphasis on the quantum coherence [68, 69, 71, 73].
According to estimations [91] the strongest J coupling in FMO aggregates is on the
order of approximately 100 cm�1, while the homogeneous absorption linewidth is
approximately 60 cm�1. In this case the exciton concept should hold and the the-
ories which are based on the weak J coupling regime should be avoided. The the-
ories which include coherent excitons are thus preferable. For instance, the full
Redfield theory should be appropriate to account for the damped evolution of the
excitonic coherences. The modified Redfield theory includes some additional con-
cepts compared with the full Redfield theory. For instance, the correlations of the
diagonal and off-diagonal fluctuations are included approximately in the modified
Redfield population transport rates; however, this addition does not guarantee bet-
ter agreement with experiments since a lot of model parameters are not well de-
fined and are usually fitted by indirect experiments.

We note that the simulations of FMO aggregates based on the Redfield theory
have never been able to reproduce the long-lived quantum coherence beats ob-
served in the seminal two-dimensional spectroscopy experiment. Recently it has
been shown that the observed spectral beats in the two-dimensional spectrum re-
flect the molecular vibrations, which have been ignored before [92–94]. The latter is
not surprising knowing that the vibrational progression is very weakly expressed in
the FMO absorption spectrum, while it may influence the energy transfer rates [95].
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12
Introduction

Electronic spectra of molecular aggregates are usually attributed to Frenkel-type
excitons, which have been described in Chapter 5. Such attribution is based on
a significant shift and narrowing of the absorption band in comparison with the
absorption bands corresponding to separate molecules. It is noteworthy that the
resonance inter-molecular interaction is the main parameter resulting in delocal-
ization of the exciton states defined by a linear superposition of the excited states
of the individual molecules.

The exciton phenomenon was well-resolved as early as 1936 when spectral
changes of the pseudosocianine dyes in water solution were observed, while
changing the dye concentration [96, 97], and later on in molecular crystals and
polymers [23, 25, 27]. Excitonic features are also disclosed in stationary and time-
resolved spectra of various photosynthetic pigment-protein complexes [24] that
start the “cycle of life.”

To harvest the solar light efficiently, photosynthetic organisms are equipped with
pigment-protein antenna complexes. These complexes are involved in the initial
stage of photosynthesis, starting with the absorption of the solar light by the pig-
ment molecules and followed by the transfer of the accumulated energy to the re-
action center, where this energy is stabilized as a chemical potential [98, 99]. In the
latter process of the energy accumulation the charge transfer states are involved.

Variations of protein environment at different pigment molecules introduce dis-
tribution of transition energies and determine the timescale of their changes. Such
interaction of the pigment molecules with their environment is usually qualified in
two limiting cases corresponding to the static and dynamic disorder of their tran-
sition energies. The static disorder corresponds to the slow rearrangement of the
environment in the vicinity of a particular pigment molecule while the dynamic
disorder reflects the opposite limiting case corresponding to fast vibrations, thus
determining the exciton dephasing and restraining the coherence in exciton trans-
port. The entire set of such vibrations might be considered as the bath, while inter-
action of these vibrations with molecular excitations can be treated perturbatively.
According to such a theoretical scheme the exciton dynamics can contain both co-
herent and incoherent behavior.

As elementary excitations carry no charge or spin, only energy, they cannot be
tracked by electric measurements extensively used in semiconductor electronics.

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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278 12 Introduction

Spectroscopic methods are then efficiently applied. The traditional measurements
include absorption, fluorescence (steady state and time resolved) and pump-probe,
and various other types. In addition to the conventional spectroscopic methods
used for studies of various molecular aggregates, the four-wave mixing mea-
surement provides the set of simple nonlinear techniques available for isotropic
systems. In the time domain these are performed by applying either two puls-
es (pump-probe) or three pulses (homodyne three-pulse photon echo), or four
pulses (coherent heterodyned signals) to generate and detect the desired signal.
The four-wave mixing signal is generated by the induced third order polarization,
which is a parametric function of the delays between the adjacent laser pulses. The
polarization dynamics with respect to these parameters reflect a wide variety of
ultrafast molecular processes. Recent development of coherent two-dimensional
photon echo spectroscopy disclosed the possibility to estimate the time scale of
the exciton decoherence. Thus, two-dimensional spectroscopy is already a key tool
demonstrating a complex pathway network of the energy transfer in various pho-
tosynthetic pigment-protein complexes, molecular aggregates, and polymers. It is
evident that the interaction of electronic excitations with intra- and inter-molecular
vibrations causes a disruption of the phase relationship between excited states of
the molecules constituting the exciton wave functions. This type of interaction has
a distinct influence on the coherence in the exciton dynamics and plays the domi-
nant role by determining the exciton transport pathways. Thus, nonlinear optical
techniques performed using ultrashort laser pulses are capable of probing various
dynamical phenomena on microscopic/nanoscopic scale.

In this part of the book we discuss basic theoretical approaches for the descrip-
tion of various spectroscopic observables. We illustrate the basic steps which take
from the formulation of the quantum mechanical problem in terms of equations
of motion as described in Part One of this book to the formulation of the spectro-
scopic signal in terms of the response functions, which is the basis of Part Two.
Indeed, most of the spectroscopic experimental observations can be well described
in terms of the response theory by treating the excitation light perturbatively. The
basics of the semiclassical response theory is presented in Chapter 13. Theoretical
principles of the linear spectroscopy are presented in Chapter 14. The theoretical
basis applicable for the description of the nonlinear spectroscopy is presented in
Chapter 15. The 2D coherent spectroscopy approach is discussed by analyzing first
the simple model systems (Chapter 16) and afterwards by considering the spectral
changes of the photosynthetic pigment-protein complexes (Chapter 17). The basics
of the single molecular spectroscopy is described in Chapter 18.
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13
Semiclassical Response Theory

Spectroscopic experiments are usually described using the semi-classical approx-
imation [26]. According to this approximation the incoming excitation fields, the
outgoing signal field are assumed to be classical (electric) fields, and the molecular
system is considered to be a quantum object. This scheme applies to most exper-
imental situations, unless the quantum properties of light are explicitly used or
investigated, for instance, by considering entangled photons or quantum photon
statistics measurements. Because the lasers and coherent fields are used for the
light generation in most experiments considered in this book, classical description
is an appropriate approximation.

In the semiclassical model, the experiment is formally divided into two stages. In
the first stage a quantum system interacts with the incoming field. As discussed in
Section 2.4.1, this interaction is described by the polarization (or transition dipole
moment) operator. The system gets displaced from the equilibrium due to the in-
fluence of the external field, and thus, creates the nonequilibrium time-dependent
polarization. In the second stage the expectation value of the induced polarization
becomes a source of the signal field. This stage can be treated as a problem of the
classical electrodynamics, and it can be demonstrated by the Maxwell equations as
demonstrated in Section 2.2.

Assuming that the polarization is ultimately originating in the microscopic quan-
tum system, we need to consider the dynamics of this quantum system influenced
by the external field. Thus, we have to deal with a coupled problem of time evo-
lution of the fields E (r , t) and the system state OW (t). The whole process can be
described by the following three Maxwell–Liouville equations:

r � r � E (r, t)C 1
c2

@2

@t2
E (r, t) D �µ0

@2

@t2
P (r, t) , (13.1)

P(r , t) D Tr
� OP (r) OW (t)

�
, (13.2)

@ OW (t)
@t

D � i
„

h OHsc(E i (r , t)), OW (t)
i

. (13.3)

They have the following meaning: the first equation is the relationship between
photo-induced polarization P (r , t) of the system and the outgoing electric field.

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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280 13 Semiclassical Response Theory

This expression will be greatly simplified by assuming the so-called phase-matching
experimental geometry, which will be discussed in Section 13.3.1. The second equa-
tion is the definition of the physically observable polarization as the trace of the
product of the polarization operator and the density matrix. The third equation
determines the time evolution of the system density matrix under the influence
of the excitation field E i (r, t). Here OHsc is the semi-classical Hamiltonian, which
describes the quantum system under the influence of the classical electric field as
an external force.

In the next few sections, we will describe the physics behind these three equa-
tions. One straightforward step which we can perform here is that (13.1) can be
rewritten in a form:

�r2E (r, t)C 1
c2

@2

@t2 E (r, t) D �µ0
@2

@t2 P(r , t) , (13.4)

which is valid for transverse radiation fields, E � E? (in other words, r � E D 0).
This assumption usually applies to the dielectric medium as we study it here.

13.1
Perturbation Expansion of Polarization: Response Functions

We will now assume that the sample is made of some molecules, which are much
smaller than the wavelength of light. In this case, the molecule-field interaction
is assumed to be well described as a dipole-field interaction. The Hamiltonian de-
scribing the whole problem is then divided into the following terms:

OH D OHS C OHB C OHSB C OHint D OHmat � Oµ � E (t) . (13.5)

Here, OHS is the molecular (or system) part of the Hamiltonian, containing all de-
grees of freedom (or states) of the molecular system, which have to be included
explicitly. They are usually the electronic states that can be directly manipulated
by light, but sometimes they might also include some selected vibrational or other
levels. The second term, OHB, represents the bath, causing dephasing and energy
relaxation in the system. OHSB corresponds to the interaction between the system
and the bath. These three terms of the Hamiltonian constitute the material part
of the system, OHmat. The last term, OHint D � Oµ � E (t), is the dipolar system-field
interaction (see Section 2.4).

The dynamics of the system is more conveniently described using superopera-
tors, which were already introduced in Section 4.5.3 where they proved to be use-
ful in deriving equations of motion of the reduced density matrix. Here the prob-
lem is of a similar complexity, and the abbreviation of the commutators (those
from (13.3)) into superoperators will be of great convenience. We use the material
Liouville superoperator and interaction superoperator

Lmat OA D 1
„ [ OHmat, OA] ,
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13.1 Perturbation Expansion of Polarization: Response Functions 281

Lint OA D � 1
„ [ Oµ, OA]E(t) D �V OAE(t) , (13.6)

where V is the polarization (or transition dipole moment) superoperator. For the
sake of simplicity, we introduce E(t) D n � E (t) and Oµ D n � Oµ, where n is a vector
of unit length and determines the direction of the transition dipole operator. The
equation of motion for the total density matrix OW (t) is then given by

@ OW (t)
@t

D �iLmat OW (t)� iLint OW (t) . (13.7)

This equation cannot be solved exactly. The external field is a parameter under
control by experimentalists, and usually it is weak in the sense of the perturbation
theory. In other words, the spectroscopic signals can be sorted out by the power
dependencies on the external perturbation. We will thus treat the field-system in-
teraction perturbatively, while the material part will be taken as a reference, for
which the dynamical problem can be solved, at least formally. This scheme of the
time-dependent perturbation theory is typical for most of the spectroscopic calcula-
tions. At the next step we use the interaction picture, which represents the problem
in “rotating frame” corresponding to the field-free evolution of the system. The ref-
erence material evolution operator is defined as

Umat(t) � exp(�iLmat t) . (13.8)

We transform the system density operator into the interaction picture:

OW (I)(t) D U†
mat(t) OW (t) . (13.9)

and we get accordingly a new equation of motion:

@ OW (I)(t)
@t

D iV(t) OW (I)(t)E(t) , (13.10)

where V(t) D U†
mat(t)VUmat(t) is the polarization superoperator in the interaction

representation. This expression can be formally integrated:

OW (I)(t) D OW (I)(t0)C i

tZ
t0

dτV(τ) OW (I)(τ)E(τ) . (13.11)

By repeating the iteration we obtain an infinite series:

OW (I)(t) D OW (I)(t0)C i

tZ
t0

dτV(τ) OW (I)(τ)E(τ)

C i2

tZ
t0

dτ

τZ
t0

dτ0V(τ)V(τ0) OW (I)(τ0)E(τ)E(τ0)

C i3

tZ
t0

dτ

τZ
t0

dτ0

τ0Z
t0

dτ00V(τ)V(τ0)V(τ00) OW (I)(τ00)E(τ)E(τ0)E(τ00)C . . . (13.12)
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282 13 Semiclassical Response Theory

In the same form we can write the induced polarization. Taking the expansion:

P(t) D P (0)(t)C P (1)(t)C P (2)(t)C . . . (13.13)

and using the general expression for the polarization expectation value in the
Schrödinger picture:

P(t) D Tr
h
Oµ OW (t)

i
(13.14)

we can now write an expression for an arbitrary order of the induced polarization:

P (n)(t) D
tZ

t0

dτn

τnZ
t0

dτn�1 . . .

τ2Z
t0

dτ1E(τn)E(τn�1) . . . E(τ1)

� inTr
h
OµUmat(t)V(τn)V(τn�1) . . .V(τ1)U†

mat(t0) OW (t0)
i

. (13.15)

Here, from a pure mathematical point of view, the operator Oµ inside trace is not
appropriate as all other quantities are superoperators in the Liouville space. How-
ever, we interpret this notation as (read from right to left): take the density matrix
OW (t0), map it to the Liouville space, apply all Liouville space propagators Umat and

interactions V until we reach Oµ; then map the result back to the Hilbert space and
act on the left by the operator Oµ.

We now make an assertion that the optical field is turned on at time t D 0, so
at t0 < 0 the system is in the equilibrium state. In the equilibrium the system
state is preserved under the time evolution. We denote OW (0) � O�eq is the time-
independent equilibrium density matrix. We also introduce time intervals between
interactions instead of absolute interaction times and make a corresponding sub-
stitution in the integral, (13.15). This will lead to an expression where we integrate
from zero to time t � t0. The absolute starting time t0 is arbitrary as long as it
is before the light arrives, and it can, therefore, be formally set to t0 D �1. The
integration thus goes formally to infinity which is sometimes convenient for calcu-
lations. The polarization then reads as:

P (n)(t) D
1Z
0

dτn

1Z
0

dτn�1 . . .

1Z
0

dτ1S (n)(tn , tn�1, . . . , t1)

� E(t � τn)E(t � τn � τn�1) . . . E(t � τn � τn�1 � . . . � τ1) ,

(13.16)

where

S (n)(tn , tn�1, . . . , t1) D inTr
� OµUmat(τn)VUmat(τn�1)V . . .Umat(τ1)V O�eq

�
(13.17)

is the nth order response function of the system.
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13.1 Perturbation Expansion of Polarization: Response Functions 283

The optical field and the polarization are vector quantities. The response func-
tions, hence, are tensorial quantities. For instance, the first order response function
S (1) is the second rank tensor S

(1)
ν2 ν1 connecting three incoming components of the

optical field Eν1 with the outgoing component of the induced polarization Pν2 . In
most of the cases these properties are not relevant since simple optical field con-
figurations are realized; for example, all incoming fields are collinear and linearly
polarized, and their electric vectors are all parallel, while the sample is homoge-
neous. In this case the tensorial properties can be disregarded. We will emphasize
the tensorial properties when required.

The first order response function is given by:

S (1)(t1) D iTr
˚ OµUmat(t1)V O�eq

� D i
„Tr

˚ OµU(t1)
� Oµ, O�eq

�
U†(t1)

�
, (13.18)

Switching back to the Hilbert space it can also be given through a time correlation
function of the polarization operators in the interaction representation:

S (1)(t1) D i
„ θ (t)

�
J1(t) � J�

1 (t)
�

, (13.19)

J1(t) � Tr
˚ Oµ(t) Oµ(0) O�eq

� � h Oµ(t) Oµ(0)i . (13.20)

The linear response function is responsible for such effects as linear absorption,
circular dichroism, and so on, as we will show in detail later.

If the optical experiments are performed on liquid state solutions, the observable
molecular ensembles include all possible orientations of the relevant quantum sys-
tems with respect to the laboratory frame. As will be shown later in Section 15.2.6
the second order response is zero for such ensembles of molecules, so that the next
contribution to the optical response is the third order response function, which is
related to the third order polarization P (3).

From (13.16) and (13.17) we can write down the expression for the third order
polarization:

P (3)(t) D
1Z
0

dt3

1Z
0

dt2

1Z
0

dt1S (3)(t3, t2, t1)

� E(t � t3)E(t � t3 � t2)E(t � t3 � t2 � t1) , (13.21)

where the response function is given by:

S (3)(t3, t2, t1) D i3Tr
˚ Oµ4Umat(t3)V3Umat(t2)V2Umat(t1)V1 O�eq

�
. (13.22)

Expanding the commutators we get:

S (3)(t3, t2, t1) D
�

i
„

�3

θ (t1)θ (t2)θ (t3)

�
4X

αD1

�
Rα (t3, t2, t1) � R?

α (t3, t2, t1)
	

(13.23)
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284 13 Semiclassical Response Theory

where the four terms in the Hilbert space are given in the form of the four-point
correlation functions:

R1(t3, t2, t1) D Tr
˚ Oµ(t1) Oµ(t1 C t2) Oµ(t1 C t2 C t3) Oµ(0) O�eq

�
, (13.24)

R2(t3, t2, t1) D Tr
˚ Oµ(0) Oµ(t1 C t2) Oµ(t1 C t2 C t3) Oµ(t1) O�eq

�
, (13.25)

R3(t3, t2, t1) D Tr
˚ Oµ(0) Oµ(t1) Oµ(t1 C t2 C t3) Oµ(t1 C t2) O�eq

�
, (13.26)

R4(t3, t2, t1) D Tr
˚ Oµ(t1 C t2 C t3) Oµ(t1 C t2) Oµ(t1) Oµ(0) O�eq

�
. (13.27)

Heaviside functions in (13.23) emphasize the principle of causality: as it is seen
in (13.21), the third order polarization at time t depends on the electric field of
earlier times. In other words, an electric field in the past (a cause) determines the
polarization in the present time. If any of the arguments of the system response
function is negative, the function must be zero. One can also notice that the sys-
tem response function is always real. It is clear from the physical definition, since
the polarization is a real observable quantity and has a corresponding hermitian
quantum mechanical operator whose expectation value is always real. We have also
used the fact that the operators inside the trace can be cyclically permuted.

The full set of response functions contains all properties of the observable sys-
tem relevant to all possible optical measurements. The response function contains
many contributions, for instance the nth order response function has 2n terms
due to the commutators. As we show later, due to high frequency of the laser field,
resonant conditions can be established and only terms with oscillation frequen-
cies equal to that of the laser field can be retained for a specific measurement. The
number of relevant contributions for specific experiment reduces significantly. The
polarization is found to oscillate with frequency, or the set of frequencies, similar to
the excitation laser field. The oscillatory polarization then generates the new opti-
cal field as the oscillating dipole in classical electrodynamics [3]. The detector then
measures that new field. In the coming chapters we apply this theory to specific
optical experiments.

13.2
First Order Polarization

The first order polarization is tightly related to the simplest spectroscopic experi-
ments. The best representative of the corresponding experiment is the linear ab-
sorption measurement, which we study in detail in the next chapter. We introduce
the main ideas in this section.

13.2.1
Response Function and Susceptibility

The crucial quantity in the theory of linear absorption is the linear polarization
P (1)(r , t). It is (by definition) linearly proportional to the electric field E . As indi-
cated in Section 13.1 it can depend on the field at other locations and at previous
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13.2 First Order Polarization 285

times. Thus, the most general relation between the two quantities can be described
in the form of a combined space-time convolution [26]:

P (1)(r, t) D
Z
V

dr 0

1Z
�1

dt0S (1)(r � r 0, t � t0)E(r 0, t0) , (13.28)

where we require the response function to be identically equal to zero at time
t� t0 < 0 in order to allow only the past values of the field to influence the polariza-
tion at the present time. This means that S (1)(r, t) is proportional to the Heaviside

step function θ (t). The boldface character here denotes the tensor character of the
response function. We will restrict ourselves to isotropic materials and the linear
response function will be represented by a scalar quantity S (1)(r , t)

S (1)(r, t) D S (1)(r, t)
 !
I , (13.29)

where
 !
I is a unity tensor of rank 2 with respect to the electric vectors of the

incoming field and of the induced polarization.
In the Hamiltonian (2.110), the material can be viewed as an ensemble of identi-

cal independent systems interacting with the incoming electric field E . The space
dependence of S (1), therefore, has the form of a spatial δ(r) function, and will be
omitted in further discussion. For a given point in space, the relation between the
polarization P (t) and the external field E (t) is given by:

P(t) D
tZ

�1

dt0S (1)(t � t0)E(t0) D
1Z
0

dt1S (1)(t1)E (t � t1) , (13.30)

where we used the substitution t1 D t � t0.
It is often advantageous to work with Fourier transformed quantities (see Ap-

pendix A.5) such as, for example,

E (ω) D
1Z

�1

dtE (t)eiω t , E (t) D 1
2π

1Z
�1

dωE (ω)e�iω t . (13.31)

In the frequency domain the nonlocal relation, (13.28), turns into a local relation:

P (1)(ω) D S (1)(ω)E (ω) , S (1)(ω) D
1Z

�1

dt S (1)(t)eiω t . (13.32)

In the classical electrodynamics we introduce the linear susceptibility by the rela-
tion:

P (1)(ω) D �0�(ω)E(ω) , (13.33)

from which it follows that:

�(ω) D 1
�0

S (1)(ω) . (13.34)

The Fourier transformed linear response function is (up to a constant) equal to the
linear susceptibility.
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z

I(z)
I0

I

I0(ω) I(ω)

h(a)

(b)

Figure 13.1 Scheme of the linear absorption experiment. (a) Light of certain frequency and
intensity I0(ω) is sent through a sample of the width h and its diminished intensity I(ω) is
measured. (b) The light intensity as a function of the position z.

13.2.2
Macroscopic Refraction Index and Absorption Coefficient

In spectroscopy the spectral content of radiation is of highest interest. Often we ac-
tively send radiation with a known spectrum through a given macroscopic sample
of matter containing a molecular system of interest. Then we measure the effect
of the matter on the radiation (for example, changes in intensity), trying to deduce
the properties of the investigated molecular system. The transmittance or the ab-
sorbance can thus be measured.

One of the simplest and most fundamental spectroscopic experiments is the
measurement of the linear absorption coefficient �a(ω). It is based on the Lambert–

Beers law which states that the intensity of light passing through the material, I (ω),
decreases exponentially with its thickness h. The absorption strenght can vary with
the light frequency ω, and thus the law can be given by:

I(ω) D I0(ω)e��a(ω)h . (13.35)

A simple scheme of the absorption experiment is depicted in Figure 13.1.
Now we will relate the linear susceptibility with the linear absorption coefficient.

We are interested in propagation of the electric field E (r, t) through a medium with
no free charges. This situation is described by (13.4). In vacuum (where P(r , t) D
0), any function of the argument s � r � c t, where s is some unit vector, is a possible
solution of (13.4). In particular, plain waves E (r, t) D eE0e�iω tCiω/c s�r C c.c. are its
solutions. The vector (ω/c)s pointing in the direction of the plain wave propagation
is called the wave vector, and it is usually denoted by k D k s, k D ω/c. If we
assume a slowly varying envelope E (t) instead of constant E0, (13.4) will be still
approximately satisfied as long as j@/@tE (t)j � ωE (t).

Inside a dielectric material, we might look for a new solution, again in the form
of a plain wave with a slowly varying envelope, with an additional degree of freedom
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to account for changes in the spatial phase factor. The wave vector magnitude k will
thus be allowed to depend on ω in a more general way than just linear. However,
we still assume that k(ω) is real. We will start with the electric field in the form of
a single beam with a given carrier frequency. Hence, we use the following ansatz

for the positive frequency component (the negative part is complex conjugate):

E (C)(r , t) D eE (r, t)eik(ω)s�r�iω t , (13.36)

P (C)(r, t) D eP(r, t)eik(ω)s�r�iω t . (13.37)

Let the vector s point along the z axis. We might, therefore, replace r ! z D s � r
and reduce the spatial derivative to a derivative in z only, r2 ! @2/@z2. We neglect
all time derivatives of both envelopes (of polarization and field), and we do the same
with the second derivative of the field envelope according to z. We expect that some
weak absorption will take place and consequently the changes of E (r, t) along the z

axis are allowed. The wave equation, (13.4), then yields:

@

@z
E (z, t)C i

2

�
k(ω) � ω2

k(ω)c2

�
E (z, t) D iµ0ω2

2k(ω)
P(z, t) . (13.38)

From the imaginary part of (13.38) we have:

k2(ω)� ω2

c2
D µ0ω2Re


P(z, t)
E (z, t)

�
. (13.39)

According to (13.33) the ratio (P(z, t))/(E (z, t))/�0 at the given frequency can be
identified1) with the susceptibility �(ω). We introduce the real and imaginary parts
of the susceptibility such that �(ω) D �0(ω) C i�00(ω). By defining the refraction
index via ωn(ω)/c D k(ω) and using the relation c2 D 1/�0 µ0 we arrive at:

n(ω) Dp
1C �0(ω) . (13.40)

The real part of the linear susceptibility, therefore, determines the refraction index
n(ω).

Taking the real part of (13.38) we obtain:

@

@z
E (z, t) D � ω

2�0n(ω)c
ImP(z, t) . (13.41)

or multiplying with E (z, t) for the field intensity we get:

@

@z
I(z, t) D � ω

n(ω)c
�00(ω)I(z, t) . (13.42)

1) Strictly speaking, the ratio of the polarization and field is proportional to the susceptibility
only in the frequency domain. For slowly varying envelopes, however, it can be assumed to
be approximately valid also in the time domain because the field is assumed to be close to
monochromatic, having just one frequency component.
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The absorption coefficient �a(ω) describing the exponential decay of I(z, t) is,
therefore:

�a(ω) D ω
n(ω)c

�00(ω) . (13.43)

A typical linear absorption experiment is performed with a weak monochromatic
continuous wave (CW) field and the polarization P(z, t) can be identified with
its linear component P (1)(z, t). The absorption coefficient �a of (13.43) then cor-
responds to the linear absorption coefficient. In principle, however, the validity
of (13.38) is not restricted to the linear polarization and one can describe the
intensity-dependant non-linear absorption.

13.3
Nonlinear Polarization and Spectroscopic Signals

We shall now generalize the discussion already made for the linear spectroscopy;
that is, the relation between fields, polarizations and response functions, for the
case of nonlinear process, of so-called N -wave mixing process.

13.3.1
N -wave Mixing

In (13.36) and (13.37) we have assumed that the electric field is composed of a
single beam traveling in a single direction. Now let us consider a more general
excitation by N � 1 fields

E (r , t) D
N�1X
nD1

enEn(r, t)eik n �r�iωn t C c.c. (13.44)

From (13.15) we know that the mth order polarization will depend on the prod-
uct of m fields of the form of (13.44), and can thus contain all possible combi-
nations of m available wave vectors k s D ˙k1 ˙ k2 ˙ . . . Some of these com-
binations yield wave vectors different in direction from wave vectors of the inci-
dent light. And a corresponding new field (wave) is generated in the sample. The
most prominent methods used in the nonlinear spectroscopy are the four wave
mixing (FWM) methods where three fields with wave vectors k1, k2 and k3 are
used to generate field into a fourth new direction. An arbitrary configuration from
˙k1˙k2˙k3 can be measured in an experiment. To account for this new field, our
procedure of calculating electric fields has to be slightly modified. Instead of (13.36)
we have (13.44), and (13.37) will be replaced by the third order polarization compo-
nent with the desired wave vector k s and carrier frequency ω s that is with

P (3)(C)(r, t) D eP (3)(r, t)eik s �r�iω s t . (13.45)

We have chosen to look at the (C) component of the polarization, but the third or-
der polarization apparently has both (C) and (�) components. In the next step we

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c13 — 2013/6/3 — page 289 — le-tex

�

�

�

�

�

�

13.3 Nonlinear Polarization and Spectroscopic Signals 289

insert our new expression into the wave equation, (13.4), and obtain an equation
analogical to (13.38). We split the total field into a part solving (13.38) with the lin-
ear polarization on the right hand side and the expected third order field E (3)(r, t),
which will be generated by the third order polarization. Thus, we get equation ana-
logical to (13.38), but containing purely the third order quantities.

We shall not forget that the third order field E (3) generates its own polarization
that causes its absorption and refraction. Since the third order field itself is weak
and the sample is usually optically thin, we can stay to the first order with the
description of its absorption, and denote the slow varying envelope of the first order
polarization induced by the third order field by P (1[3])(r, t).

Another important point is that due to the dispersion, the third order electric
field might be generated into a direction k different from k s . Hence, (13.38) leads
to

@

@z
E (3)(z, t)C i

2

�
k(ω) � ω2

k(ω)c2

�
E (3)(z, t) D

iω2

2k(ω)�0c2

�
P (1[3])(z, t)C P (3)(z, t)ei∆k�sz

�
. (13.46)

The absolute value of the wave vector k(ω) can be assumed to satisfy (13.39) with
the first order polarization P (1[3]) only, so that we could cancel its real part. Ignoring
the reabsorption for now, we get from (13.46)

@

@z
E (3)(z, t) D i

ω
2n(ω)�0c

P (3)(z, t)ei∆k�sz . (13.47)

Integration of (13.47) in a simple box geometry, Figure 13.2, with initial condition
E (3)(z D 0, t) D 0 can be easily done. Let us assume that the thickness of the
material sample in the direction s of the third order field propagation is h and let
us set the origin of z at the start of the sample. The integration of (13.47) yields

E (3)(h, t) D i
ω

n(ω)�0c
P (3)(t)h

sin(∆ k h/2)
(∆ k h/2)

ei∆ k h/2 . (13.48)

When h !1 the function sin(∆ k h/2)/(∆ k h/2)! δ(∆ k h) and thus the function
has a sharp maximum at ∆ k D 0. In other directions the signal becomes signifi-
cantly weaker. If we measure the third order signal in a phase matching direction,
such as k s , the third order field at its exit from the box of the thickness h reads:

E (3)(h, t) D i
ω

n(ω)�0c
P (3)(t)h . (13.49)

In most of the spectroscopic investigations we are not interested in absolute values
of the nonlinear signal. Rather, we are interested in its frequency domain profile or
relative time dependence. Often we can neglect the change of the refraction index
in the spectral region of the experiment, and so the spectroscopically significant
dependence of the generated field on the polarization is reduced to a change of

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c13 — 2013/6/3 — page 290 — le-tex

�

�

�

�

�

�

290 13 Semiclassical Response Theory

k1

k2

k3

k3

k2

k1

k′
1 ≡ k′

2

ks = −k1 + k2 + k3

−k1

k2
k3

ks = −k1 + k1 + k3

k′
1

kLO

Figure 13.2 A two-dimensional representa-
tion of the geometry corresponding to the
four-wave mixing experiment. The incoming
electric fields with wavevectors k1, k3 and
k3 generate nonlinear signals in all possible

wavevector combinations (only �k1 C k2 C k3
is depicted). The local oscillator field with
wavevector kLO D k s is added corresponding
to the heterodyne detection scheme.

phase by i and a distortion of the line shape by factor ω. Thus, the main result of
this section is that the slowly varying envelope of the nonlinear signal reads:

E (3)(t) � iωP (3)(t) . (13.50)

From here it is obvious that E (n)(t) is directly related to the response functions:

E (n)(t) � iS (n)(t, tn�1, . . . , t1) , (13.51)

an approximation which works well in the limit of ultrashort excitation pulses, as
we will show in detail in Section 15.1.4.

13.3.2
Pump Probe

As an example we briefly introduce here the pump-probe experiment. Later we
make quantitative relation with the response function in Section 15.3.2.

The pump-probe experiment is one of the standard or “classical” nonlinear ex-
periments performed with short light pulses. The scheme is shown in Figure 13.3.
Quantitatively the experiment can be understood as differential measurement of
absorption. In this scheme two measurements of absorption of a probe laser pulse
are performed. The first measurement reads out the absorption of the probe in
the sample, that has been excited in advance by another short pump pulse. The
pump pulse is responsible for creation of a nonequilibrium system state. This mea-
surement yields absorption A pC. The second measurement performs the regular
measurement of the probe pulse absorption A p as the reference. The pump probe
measurement corresponds to the difference

A pp D A pC � A p . (13.52)

As both absorption measurements involve linear polarization, the non-linear part
is highlighted in pump-probe.

The pump probe can be designed in different representations. The pump pulse
can be tuned to a specific system resonance, while the probe can be tuned to the
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probe pump
T

probe

t

t

Ap+

Ap

App = Ap+− Ap

Pump excitation First
measurement

Pump-probeSecond
measurement

ESA

ESE GSB

(a)

(b)

Figure 13.3 The scheme of a traditional pump probe measurement (a). Transitions in the en-
semble of three-level molecules are shown in (b). ESA – excited state absorption, ESE – excited
state emission, GSB – ground state bleach.

same or different resonance: the pump-probe intensity as a function of the delay
time can then target excited state decay or transfer. In another setup the pump
can again excite the specific resonance, but the absorption spectrum of the result-
ing nonequilibrium system can be measured in a broad frequency interval using
white-light probe. This measurement yields correlations between various system
resonances. In a third setup we can assume a broad band excitation, broad band
detection, and we can imagine a correlation between the pump frequency and the
probe frequency at a predefined delay time. Thus, the pump-probe is very versatile
technique to target nonequilibrium system resonances and their dynamics.

The pump-probe experiment can be sufficiently easily visualized in terms of tran-
sitions between energy levels of the molecules under consideration as shown in
Figure 13.3b. Initially the sample resides in the ground state. So, the regular ab-
sorption measurement detects all possible absorption events from the ground state
into the upper energy levels, and thus the regular absorption spectrum is drawn.
When the sample is affected by the pump pulse, some constituent molecules are
resonantly transferred into their excited states. The consequent measurement of
the probe absorption records fewer transitions from the ground state – this effect
is termed as the ground state bleach. However, the measurement also records in-
duced emission from the excited states (often termed as the stimulated emission or
the excited state emission) and the absorption into even higher-lying excited states of
the nonequilibrium molecules. This is termed as the induced (or the excited state)
absorption, respectively. These processes introduce new bands into the pump probe
spectrum as compared to the linear absorption.

In light of (13.50) the field measured in pump-probe is / iωP (3)(t). Below we
describe the electrodynamic picture of the pump-probe measurement. From the
point of view of the detection of the time domain polarization, the main differ-
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ence between absorption described in Section 13.2.2 and the FWM described in
Section 13.3.1 is that in the absorption, the new field component generated by po-
larization interferes with the original field, while in our case of the FWM it travels
unaffected in its own direction. In the pump-probe the signal is emitted in the
same direction as the probe pulse. We can imagine a third order polarization gen-
erated in a modified FWM scheme (see Figure 13.2) where the first two interactions
happen along the same direction k1 � k2 inside one pump pulse. The system is
effectively excited by two pulses with different wave vectors k1 and k3, respectively.
If the k3-pulse – the probe pulse – with envelope E3(t) and frequency ω3 follows
the k1-pulse into the sample, they generate the third order polarization also into
the direction k s D k3 D �k1 C k1 C k3. A detector can be used to measure the
integrated intensity of the transmitted beam along k3 depending on the delay T be-
tween the two pulses. According to (13.41) the relative change of the probing light
intensity with respect to the input intensity is:

S(ω3I T ) D ω3

n(ω3)�0c

R 1

�1
dt Im

�
(P (1)(t)C P (3)(tI T ))E�

3 (t)
�

R 1

�1
dtjE3(t)j2 , (13.53)

where P (3)(tI T ) D 0 for T < 0. Subtracting the absorption without the first pulse
we can get to the nonlinear (T dependent) part of the absorption

∆S(ω3I T ) � S(ω3I T )� S(ω3I T < 0) . (13.54)

Above, we have written the argument of the absorption coefficient as ω3 – the carri-
er frequency of the second pulse. This is because we have assumed that the change
of the total intensity of the second pulse is measured. This is analogous to the linear
absorption measurement which is done by scanning excitation frequency.

Alternatively, one can measure a frequency dispersed signal ∆Sω3 (ωI T ) for
which we have

∆S(ω3I T ) D
1Z

�1

dω∆Sω3 (ωI T ) . (13.55)

The dispersed signal can be written as

∆Sω3 (ωI T ) D ω3

n(ω3)�0c

Im [P (3)(ωI T )E�
3 (ω)]R 1

�1
dωjE3(ω)j2 , (13.56)

where all quantities with argument ω are Fourier transforms of their time-
dependent counterparts.

An important conclusion here is that the relative absorption is proportional to
Im [P (3)(t)E�(t)]. If we assume E to be real, the imaginary part of the product cor-
responds to the component of the polarization which is out of phase with respect
to the field. This phase difference thus defines the absorption intensity.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c13 — 2013/6/3 — page 293 — le-tex

�

�

�

�

�

�

13.3 Nonlinear Polarization and Spectroscopic Signals 293

13.3.3
Heterodyne Detection

From the above section we can see that the pump-probe signal is linearly propor-
tional to the third order polarization. In terms of the signal strength, this is an
advantage over direct detection of the third order field, which corresponds to the
FWM experiment discussed in Section 13.3.1 where the intensity depends on the
square of the weak third order field. To get the same advantage of detecting the
signal linearly dependent on the third order field, we introduce the so-called het-

erodyne detection scheme. We add an extra electric field ELO(t), traditionally termed
the local oscillator, along the selected nonlinear signal direction in the N -wave mix-
ing experiment, and measure them together (see Figure 13.2). The total intensity
is then

Itot � jEs(t)C ELO(t)j2 D jEs(t)j2 C jELO(t)j2 C 2Re [Es(t)E�
LO(t)] . (13.57)

The first term is of the second order in the weak field and can be neglected,
while the second one is known, or can be measured separately and afterwards
subtracted. The third term is linear in Es(t) and due to (13.50) it is proportional
to Im [P (3)

s (t)E�
LO(t)]. The signal that we thus measure is in some sense analogous

to the pump probe. Or from a slightly different point of view, we can say that the
pump probe is a self-heterodyne detected signal.

In the pump-probe method, the relative phase of the excitation field and the gen-
erated third order signal is very significant. It determines the differential absorp-
tion. The local oscillator, however, does not generate the signal Es and the relative
phase between Es and ELO can in principle be arbitrary in the experiment, unless
it is phase-locked with the excitation field (this could be achieved if the LO pulse
is obtained by branching the excitation pulse pathway and using a part of the exci-
tation pulse as the LO pulse). The aim of the heterodyne detection is to determine
the field Es, but if the phase of the LO field is not locked with the excitation field,
the signal field can be only determined up to arbitrary phases difference. One way
of setting the phase of Es to something meaningful is to compare the heterodyne
detected intensity, (13.57), with the signal detected in pump probe, where the rela-
tion between the exciting field and ELO is properly defined as it is self-heterodyned.
More details on this issue are given in Appendix A.9.
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14
Microscopic Theory of Linear Absorption and Fluorescence

To introduce basic theoretical ideas of spectroscopy we need to discuss a system of
at least two quantum levels interacting resonantly with radiation. In any realistic
situation, the two levels interact not only with the radiation, which is controlled
in an experiment, but also with the electromagnetic vacuum and possibly other
degrees of freedom (molecular electronic levels are inevitably coupled to nuclei of
the molecule, for example) which form its environment (see Chapter 9). Linear
absorption spectroscopy, and indeed any other type of spectroscopy, reveals some
basic properties of both the two-level system and its environment.

14.1
A Model of a Two-State System

The interaction of the system with the environment can cause both the energy
relaxation (its irreversible transfer to the environment) and pure dephasing. We
will see later that in the linear absorption spectra (to which we will limit ourselves
for a start) both effects appear as different forms of dephasing. The model system
we study has a ground state jgi and an excited state jei so that its Hamiltonian
reads as:

OH0 D OHgjgihgj C OHejeihej . (14.1)

Here, the operators OHg and OHe represent the Hamiltonian operators of the envi-
ronment when the system is in the states jgi and jei, respectively. The terms pro-
portional to jgihej would inevitably cause the energy transfer to the ground state.
Hence, this process is neglected.

We have studied the fluctuating properties of such a system in Section 8.6, where
the energy fluctuations have been characterized by a set of spectral densities. In this
section we continue to study this system and describe its optical responses.

In electronic spectroscopies one can often assume that the system in thermal
equilibrium (before excitation by the external fields) occupies only the ground elec-
tronic state jgi and its total density matrix has a form:

O�eq D wBjgihgj , (14.2)

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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where the equilibrium density matrix of the bath is wB D exp(�� OHg)/Zg , ��1 D
kBT (see Chapter 7). The system interacts with the classical external field E(t) via
the Hamiltonian (see (13.5)),

OHint D �Oµ � E(t) , (14.3)

where

Oµ D dgejgihej C degjeihgj (14.4)

is the polarization operator, and we disregard the vector notation. The optical field
thus induces vertical transitions between the electronic ground and excited states.
Otherwise, when the optical field is off, the system is adiabatic.

In coming sections we relate microscopic properties with the susceptibili-
ty �(ω), (13.34), and through it with the macroscopic absorption coefficient
�a(ω), (13.43).

14.2
Energy Gap Operator

Based on the Liouville equation, (13.7) in Section 13.1, we derived an expression
for the first order response function S (1)(t). The scalar first order response function
of (13.18) reads as:

S (1)(t) D i
„ θ (t)Tr

� OU†
0 (t) Oµ OU0(t) Oµ OWeq

�
C c.c. (14.5)

The microscopic expression for S (1)(t) together with (13.43), (13.33) and (13.32)
form a closed quantum mechanical theory of the absorption spectrum. Now we
apply it to the model of the two-level system introduced above.

First of all, the trace operation can be performed separately on the Hilbert spaces
of the environment and of the relevant degrees of freedom so that

Tr OA � TrB

0
@ X

aDg,e

haj OAjai
1
A , (14.6)

for an arbitrary operator OA. The response function thus reads as

S (1)(t) D i
„ θ (t)TrB

�
hgj OU†

0 (t) Oµ OU0(t) OµjgiwB

�
C c.c. (14.7)

The Hamiltonian OH0 is diagonal in the basis of vectors jgi and jei, and correspond-
ingly the evolution operator OU0(t) is diagonal. For the dipole moment operator only
the off-diagonal elements dab D haj Oµjbi (where a ¤ b) are nonzero and thus we
have

S (1)(t) D i
„ θ (t)jdegj2TrB

� OU†
g (t) OUe(t)wB

�
C c.c. (14.8)
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Here, the elements of the evolution operator

OUg(t) D exp(�i OHg t) , OUe(t) D exp(�i OHe t) , (14.9)

contain the Hamiltonian operators of the environment. The operator OUge(t) �
OU†

g (t) OUe(t) composed of them can be found to obey a simple equation of motion

@

@t

� OU†
g (t) OUe(t)

�
D �iU†

g (t)( OHe � OHg)Ug(t)
� OU†

g (t) OUe(t)
�

, (14.10)

and it can, therefore, be written in terms of the difference OHe � OHg . In (14.8) we
take the expectation value of the operator OUge(t) at the equilibrium state of the
environment. It is advantageous to take the difference OHe� OHg at this equilibrium.
We define the so-called energy gap operator,

∆ OV (t) D U
†
g (t)

� OHe � OHg

�
Ug(t)� „eg , (14.11)

where ω eg D TrB[( OHe � OHg)wB] so that the solution of (14.8) is

OU†
g (t) OUe(t) D e�iω eg t expC

0
@�i

tZ
0

dt0∆ OV (t0)

1
A . (14.12)

The energy gap operator, (14.11), is an appropriate small parameter upon which
one can base perturbative evaluation of the response function, (14.8). As ω eg is
subtracted in (14.11), the ∆ OV (t) represents environment-induced fluctuations of
the transition energy.

14.3
Cumulant Expansion of the First Order Response

Equation (14.8) can be evaluated by the perturbation theory with respect to ∆ OV .
One might, for instance, try to approximate the time ordered exponential in (14.12)
by its expansion up to a certain order. Ideally, one would like to evaluate such a
series in all orders. It turns out that a partial summation to all orders is possible
by the so-called cumulant expansion explained in Appendix A.8. We start with the
second order Taylor expansion in (14.12)

eiω eg tTrB

� OU†
g (t) OUe(t)wB

�
D 1� i

tZ
0

dt0TrB

�
∆ OV (t0)wB

�

�
tZ

0

dt0

t 0Z
0

dt00TrB

�
∆ OV (t0)∆ OV (t00)wB

�
C . . .

(14.13)
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Here we notice that the first order term is zero, because of the invariance of wB to
the time evolution by OU†

g (t), and thanks to (14.11) where we defined ∆ OV (t) such
that its equilibrium average is zero:

TrB

�
∆ OV (t0)wB

�
D TrB

�
∆ OV (0) OUg(t0)wB OU†

g (t0)
�

D TrB

�
∆ OV (0)wB

�
D 0 . (14.14)

The first nonzero order of the Taylor series is, therefore, quadratic in ∆ OV (t). The
second order term of (14.13)

g(t) D i
„2

tZ
0

dτ2

τ2Z
0

dτ1Tr
�

∆ OV (τ2)∆ OV (τ1)wB

�
(14.15)

is usually termed the line shape function (see Appendix A.8) [26, 91]. The function
inside the double integration, is the energy gap correlation function

C(t) D TrB

�
∆ OV (t)∆ OV (0)wB

�
. (14.16)

It plays an important role not only in determining the absorption spectrum, but
forms a basis for the energy relaxation theory as described in Part One. As we
show later, the nonlinear spectroscopic experiments involve also a set of correlation
functions of the fluctuations of various energy levels. Using the result of Appendix
A.8 we can write the ordinary exponential for the propagators

TrB

� OU†
g (t) OUe(t)wB

�
� e�g(t )�iω eg t . (14.17)

So the linear response function is

S (1)(t) D i
„ θ (t)jdegj2e�iω eg t�g(t )C c.c. (14.18)

Combining (13.34) for the susceptibility �(t) and (13.43) for the absorption coef-
ficient �a(ω) we arrive at the final expression for the absorption spectrum in terms
of the line shape function g(t) (or the corresponding correlation function C(t))

�a(ω) D ω
n(ω)c

jdegj2Re

1Z
0

dtei(ω�ω eg )t�g(t ) . (14.19)

As already pointed out at the beginning of Section 14.1, the absorption spec-
trum reveals both the properties of the transition (in terms of deg and ω eg) and the
properties of its coupling to the environment (in terms of the lineshape g(t) func-
tion). While the transition dipole moment deg and the transition frequency ω eg are
quantities accessible in many cases from the first principles of quantum chemical
calculations, it is much more difficult to obtain the energy gap correlation function
C(t) from such calculation. To gain insight into the physics of molecular systems it
is sometimes more useful to investigate spectra using model correlation functions
discussed in Section 8.6.
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14.4
Equation of Motion for Optical Coherence

In the previous section, we have calculated the absorption spectrum of a two-level
system by directly evaluating the first order response function, (14.5). What mat-
tered for this calculation was the dynamics of the degrees of freedom of the envi-
ronment which were reduced to the energy gap correlation function C(t). It seems
as if nowhere in our description did we refer to the density matrix of the system
reduced to the degrees of freedom of the two-level system itself. It is, however, the
first order response function that hides the reduced density matrix as we will show
now. Using our assumption that Oµ does not depend on the environmental degrees
of freedom we can rewrite (14.5) in the following way:

S (1)(t) D i
„ θ (t)Tr ( Oµ Oσ(t)) D iθ (t)dgeσ eg(t) , (14.20)

where Oσ is a reduced operator

Oσ(t) D TrB

� OU0(t) Oµ OW0 OU†
0 (t)

�
D jeideg�eg(t)hgj . (14.21)

Here, we dropped the part of the response function oscillating with eiω eg t and in the
last line we have introduced the matrix element �eg(t) D hej O�(t)jgi of the reduced
density matrix

O�(t) D TrB( OW (t)) . (14.22)

The initial condition for the reduced density matrix is (see (14.2))

O�(t0) D jeihgj . (14.23)

The response function S (1)(t) can thus be written in terms of a single element of
the reduced density matrix

S (1)(t) D i
„ θ (t)jdgej2�eg(t) . (14.24)

The response function and the absorption spectrum could thus also be obtained
from the dynamics of the reduced density matrix for which one could in principle
derive equations of motion.

It is, however, very important to note at this point that the initial condition
in (14.23) and, therefore, the reduced density matrix introduced by (14.22) do not
fulfill the properties of the density matrix (see Section 4.5). Obviously,
j�egj2 — �ee�gg D 0. This is a consequence of the fact that we calculated the spec-
troscopic signal by the perturbation theory and the density matrix Oσ(t) in (14.21)
is only the first order in the field correction. The total density matrix, represent-
ed by the complete series, should follow the equation of motion, (13.7), and the
reduced density matrix properly derived from it by the trace operation fulfills
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the requirements of Section 4.5. For the Hamiltonian, (14.1), the evolutions of
all reduced density matrix elements �ab(t) D haj O�(t)jbi remain independent of
each other, and it is thus possible to augment the reduced density matrix initial
conditions, (14.23) to

O�(t0) D jeihgj C jgihej C jgihgj C jeihej
2

, (14.25)

After obtaining the solution of the Liouville equation for the reduced density matrix
in the form of the time evolution O�(t) one can calculate the absorption spectrum
from a single element �eg(t). This issue underlines the uneasy relation between the
response functions and the equations of motion of the reduced density matrix.

At present we can derive the equation of motion for the element �eg(t) directly
from the known expression for the first order response function. For t > 0 we have
by differentiating (14.24)

@

@t
�eg(t) D �iω eg�eg(t) �

tZ
0

dt0C(t0)�eg(t) . (14.26)

This master equation has been derived indirectly via derivation of the response
function, and it has the same validity as the cumulant expansion. Notice that for the
bath of harmonic oscillators with linear system–bath coupling the fluctuations of
the canonical ensemble are Gaussian (see Section 7.8) and the cumulant expansion
is then exact, so (14.26) is exact. It is, therefore, interesting to note that it contains
∆ OV only to the second order. Its exactness is possible (but not guaranteed) by the
fact that its solution actually contains all orders of ∆ OV .

14.5
Lifetime Broadening

As shown in the previous section the interaction between the optical transition and
the environmental degrees of freedom enters the absorption spectrum via decay
of the matrix element �eg(t). Such decay is also termed the dephasing, and it is
not a result of population relaxation (which is not involved in linear response).
If the system interacts with some degrees of freedom which can cause transition
between the levels, and consequently the energy relaxation, such relaxation would
nevertheless result in a decay of the coherence element�eg (t) of the density matrix as
shown in Chapter 8. This can happen because of two sources: the fluctuations of
the nuclear bath which causes radiationless transition between electronic states,
and the interaction with the quantum electromagnetic field.

In Chapters 8 and 11 we have described the density matrix dynamics under
the influence of the fluctuating bath coordinates. Equation (11.33) is the simplest
model for the density matrix dynamics. Let us now assume that we have two elec-
tronic states jgi and jei and all fluctuations are off diagonal (Section 8.4). In this
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case (11.33) turns into

d
dt

�gg(t) D �jkegj�gg(t)C jkgej�ee(t) (14.27)

d
dt

�ee(t) D �jkgej�ee(t)C jkegj�gg(t) (14.28)

and

d
dt

�eg(t) D �i(ω eg � iγeg)�eg(t) . (14.29)

Here the parameters are

jkegj D 2j Qhegj2Re

1Z
0

dτC(τ)eiω eg τ , (14.30)

jkgej D 2j Qhegj2Re

1Z
0

dτC(τ)e�iω eg τ , (14.31)

and

γeg D j Qhegj2
1Z
0

dτ
�
C(τ)e�iωge τ C C(�τ)e�iωge τ� , (14.32)

where Qheg is the parameter determining the system-bath coupling strength (see
Section 8.4). So the real part of the dephasing rate, which is responsible for the
decay of the coherence is

Re γeg D 1
2

(jkegj C jkgej) . (14.33)

Notice that this may be included as an additional decay term to the g(t) function,
since the g(t) function is a result of the diagonal fluctuations, which do not induce
the decay of the excited state (that is correct when the diagonal and off diagonal
fluctuations are independent). So the linear response function can then be given as

S (1)(t) D iθ (t)jdegj2e�iω eg t�g(t )�Γdepht C c.c. (14.34)

and the absorption is the Fourier transform of the �eg(t) density matrix element;
we can write the absorption as

�a(ω) D ω
n(ω)c

jdegj2Re

1Z
0

dtei(ω�ω eg )t�g(t )�Γdepht . (14.35)

Here Γdeph represents the lifetime induced dephasing part which can in general be
given as

Γdephjab D 1
2

�
τ�1

a C τ�1
b

�
, (14.36)
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where the lifetime of state jai, τa , describes all causes of the decay of the excited
state.

Even when the nuclear degrees of freedom are absent (so the environment fluc-
tuations can be neglected) interaction with the electromagnetic field is yet another
cause of the decay of an excited state. The Hamiltonian, (14.1), can then be extend-
ed by the free radiation Hamiltonian OHT

1) and the corresponding interaction term.
Thus, the new Hamiltonian reads as

OH0 D OHgjgihgj C OHejeihej C OHT � OE (degjeihgj C dgejgihej) (14.37)

Now we want to evaluate the density matrix element �eg(t) when the vacuum con-
tains the bath of the quantum electromagnetic field in addition to the nuclear bath.
We are interested solely in the evolution (dephasing) of the density matrix element
�eg(t). To this end, let us use the results of Chapter 9.

We use the projection operator technique to project the information onto the sin-
gle matrix element of our interest, that is on �eg(t). The corresponding projector P
can be defined as follows

P OW (t) D TrB,T(hej OW (t)jgi) OW0jeihgj D �eg(t) OW0jeihgj , (14.38)

where OW0 is some operator on the Hilbert space of the environment and the radi-
ation. The trace is taken over the bath and the radiation field. It is useful to choose
it in a form that eliminates the initial condition term so that P OW (t0) D OW (t0). In
our present case we assume that the emission occurs from a thermally equilibrated
state of the environment, and the radiation is in its vacuum state denoted by j¿i.
It is important to note that the equilibrium state of the environment from which
we start is taken with respect to the excited state jei of the system. Therefore, we
assume that before the emission the system had enough time to equilibrate in the
excited state, which is usually the case for the electronic excitations [24]. Thus, we
choose the initial density matrix

OW0 D w
(e)
B j¿ih¿j , (14.39)

where wB is the canonical distribution of the vibrational environment with respect
to the excited electronic state jei. The initial state of the system will then be as-
sumed in a form of a product

OW (t0) D jeihejw (e)
B j¿ih¿j . (14.40)

Let us start with (9.49) using the projector defined by (14.38). To this end we
divide the Hamiltonian OH0 into the three (system, reservoir, and their interaction)
parts in the following way

OHS D „ω eg jeihej , OHR D OHT C OHB , (14.41)

1) The index T stands for transversal and relates to the fact that the radiation is formed only by the
transverse field, that is with property rotE D 0.
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OHSR D OΦ (jeihgj C jgihej)C ∆ OV jeihej , (14.42)

where for brevity we use

OΦ D �d � OE . (14.43)

Two terms of PLSR(t)P O�(t) D P OHSR(t)P O�(t) � P(P O�(t)) OHSR(t) vanish as they are
linear in operators ∆ OV and OΦ . This result removes the first term in (9.49) and
also simplifies the integration kernel of the same equation. The integration kernel
has a form PLSR(t)QLSR(t � τ)P where Q D 1 � P . Because PLSR(t)P D 0, we
can write PLSR(t)QLSR(t � τ)P D PLSR(t)LSR(t � τ)P . The double commutator
LSR(t)LSR(t � τ) results in four terms and so the integration kernel reads as

PLSR(t)LSR(t � τ)P O�(t) D �eg(t)jeihgjw (e)
B j¿ih¿j

� 1
„2

h
TrB

�
h¿jhej OHSR(t) OHSRjeij¿i

�
� TrB

�
h¿jhej OHSRjeiw (e)

B hgj OHSR(t)jgij¿i
�

� TrB

�
h¿jhej OHSR(t)jeiw (e)

B hgj OHSRjgij¿i
�

C TrB

�
w

(e)
B h¿jhgj OHSR OHSR(t)jgij¿i

�i
.

(14.44)

The third and fourth lines contain the element hgj OHSRjgi, and they are, therefore,
zero. The remaining matrix elements containing two occurrences of OHSR can be
easily separated into contributions of the nuclear bath and the electromagnetic field
by using the definition, (14.42)

h¿jhej OHSR(t) OHSRjeij¿i D h¿j OΦ (t) OΦ j¿ieiω eg t C ∆ OV (t)∆ OV , (14.45)

h¿jhgj OHSR OHSR(t)jgij¿i D h¿j OΦ OΦ (t)j¿ie�iω eg t . (14.46)

The equation for the density matrix element �eg(t) now reads

@

@t
�eg(t) D �iω eg�eg(t)� 1

„2

t�t0Z
0

dτTrB

�
∆ OV (τ)∆ OV w

(e)
B

�
�eg(t)

�
0
@ 2
„2 Re

t�t0Z
0

dτh¿j OΦ (τ) OΦ j¿ieiω eg τ

1
A �eg(t) , (14.47)

where we used h¿j OΦ OΦ (t)j¿i D h¿j OΦ (t) OΦ j¿i�. The first term on the right hand
side recovers the lineshape function discussed in Section 14.4 and the second term
corresponds to the contribution of the light-matter interaction to the dephasing.
The corresponding rate of dephasing due to radiation is

Γ (ω eg) D
1Z

�1

dth¿j OΦ (t) OΦ j¿ieiω eg t . (14.48)
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Here we assumed, t0 ! �1. The expression, (14.48), can be evaluated. First we
evaluate the matrix element with the interaction Hamiltonians

h¿j OΦ (t) OΦ j¿i D h¿jd eg � OE (t)d eg � OE j¿i
D

X
k λ

X
qµ

ωk ωq(d eg � eqµ)(d eg � ekλ)
1
Ω

�
s

„
2ε0ωk

s
„

2ε0ωq
h¿jaλk (t)a†

µqj¿i , (14.49)

where we applied the definition of the electric field operator, (4.273). In the summa-
tion over the field modes we perform a summation over scalar product of a single
vector, d eg , with wavevectors corresponding to all possible directions of the field
polarization. We can replace this summation with an integral over the density of
modes on one hand, and an average of the expression (d eg � eqµ)(d eg � ek λ) over an
isotropic distribution of orientations, on the other hand. The averaging leads to

h(d eg � eqµ)(d eg � ek λ)iorient. D 1
3

δµλjd egj2 . (14.50)

In this intermediate step we obtain

h¿j OΦ (t) OΦ j¿i D jd egj2
X
k λ

„ωk

6ε0Ω
e�iωk t . (14.51)

Instead of summing over modes we will now integrate over the number of modes
at frequency ω. The number of modes can be obtained by multiplying the mode
density n(ω)dω D ω3/(π2c3)dω, (2.79), by the volume Ω and we get

h¿j OΦ (t) OΦ j¿i D jd egj2
Z

dω n(ω)
„ω
6ε0

e�iω t . (14.52)

Now we perform the time integration in (14.48) which leads to a Dirac delta func-
tion, that expresses the energy conservation:

1Z
�1

dte�i(ω�ω eg )t D πδ(ω � ω eg) . (14.53)

Now we can easily perform the integration over ω leading to

Γ (ω eg) D jd egj2ω3

6ε0„πc3 . (14.54)

This is consistent with excited state life time τ e and the Einstein coefficient A i f for
spontaneous emission

A i f D 1
τ e

D 2Γ (ω eg) D jd egj2ω3

3ε0„πc3 . (14.55)
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14.6 Inhomogeneous Broadening in Linear Response 305

We thus find that irrespective of the source of off-diagonal fluctuations, be it the
nuclear vibrations or the electromagnetic vacuum, they all contribute to the decay
of the density matrix coherence in the same way. From the density matrix dynam-
ics including the populations (see (11.33)) the off-diagonal fluctuations induce the
decay of populations with the rates tightly connected with the dephasing rates. Our
calculation, therefore, also provides a result for the lifetime due to electromagnetic
vacuum τ e D Γ (ω eg)/2.

Now we can update the first order response function by adding the dephasing
rate in (14.24). The absorption spectrum will therefore also include an additional
lifetime-relaxation terms.

14.6
Inhomogeneous Broadening in Linear Response

In the above sections we have always assumed that we work with a single represen-
tative molecular system, and that the total response is the response of this system
multiplied by the number of the equivalent molecular systems in the sample. The
situation where all molecules are exactly the same is, however, rather rare. Their
parameters, such as the optical transitions energy, might depend, for example, on
some very slowly changing parameters of the environment. This is referred to as
the inhomogeneous disorder, and it leads to the so-called inhomogeneous broadening

of the spectra. The word inhomogeneous refers to the fact that individual molecules
exhibit different parameters from each other during the spectroscopic experiment,
and it is in contrast to the homogeneous broadening which stems from the interac-
tion of the molecule with some fast component of the environment, which averages
out quickly so that it is essentially the same for all molecules. Our averaging that
led to the line broadening function was of this latter type. One should often keep
in the consideration two types of disorder. First, in this section we will look at the
consequences of energetic disorder, that is the situation where transition frequen-
cies of the molecules are distributed according to some simple law. Second, we will
consider the fact that molecules or complexes are oriented randomly in the sample
in Section 15.2.6.

For simplicity we assume that the disorder concerns only the energy levels of a
system in question, and that the fast fluctuations of the environment responsible
for the energy gap correlation function are independent of the slow fluctuations
that cause the disorder. This enables us to perform two averaging procedures, over
the fast and slow fluctuations, independently. We might assume that the total den-
sity matrix reads as OWeq D OW (fast)

eq ˝ OW (slow)
eq and the evolution operator correspond-

ing to the slow bath is OU (slow)
B (t) � 1. As the origins of the two types of fluctuations

are essentially the same, we may add the slow component to the energy gap opera-
tor, (14.11) and write for its time dependence

∆Veg(t) D ∆V
(slow)
eg C ∆V

(fast)
eg (t) . (14.56)
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The response functions can be now constructed in the same way as in Sec-
tion 14.3, that is by using the cumulant expansion. Also, here we will assume that
TrBf∆V

(slow)
eg W

(slow)
eq g D 0, and only term TrBf∆V

(slow)
eg ∆V

(slow)
eg W

(slow)
eq g D „2 ∆2

inh is
considered to be nonzero. The slow energy gap correlation function and the line
shape function read as

C
(slow)
ee (t) D „2∆2

inh , g
(slow)
ee (t) D 1

2
∆2

inh t2 . (14.57)

Adding the slow component to our expression for the absorption coefficient,
(14.35), we obtain

�a(ω) D ω
n(ω)c

jdegj2Re

1Z
0

dtei(ω�ω eg )t�g(t )�1
2 ∆inh t2�Γdeph t . (14.58)

This expression contains both inhomogeneous and lifetime broadening and com-
bines thus the Gaussian and Lorenzian line shapes.

As we study third order nonlinear response in the next chapter we find the third
order response function more complicated; however, we can still use the lineshape
function for the slow degrees of freedom as we did in this section.

14.7
Spontaneous Emission

So far we have been only interested in the system properties during the experiment
corresponding to the absorption or emission of radiation. Interaction with the elec-
tromagnetic vacuum as we described in Section 14.5 causes the decay of the excited
state, but also radiation of new field, which we study in this section and results in
a spontaneous emission. Here we will be interested in the spectrum of such an
emitted radiation.

The Hamiltonian, (14.1), can be extended by the free radiation Hamiltonian OHT

and an interaction term. Thus, the new Hamiltonian reads as

OH0 D OHgjgihgj C OHejeihej C OHT � Φ jeihgj C Φ †jgihej) . (14.59)

Here

Φ † D iµ g e

X
αk

s
„ωk

2Ω �0
Oa†

αk (14.60)

is the form of the electromagnetic field multiplied by the transition dipole (4.269)
(we neglect vector notation, so µ g e should be understood as the projection of the
transition dipole into the electric vector of the quantum radiation field, greek alpha
signifies the field polarization). This setup describes the system not affected by the
external classical field, E D 0, but the vacuum contains the bath of the quantum
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electromagnetic field. As a consequence, the excited matter radiates photons. When
we measure the emission of photons into a given mode of the electromagnetic field
(characterized by a polarization vector eα and a wave vector k D nω/c) we are
interested in the rate of change of the population nαk D Tr( Oa†

αk Oaαk OW (t)) of this
mode with the initial condition that the material system is excited and there are no
photons in the field, while the vibrational environment is equilibrated. This is all
represented by the following initial density operator:

OW (t0) D jeij¿ih¿jhejw (e)
B . (14.61)

Here jei denotes the excited state of the electronic system, j¿ih¿j denotes the vac-
uum of the electromagnetic field and w

(e)
B is the canonical ensemble of bath oscilla-

tors with respect to the excited state of the matter. w
(e)
B , therefore, has to be invariant

to the evolution operator OUe(t) and not to OUg(t). The Hamiltonian, (14.37), may be
for our purposes rearranged into the standard form OH0 D OHSC OHRC OHSR in a way
reflecting our preference for the excited state as a starting point of the dynamics:

OHS D �„ω egjgihgj , OHR D OHe C OHT , (14.62)

OHSR D OΦ (jeihgj C jgihej)C ∆ OV jgihgj . (14.63)

This time the energy gap operator reads

∆ OVge D OHg � OHe C „ω eg , „ω eg D TrB

�
( OHg � OHe)w

(e)
B

�
. (14.64)

The difference between the vertical absorption and vertical fluorescence frequency

ω(abs)
eg � ω(fl)

eg D TrB

�
( OHe � OHg)w (e)

B

�
� TrB

�
( OHe � OHg)w (g)

B

�
D 2λ .

The rate of fluorescence into the given mode described by polarization α and
wavevector k can be given as the rate of change of the number of photons

σαk D d
dt

nαk D Tr
�
Oa†

αk Oaαk
d
dt
OW (t)

�

D �iTr
�
Oa†

αk OaαkLSR OW (t)
�

, (14.65)

where in the second line we have written out explicitly the trace over the electronic
as well as electromagnetic degrees of freedom, and we used the Liouville equation
for the total density OW (t) (the Liouvillians LS and LR do not contribute.

Now we will expand the total density matrix in (14.65) to the first order in the
interaction Liouvillian (see (13.12)) which yields:

σαk D (�i)2Tr

0
@ Oa†

αk Oaαk

1Z
0

dt0LSRU0(t0)LSRU0(t � t0) OW (t0)

1
A . (14.66)
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Going back to the Hilbert space and using the condition that the electromagnetic
field is initially in vacuum, we get

σαk D �2i Im Tr

0
@ 1Z

0

dt0U
†
0 (t0) OHSRU0(t0) OHSR OW (t0)

1
A . (14.67)

Using the explicit form of the density operator we have

σαk D �2i Im

1Z
0

dt0ei(ω eg�2λ)t 0

� TrB

�
∆ OVge(t0)∆ OVge(0)w (e)

B

�
TrΦ

� OΦ (t0) OΦ †(0) O�Φ

�
. (14.68)

The trace over the field can be obtained using (7.131), which for the present case
gives

TrΦ (Φ (t)Φ †(0)) D jµ g ej2
X
αk

„ωk

2Ω �0
e�iωk t , (14.69)

while for the nuclear bath correlation function we use the cumulant expansion that
gives

TrB

�
∆ OVge(t0)∆ OVge(0)w (e)

B

�
D exp(�g�(t)) . (14.70)

Here the complex conjugation is because the bath is equilibrium with respect to the
excited electronic state jei, while g(t) is determined for the equilibrium with respect
to the electronic jgi state. We thus get the electromagnetic field mode occupation
number

σαk / jµ g ej2
X

k

ωk Re

1Z
0

dteiω eg t�2iλ t�g�(t )�iωk t . (14.71)

As can be seen inside the integral we find the resonance selection, where the sys-
tem will emit the field in the range of frequencies ωk close to ω eg � 2λ. In the case
of uniform density of electromagnetic modes (within the range of the resonant
frequency) we can write the spontaneous emission or the fluorescence spectrum
as

σ(ω) / ωjµ g ej2Re

1Z
0

dte�iω tCiω eg t�2iλ t�g�(t ) . (14.72)

The presence of the emission spectrum implies that the emergence of emitted
photons is due to the electronic transition between the excited state and the ground
state. The excited state lifetime broadening due to radiational transition should
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be included when the system absorption linewidths are extremely narrow, for in-
stance, in cold gasses. Their atoms will show spectrum, whose linewidth will be
influenced by the excited state lifetime as described in Section 14.5. However, the
radiative lifetime is usually quite long in complex biological molecules and, there-
fore, the radiative lifetime-induced spectral broadening is much smaller than that
induced by nuclear vibrations of the surrounding. In that case the radiative effects
may be disregarded.

14.8
Fluorescence Line-Narrowing

In the previous section we have seen that both absorption and emission spectra
crucially depend on the bath correlation function C(t). As explained in Chapter 8,
the time-dependent function C(t) is in turn related to the spectral density C 00(ω) or
to the often used quantity J(ω) for which we have C 00(ω) D ω2 J(ω) (see e.g. [20]):

C(t) D
1Z
0

dτω2 J(ω)
�
(1C n(ω))e�iω t C n(ω)eiω t

�
, (14.73)

where n(ω) is the Bose-Einstein distribution. We will now discuss an experimental
measurement, which allows us to directly estimate J(ω).

We will need the relation of J(ω) to the lineshape function g(t), which is easy to
obtain by integrating (14.73) according to (14.15). This can be given in a form

g(t) D G(0) � G(t)� iλ t , (14.74)

where λ is the reorganization energy λ D R 1

0 dωω J(ω) and

G(t) D
1Z
0

dω J(ω)
�
(1C n(ω))e�iω t C n(ω)eiω t

�
. (14.75)

We notice that at low temperatures, T ! 0, when we have n(ω) ! 0, the line
shape function simplifies significantly:

GT!0(t) D
1Z
0

dω J(ω)e�iω t . (14.76)

Consequently, the expressions for absorption and fluorescence simplifies too.
Let us introduce the so-called fluorescence line narrowing measurement. In this

measurement the system is excited at a frequency ωexc by the spectrally narrow
light, and the spectrally resolved fluorescence is recorded. The recorded intensi-
ty I(ω, ωexc) will depend not only on the emission coefficient σ(ω), but also on
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the ability of the molecular system to absorb the excitation frequency, that is the
absorption coefficient at the given frequency α(ωexc):

I(ω, ωexc) D α(ωexc)σ(ω) . (14.77)

This holds for the case when all the molecules in the ensemble have the same
absorption and fluorescence spectra.

The ensemble of molecules at low temperature will contain inhomogeneities,
causing disorder of transition energies. To take into account the disorder, we have
to integrate over some inhomogeneous distribution function Pinh(ω eg � Nω eg) of
transition energies around the mean value Nω eg . The absorption spectrum of a sin-
gle molecule with the transition energy ω eg will be denoted by α(ωIω eg) and sim-
ilarly, the fluorescence spectrum of the same molecule will be denoted σ(ωIω eg).
Thus, in the case of disorder, the recorded fluorescence will read:

NI (ω, ωexc) D
1Z

�1

dω eg Pinh(ω eg � Nω eg)α(ωIω eg)σ(ωIω eg) . (14.78)

The results of the previous sections for the absorption and fluorescence can be
written in a very symmetric fashion:

α(ωIω eg) � e�G(0)

1Z
�1

dteG(t )Ci(ω�ω0
eg)t , (14.79)

σ(ωIω eg) � e�G(0)

1Z
�1

dteG�(t )�i(ω�ω0
eg)t , (14.80)

where we have introduced the purely electronic transition frequency ω0
eg D ω eg�λ

(ω eg is the vertical Frank-Condon transition). For the absorption we can write

α
�

ωIω0
eg

�
�

1Z
�1

dtei(ω�ω0
eg)t C

1Z
�1

dt(eG(t ) � 1)ei(ω�ω0
eg )t

D 2πδ
�

ω � ω0
eg

�
C φ

�
ω � ω0

eg

�
, (14.81)

where we defined

φ(ω) D
1Z

�1

dt(eG(t ) � 1)eiω t . (14.82)

Similarly for the fluorescence we have

σ
�

ωIω0
eg

�
� 2πδ

�
ω � ω0

eg

�
C φ

�
ω0

eg � ω
�

. (14.83)
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Now we can construct the averaged fluorescence intensity, (14.78), using the re-
sults of (14.81) and (14.83). We obtain:

NI (ω, ωexc) �
1Z

�1

dω0
eg Pinh

�
ω0

eg � Nω eg

� h
4π2δ

�
ωexc � ω0

eg

�
δ

�
ω � ω0

eg

�

C 2πδ
�

ωexc � ω0
eg

�
φ

�
ω0

eg � ω
�
C 2πδ

�
ω � ω0

eg

�
� φ

�
ωexc � ω0

eg

�
C φ

�
ωexc � ω0

eg

�
φ

�
ω0

eg � ω
�i

.

(14.84)

All four terms have a rather straightforward interpretation. The first term corre-
sponds to the excitation of the zero phonon transition, 0 ! 0 and the emission
through the same transition 0 0. The second term corresponds to the excitation
0 ! 0 and the emission from the sideband, and the third term is corresponding-
ly the excitation to the sideband and emission through the zero-phonon line. The
very last term corresponds to the situation when both excitation and emission oc-
cur throughout the sideband. The strongest signal of all is the first term, and it
corresponds to a very narrow zero-phonon line. At low temperature, the side band
only occurs on the higher energy side of the zero-phonon line so that the second
term is weak, although the zero-phonon line is strongly allowed. The fourth term
is even weaker because it is excited through a weak sideband.

The third term which leads to

NIside(ω, ωexc) � Pinh(ω � Nω eg)φ
�

ωexc � ω0
eg

�
(14.85)

is, therefore, the main focus in the experiment. The importance of this expres-
sion becomes clear when we realize that due to (14.76) and after an approximation
eG(t ) � 1C G(t) we can write

φ(ω) �
1Z

�1

dt

1Z
0

dω0 J(ω0)ei(ω�ω0)t D J(ω) . (14.86)

The sideband of the fluorescence line-narrowing spectrum is, therefore, directly
related to the spectral density J(ω). If the disorder is small in the fluorescence
line-narrowing experiment, that is the distribution Pinh(ω� Nω eg) is sharply peaked
around Nω eg, we scan the sideband and, therefore, we scan the spectral density by
the excitation frequency ωexc. This enables us to estimate the spectral density of
real molecular systems directly.

14.9
Fluorescence Excitation Spectrum

Another relatively simple experimental method using the fluorescence signal is
designed to give information about the excitation energy transfer phenomena in
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molecular aggregates. The so-called fluorescence excitation spectrum is designed to
reveal the efficiency of the excitation energy transfer between various spectral re-
gions of an aggregate when these regions are energetically distinct.

Let us assume a molecular donor and acceptor. Since the energy transfer occurs
preferentially downwards, the donor molecule will absorb at higher-energy than the
acceptor molecule. The two spectra can be overlapping; however, the high-energy
region and low-energy region can be separately attributed. We denote the high en-
ergy region by D, because it represents the part of the aggregate which donates
energy to the acceptor region which we denoted by A. If we now excite the system
at frequency ωexc in the D region, we can expect the system to fluoresce at some
frequency ωA, which will be in the acceptor region. The total recorded fluorescence
from the acceptor, when excited at ωexc, will be denoted as:

F(ωexc) �
Z

dωflσ(ωflIωexc) . (14.87)

The dependence of the fluorescence on the excitation wavelength was not discussed
in the above sections, because we started the theory at the point when the excitation
has been predefined, and the excited state has relaxed to the thermal equilibrium
from which the fluorescence occurs. In the case of excited energy transfer from
the donor to the acceptor, it is evident, however, that when the excitation gets lost
during the transfer between the original excited donor states and the fluorescing
acceptor states, the total recorded fluorescence from the acceptor molecule will be
diminished. This dependence of the fluorescence on the excitation frequency can
be quite strong.

The spectrum defined by (14.87) already gives us an information from which
spectral regions the energy flows to the fluorescing region. To turn it into a quanti-
tative estimation of the efficiency we have to record the absorbance A, which is for
low absorption similar to the absorption coefficient, (13.43),

A(ω) D I(ω)� I0(ω)
I0(ω)

� �a(ω) . (14.88)

Now, when the system is excited directly in the acceptor region (in the region of the
maximum fluorescence F(ωA)), that is, no transfer is needed to achieve fluores-
cence, the situation is equivalent to the 100% transfer efficiency. If we had another
region from which the efficiency were 100%, the fluorescence would change only
by the difference in absorption. Consequently, by normalizing both the absorption
and fluorescence excitation spectrum to one at the frequency ωA we can estimate
the fluorescence loss � (ω) at a given frequency:

� (ω) D A(ω)
A(ωA)

� F(ω)
F(ωA)

. (14.89)

We can consequently also define the efficiency of the energy transfer as:

Q(ω) D (1 � � (ω)) � 100% . (14.90)
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This quantity tells us what percentage of the absorbed quanta of energy were lost
during the transfer of excitation process and, therefore, this rather simple spectro-
scopic approach can provide us with an important information about connectivity
between different regions of the aggregate absorption spectra. No expensive time-
resolved experiments have to be performed if we want to know how much of the
absorbed energy gets delivered to the lowest point of the energy landscape, provid-
ed the system is able to fluoresce from this point.

The above described spectroscopic techniques illustrate simple examples of us-
age of the theory described in the beginning of this chapter. We find, that the cru-
cial quantity is again the correlation function of the environment fluctuations or its
spectral density.
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15
Four-Wave Mixing Spectroscopy

The previous chapter has dealt with the spectroscopic techniques whose theoretical
description could be achieved within linear response theory. Absorption spectra
could be understood as a result of a single perturbative interaction of light with the
system originally in equilibrium. Spontaneous emission or fluorescence could also
be understood in terms of a single perturbative interaction of the quantized light
with the system, this time in an electronically excited state. The preparation stage of
the excited state was not included in our description of fluorescence assuming that
the system has enough time to equilibrate in the electronic excited state before it
is likely to fluoresce. The more precise description of fluorescence should take into
account details of preparation of the excited state, which is included in this chapter.
Such a description is presented using the nonlinear spectroscopy formalism, what
leads to the time-resolved fluorescence method. In the following sections we will
discuss nonlinear techniques, which are mostly related to the four-wave mixing
type of signals generated by the third order nonlinear response function.

15.1
Nonlinear Response of Multilevel Systems

We already know how the response functions relate to the spectroscopic signal
which is measured (see (13.51)). The response functions have a certain structure
that we will investigate and make use of in this section. We will first disregard the
details of the system–bath interaction. This interaction will be formally included
by evolution superoperators, but our discussion will be centered on the structure
given to the response functions by a set of states that are interesting from the point
of view of the spectroscopic experiment. These states are connected by optically
allowed transitions. The rest of the system is then responsible for effects of energy
relaxation and dephasing.

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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316 15 Four-Wave Mixing Spectroscopy

15.1.1
Two- and Three-Band Molecules

The full third order response function expression was derived in Section 13.1
(see (13.22)) and is given by

S (3)(t3, t2, t1) D i3Tr
˚ Oµ4Umat(t3)V3Umat(t2)V2Umat(t1)V1 O�eq

�
. (15.1)

Here we denoted the order of interactions by Oµ j or V j . j D 4 denotes the last emis-
sion step, O�eq is the full equilibrium density matrix. The response function tells us
that the third order nonlinear signal is constructed by acting three times by V at
the initial density matrix corresponding to the electronic ground state, followed by
the emission step through the last polarization operator Oµ acting on the left in the
Hilbert space, and finally taking the trace. In the Hilbert space using the Heisen-
berg representation we have the response in terms of the four-point correlation
functions (13.24)–(13.27), (for convenience these are repeated here by additionally
labeling the interaction order inside the trace)

R1(t3, t2, t1) D Tr
˚ Oµ2(t1) Oµ3(t1 C t2) Oµ4(t1 C t2 C t3) Oµ1(0) O�eq

�
, (15.2)

R2(t3, t2, t1) D Tr
˚ Oµ1(0) Oµ3(t1 C t2) Oµ4(t1 C t2 C t3) Oµ2(t1) O�eq

�
, (15.3)

R3(t3, t2, t1) D Tr
˚ Oµ1(0) Oµ2(t1) Oµ4(t1 C t2 C t3) Oµ3(t1 C t2) O�eq

�
, (15.4)

R4(t3, t2, t1) D Tr
˚ Oµ4(t1 C t2 C t3) Oµ3(t1 C t2) Oµ2(t1) Oµ1(0) O�eq

�
. (15.5)

and

S (3)(t3, t2, t1) D i3θ (t1)θ (t2)θ (t3)
4X

αD1

�
Rα (t3, t2, t1) � R?

α(t3, t2, t1)
�

. (15.6)

Now Oµ j (t) is the transition dipole in Heisenberg representation representing
the j th interaction with the field with respect to real time. For the trace to be
nonzero, the final matrix under the trace needs to have nonzero diagonal ele-
ments. The transition dipole moment operator Oµ facilitates transitions between
electronic states. Using this ordering of operators inside the trace in (15.2) to
(15.5), the transitions (going from the right side) have to start from the ground
state and have to finish in the electronic ground state where they started, because
the density operator is at the right-most position under the trace. While this or-
dered form is convenient to reflect the form of the four-point correlation function,
the proper reordering with respect to time implies that the action on the density
matrix is either on the left or on the right at different time moments. The last
j D 4 emission step occurs always in the left as indicated by (13.22).

In the following we study the systems whose levels construct several bands. The
lowest band is the electronic ground state g, or a set of closely-lying states. There
is another band of states separated by a wide energy gap above the g band. We
call the this band the singly-excited levels e. And the third band is denoted as the
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µ̂ =Ŵ =

Ω

Ω

|g〉

Ŵ (gg) 0Ŵ (ge)

Ŵ (eg) Ŵ (ee)

Ŵ (ff)

Ŵ (ef)

Ŵ (fg) Ŵ (fe)

0

0

0

0

|en〉

|fn〉

Ŵ (gf)

µ̂(eg) µ̂(ef)

µ̂(ge)

µ̂(fe)

(a) (b) (c)

Figure 15.1 Energy level structure of a three-
band electron system (a), the block structure
of its statistical operator OW (b), and the tran-
sition dipole operator Oµ (c). The three-band
model consists of the ground state jgi, a
band of excited states jeni separated from
the ground state by the wide gap possible to
overcome only by the optical transition ener-
gy quantum „Ω , and another band of states

j f ni separated by another energy quantum
„Ω (all states depicted by full lines). Energy
relaxation is allowed within the bands, but
not between the bands or to other states with
nonresonant transitions (dashed lines). The
statistical operator OW , therefore, has a block
structure (center of the figure) with nine inde-
pendent blocks connected by optical coupling
only.

double-excited band f (see Figure 15.1). This distinction becomes obvious if we
consider an arbitrary experiment performed with the beam of light having a carrier
frequency Ω that is close to the energy gap between the nearest bands. The light
can then induce transitions between g and e and between e and f . In this type
of experiment, states lying even higher or between the bands would not be able
to contribute to the third order as they would not contribute to the final trace or
would be off-resonant. We can, therefore, limit our consideration just to three-band
systems.

An important example of a generic molecular system which fits the above de-
scription is represented by excitonic aggregates studied in Chapter 5. In these
aggregates some relatively simple molecules (chromophores) are bound togeth-
er noncovalently, and held at well defined positions by some specific geometrical
constraints, be it self-organized structures or determined by protein scaffold. Be-
cause of the mutual electrostatic interaction, the complex has different spectroscop-
ic properties compared to the individual chromophores (for example, in solution).
The states of the aggregate can be well classified using the states of individual chro-
mophores. The aggregate with N chromophores is said to be in its ground state jgi
if all its constituting chromophores are in their ground states jgii. The first ex-
cited band is formed of the states jeki which include one excited chromophore
and the second excited state band is formed by the state j f k li with two excited
chromophores. These levels represent three well defined bands as shown in Fig-
ure 15.1.

The evolution superoperator elements in (15.1) can be also organized into blocks
according to the bands. As the light transfers the system between nearest bands,
the density matrix breaks up into nine blocks (see Figure 15.1) to which we can
assign corresponding blocks in the evolution superoperator. We further assume
no direct relaxation between the bands, so no evolution superoperator connects
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two different blocks of the density matrix. Thus, for example, U (ee)(τ) will be the
block of the evolution superoperator governing the evolution of the populations
and intra-band coherences inside the e-band, which is in turn described by the
density operator block OW (ee). Whenever we need to evaluate the evolution of the
density operator block in detail, we can go back to the indices of the individual
states, so we can write, for example,

W
(ee)
mn (τ C t0) D

X
k l

U (ee)
mn,k l

(τ)W
(ee)
k l

(t0) , (15.7)

m , n, k, l run over the singly-excited band, or, using shorthand notation, we will
use

OW (ee)(τ C t0) D U (ee)(τ) OW (ee)(t0) (15.8)

with the same meaning. The superscript (ee), represents the time evolution which
starts in the “diagonal” block, (ee), of the statistical operator, and finishes in the
same block.

One important property of the statistical operator is that its off-diagonal blocks,
for example OW (g e)(t) or OW (e f )(t), oscillate with a frequency similar to Ω and the
block OW ( f g)(t) oscillates with� 2Ω . The evolution superoperator has to reflect this
fact and corresponding frequencies are indeed imprinted in its time dependence.
For further manipulations with these blocks we can explicitly subtract this fast fre-
quency component and introduce slowly varying envelopes (the Rotating Frame)
as in the following example

U (eg)(t) D QU (eg)(t)e�iΩ t , U ( f g)(t) D QU ( f g)(t)e�i2Ω t . (15.9)

From now on in this chapter, all superoperator blocks appearing with tilde as above
will represent these slow envelopes.

The second quantity which appears in the response function in both the operator
and superoperator form is the polarization superoperator V and the corresponding
polarization operator Oµ. The polarization operator is essentially a dipole operator,
because we assume that the molecular length-scale is much shorter than the optical
wavelength. As this operator mediates transitions between bands, it has a block
form as in Figure 15.1. Matrices can be multiplied in blocks, and thus it is easy
to verify that the action of the transition dipole moment on the density operator
transforms one block into another. With the transition dipole moment operator

Oµ D µ(eg)jeihgj C µ( f e)j f ihej C h.c. , (15.10)

where h.c. stands for the Hermite conjugate, we have, for example, Oµ OW (gg) �
Oµ(eg) OW (gg) D OW (eg). Similarly, we can show that off-diagonal blocks are trans-
formed into diagonal ones by the action of the dipole moment operator from left
or right. In the superoperator notation we have, for example,

V OW (gg) D V (eggg) OW (gg) � V (g egg) OW (gg) D OW (eg) � OW (g e) . (15.11)
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15.1 Nonlinear Response of Multilevel Systems 319

Here we also introduced a block notation for the dipole moment superoperator V .
It must have four indices as it transforms one block (gg) into another block (eg)
or (ge). Action of the transition dipole moment on a block of the statistical oper-
ator yields contributions to its two different blocks, and the notation denotes the
transformation performed by the superoperator on the band indices, for example,
(eggg) D (eg) (gg).

15.1.2
Liouville Space Pathways

Let us study the third order response function given in (15.1). As we have already
discussed, the response functions consist of sets of transitions and propagations
between them by evolution superoperators. In electronic spectroscopy we always
start with only the electronic ground state populated because the optical transition
energies are much larger than the thermal energy, „Ω � kBT . The tracing re-
quires that after all actions of the dipole operator, we end up at the same initial
ground state in the time-unordered representation of (15.2)–(15.5) or the densi-
ty matrix ends in a population state in the time-ordered representation of (15.1).
This means that there are only certain Liouville space pathways through the states
of the system that can contribute. These pathways connect specific density matrix
elements or density matrix blocks.

Let us consider (15.2)–(15.5) and let a and b denote bands or individual ener-
gy levels and let us draw the following diagram (Figures 15.2 and 15.3). A density
matrix element in Figure 15.2 is depicted by a circle with two letters denoting the
element of the matrix. The action of a dipole moment operator from the left-hand
side changes the left index of the density matrix and, similarly, its action from the
right-hand side changes the right index. In the diagram we denote the action of

gg ge

eg ee

eg

gg

gg

eg

gg

ge

ge

ee

ee

gg

R1g

gg ge gg

eg

R3g

gg

eg ee eg

R2g

gg ge

ee eg

gg

eg

eg

gg

R4g

0 1 2 3

(a) (b)

Figure 15.2 Liouville space pathway diagram:
possible pathways starting with the electron-
ic ground state jgi in a two-band system are
shown in (a). The dashed lines connect the

states after zero, one, two and three perturba-
tive interactions with the field. Independent
pathways with “C” overall sign are shown in
(b).
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gg ge

eg ee

eg

gg

gf

ef

fg

ge

fe

ee

ee

ff

R1f

gg ge gf

ef

R3f

gg

eg ee ef

R2f

gg ge

ee ef

gg

eg

eg

fg

R4f

0 1 2 3

(a) (b)

Figure 15.3 Liouville space pathways similar to Figure 15.2. Here we show additional pathways
that become possible in a three-band system (a). Independent pathways with “C” overall sign
are shown in (b).

the dipole operator from the left side by a downward pointing arrow and the corre-
sponding change of the left index. The action on the right side is denoted by a right
arrow that changes the right-hand side index. Each commutator V in (15.1) corre-
sponds to a fork of the two arrows, to the right-hand side, or downwards. Dashed
lines indicate the propagation intervals.

In a system with two bands, g and e, all possible pathways are shown in Fig-
ure 15.2a. There are only three possible configurations of system states possible:
gg, ge, eg � (ge)� and ee. In time intervals t1 and t3 the system is always at inter-
band coherence while during t2 we have populations gg or ee. In a three-band
system, some additional pathways become possible since we can have transitions
e ! f . These are shown in Figure 15.3a. We thus get possible f e and f g coher-
ences that can be probed at time intervals t3 and t2, respectively. The last interaction
in (15.1) is always on the left, so the last arrow must go down to some population
state (gg or ee or f f ).

The Figures (15.2) and (15.3) show that there are 16 possible Liouville pathways
between the three bands that can be traveled by three actions of the dipole moment.
The elements (ab) and (ba) correspond to mutual Hermite conjugated blocks of
the density matrix, and, therefore, the pathways that are mirrors of each other with
respect to the diagonal line of the diagram have mutually complex conjugated con-
tributions. Moreover, those pathways that involve an odd number of dipole operator
actions from the left-hand side carry a minus sign, which originates from the sec-
ond term of the commutator. We have, therefore, eight independent contributions,
four of which contain only bands g and e, and four of which also include the f

band. There are four pairs of pathways with a plus sign that differ by exchanging g

and f and which correspond to four different orderings of left- and right-hand side
actions of the dipole moment. We denote the contributions to the total response
function by a letter R with a lower index 1, . . . , 4 denoting the four independent or-
derings of interaction from the left and right, that is, the four independent shapes
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of the Liouville pathways in Figure 15.2. Compared to (15.6) we introduce a second
index g or f to distinguish pathways which do not reach the f -band from those
that do, respectively. Thus, instead of (15.6) we write the total third order response
function in a form:

S (3)(t3, t2, t1) D i3θ (t3)θ (t2)θ (t1)
4X

nD1

X
aDg, f

[Rna(t3, t2, t1) � R�na(t3, t2, t1)] .

(15.12)

Now it is convenient to explicitly write down individual Liouville pathways and
evaluate them using the evolution superoperators. In the third order to the field,
following Figure 15.2 we then have

R1g(t3, t2, t1) D Tr
n
Oµ(g e) QU (eg)(t3)V (eg ee) QU (ee)(t2)

� V (eeeg) QU (eg)(t1)V (eggg) OW (gg)
o

e�iΩ (t1Ct3) . (15.13)

R2g(t3, t2, t1) D Tr
n
Oµ(g e) QU (eg)(t3)V (eg ee) QU (ee)(t2)

� V (eeg e) QU (g e)(t1)V (g egg) OW (gg)
o

e�iΩ (t3�t1) (15.14)

R3g(t3, t2, t1) D Tr
n
Oµ(g e) QU (eg)(t3)V (eggg) QU (gg)(t2)

� V (ggg e) QU (g e)(t1)V (g egg) OW (gg)
o

e�iΩ (t3�t1) (15.15)

R4g(t3, t2, t1) D Tr
n
Oµ(g e) QU (eg)(t3)V (eggg) QU (gg)(t2)

� V (gg eg) QU (eg)(t1)V (eggg) OW (gg)
o

e�iΩ (t1Ct3) . (15.16)

This is the set of pathways for a two-band system where f is excluded. Each of
these pathways is composed of a possibly large number of different sub-pathways
between individual levels within the bands. Notice that during the interval t2 of the
response, the system evolves according to an evolution superoperator of either the
excited state band or the ground state band. For bare excitonic systems (Chapter 5),
the ground state band is composed of just one level; however, the dynamics of an
arbitrary realistic system also involve evolution of the reservoir degrees of freedom.
The evolution inside the bands can have a form of energy relaxation and transport,
as well as coherence dephasing. This evolution can be accessed in some types of
FWM experiments.

The existence of f band leads to an excitation of the system from the band e to a
higher lying band f . This adds an extra set of pathways whose contributions are

R1 f (t3, t2, t1) D Tr
n
Oµ( f e) QU (e f )(t3)V (e f ee) QU (ee)(t2)

� V (eeeg) QU (eg)(t1)V (eggg) OW (gg)
o

e�iΩ (t1�t3) . (15.17)
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R2 f (t3, t2, t1) D Tr
n
Oµ( f e) QU (e f )(t3)V (e f ee) QU (ee)(t2)

� V (eeg e) QU (g e)(t1)V (g egg) OW (gg)
o

eiΩ (t1Ct3) (15.18)

R3 f (t3, t2, t1) D Tr
n
Oµ( f e) QU (e f )(t3)V (e f g f ) QU (g f )(t2)

� V (g f g e) QU (g e)(t1)V (g egg) OW (gg)
o

eiΩ (t1C2 t2Ct3) (15.19)

R4 f (t3, t2, t1) D Tr
n
Oµ(g e) QU (eg)(t3)V (eg f g) QU ( f g)(t2)

� V ( f g eg) QU (eg)(t1)V (eggg) OW (gg)
o

e�iΩ (t1C2 t2Ct3) . (15.20)

The eight functions R1g , . . . , R4g and R1 f , . . . , R4 f and their complex conjugate
parts completely determine the third order response of a three-band system and
thus describes all possible FWM experiments.

Individual contributions to the response function, the Liouville space pathways,
can be conveniently visualized by the double sided Feynman diagrams. A double sid-
ed Feynman diagram carries at least the same information as the diagrams in
Figure 15.2b. Additional information which completely determines the Liouville
space pathway characteristics, for example, the frequencies of the transitions and
the interaction field wavevectors, can be included after performing the rotating
wave approximation (selection of resonances) with respect to specific optical fields.
Figure 15.4 shows Feynman diagrams compared to the Liouville pathway diagram
from Figure 15.2. The two vertical arrows denote the time evolution of the ket and
bra of the system’s density operator (time is running upwards). Each horizontal
bar denotes the time when an interaction with the external field (in other words,
multiplication of the statistical operator from left or right by the transition dipole
operator) occurs. The ket and bra after each interaction are denoted. The last arrow
(from the bottom to top) represents the action of the transition dipole moment op-
erator Oµ, which we wrote to the left-most position under the trace in the response
function. The position of the last arrow is convenient at this point, and we will keep
it on the left for the pathways that yield relevant response.

15.1.3
Third Order Polarization in the Rotating Wave Approximation

In the previous section we have treated the response function separately from
(13.16) which connects the response function with the third order polarization.
One can easily verify that the product of three electric fields in (13.16) carries phase
factors similar to those of the Liouville pathways. The polarization is obtained by
integrating the product of the response functions and the fields. Because we have
assumed that the optical frequency Ω is similar to the inter-band energy gap, the
terms where optical frequencies match the response function frequencies and they
overall cancel out, should yield a much larger contribution to the convolution in-
tegral in (13.16) than those where some highly oscillatory factors remain. All the
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Figure 15.4 Feynman diagrams for resonant interaction configurations when all fields have
approximately the same carrier frequency. Liouville pathways are indicated as well. Incom-
ing/outgoing arrows denote absorption/emission events.

oscillating terms under the integral will, therefore, be neglected. This is usually
denoted as the rotating wave approximation.

In the remainder of this book we will consider time-resolved techniques per-
formed with several short laser pulses. In that case it is convenient to introduce a
Gedankenexperiment (a thought experiment) as follows. Let us assume the incom-

ing electric field to be formed of three pulses with envelopes depicted in Figure 15.5,
that is

E(r, t) D
3X

jD1

E j (t � τ j )eik j �r�iΩ (t�τ j ) C c.c.

where c.c. denotes the complex conjugated term. Then each interaction between
the system and the field, represented by V in the response function, happens with
a distinct optical pulsed field. Later we can associate these “virtual” pulses with the
physical pulses of the laser when we describe a realistic spectroscopic measure-
ment.

The cubic form of electric fields

E(r, t � t3 � t2 � t1)E(r, t � t3 � t2)E(r, t � t3) (15.21)
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E(t)

T1 T2

t

τ3 = 0τ2τ1

k1 k2 k3

t2t1 t3

Figure 15.5 Pulse scheme of the time-ordered
four-wave mixing experiment when pulse 1 is
first, pulse 2 is second, and pulse 3 is third.
The excitation pulses are centered at times
τ1, τ2 and τ3. Since the time axis can be tak-
en with respect to the specific rule, we can
choose τ3 D 0. The third order signal at
time t is then an integral over contributions

from all possible combinations of delays t1,
t2 and t3 such that are positive. Notice that
this setup of pulses is the so-called gedanken
or thought experiment. The pulses 1, 2, and 3
here are the sources of interactions construct-
ing the response function. Later, for various
experiments, we associate these virtual pulses
with various real pulses.

enters the third order polarization (13.16). Each of them is a sum of three optical
pulses. The whole product will thus be a sum of 3 � 3 � 3 D 27 terms. However,
notice that in the FWM scheme we only have several distinct output wavevectors,
which can be distinguished by a specific outgoing direction (wavevector). These are
(the total oscillatory frequency of the configuration is also given):

k1 , Ω 2k1 � k2 , Ω 2k2 � k3 , Ω
3k1 , 3Ω 2k1 C k2 , 3Ω 2k2 C k3 , 3Ω
k2 , Ω 2k1 � k3 , Ω 2k3 � k1 , Ω
3k2 , 3Ω 2k1 C k3 , 3Ω 2k3 C k1 , 3Ω
k3 , Ω 2k2 � k1 , Ω 2k3 � k2 , Ω
3k3 , 3Ω 2k2 C k1 , 3Ω 2k3 C k2 , 3Ω

�k1 C k2 C k3 , Ω
k1 � k2 C k3 , Ω
k1 C k2 � k3 , Ω
k1 C k2 C k3 , 3Ω

The set of wavevectors with opposite directions generates conjugate responses.
The first thing that we observe is that the configurations that have frequencies 3Ω
are off-resonant with our form of the response function (since we do not include
this type of triple-frequency optical transition). The second observation is that the
wavevector configuration 2k1 � k2 can be obtained from k1 � k2 C k3 if we take
k1 D k3. It thus follows that the most general third order independent signals with
our response function are

kI � �k1 C k2 C k3 , (15.22)

kII � k1 � k2 C k3 , (15.23)
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kIII � k1 C k2 � k3 (15.24)

and others will be given by these three.
Let us consider �k1C k2C k3. This configuration appears from six types of field

permutations. We may have

E1(r , t � t3 � t2 � t1)E2(r, t � t3 � t2)E3(r , t � t3) , (15.25)

or

E1(r , t � t3 � t2 � t1)E3(r, t � t3 � t2)E2(r , t � t3) , (15.26)

E2(r , t � t3 � t2 � t1)E3(r, t � t3 � t2)E1(r , t � t3) , (15.27)

E2(r , t � t3 � t2 � t1)E1(r, t � t3 � t2)E3(r , t � t3) , (15.28)

E3(r , t � t3 � t2 � t1)E2(r, t � t3 � t2)E1(r , t � t3) , (15.29)

and finally

E3(r , t � t3 � t2 � t1)E1(r, t � t3 � t2)E2(r , t � t3) . (15.30)

The corresponding phase factors containing t1, t2, t3 (over which we integrate) or-
dered in the same way are

exp(iΩ (�t1C t3)) , (15.31)

exp(iΩ (�t1C t3)) , (15.32)

exp(iΩ (t3 C 2t2 C t1)) , (15.33)

exp(iΩ (t1 C t3)) , (15.34)

exp(iΩ (t3 C 2t2 C t1)) , (15.35)

exp(iΩ (t1 C t3)) . (15.36)

The Liouville pathways, (15.13) to (15.20), have similar phase factors in variables t3,
t2 and t1. If a given Liouville pathway does not have a phase factor which cancels
the phase factor of the field, it brings only a very small contribution to the integral.
We will, therefore, take only such contributions where the cancelation occurs and
the rest will be neglected.

The electric field enters (13.16) three times with three different time arguments.
Let us define the delays between incoming pulses as T1 D τ2 � τ1, T2 D τ3 � τ2

and abbreviate the expressions as follows:

E
(1)
j (#) � E j (t C # � t3 � t2 � t1) , (15.37)

E
(2)
j (#) � E j (t C # � t3 � t2) , (15.38)

and

E
(3)
j (#) � E j (t C # � t3) . (15.39)
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For the third order polarization in RWA we can now write one integral expression

P
(3)
RWA(t, T2, T1) � e�iΩ (t�T1)

1•
0

dt3dt2dt1[SR(t3, t2, t1)A R

C SNR(t3, t2, t1)A NR C SDC(t3, t2, t1)A DC] , (15.40)

where

A � A(t3, t2, t1I t, T2, T1)

A R D eiΩ t3�iΩ t1
h

E
(1)�
1 (T2 C T1)E (2)

2 (T2)E (3)
3 (0)

C E
(1)�
1 (T2 C T1)E (3)

2 (T2)E (2)
3 (0)

i
, (15.41)

A NR D eiΩ t3CiΩ t1
h

E
(2)�
1 (T2 C T1)E (1)

2 (T2)E (3)
3 (0)

C E
(2)�
1 (T2 C T1)E (3)

2 (T2)E (1)
3 (0)

i
(15.42)

and

A DC D eiΩ t3C2iΩ t2CiΩ t1
h

E
(3)�
1 (T2 C T1)E (1)

2 (T2)E (2)
3 (0)

C E
(3)�
1 (T2 C T1)E (2)

2 (T2)E (1)
3 (0)

i
. (15.43)

Here, we have collected the Liouville pathways into groups according to their char-
acteristic oscillating phase factors. Thus, we have the rephasing

SR(t3, t2, t1) D R2g(t3, t2, t1)C R3g(t3, t2, t1) � R�1 f (t3, t2, t1) , (15.44)

the nonrephasing

SNR(t3, t2, t1) D R1g(t3, t2, t1)C R4g(t3, t2, t1)� R�2 f (t3, t2, t1) , (15.45)

and the double quantum coherence

SDC(t3, t2, t1) D R4 f (t3, t2, t1) � R�3 f (t3, t2, t1) , (15.46)

pathway groups.
Equation (15.40) enables us to calculate the signal for any third order nonlinear

experiment employing a three-pulse sequence with arbitrary pulse shapes for ar-
bitrary pulse ordering. The reason why the complex conjugated pathways with the
minus sign appear in (15.44)–(15.46) is that their particular phase factors cancel
with the fields. One can notice that the pathway R1g is nonrephasing, while the
pathway R�1 f

is rephasing. This is easily explained by considering the involved
transitions. While in R1g we have e�iω eg t1�iω eg t3 , the R1 f pathway must have
e�iω eg t1�iω e f t3 . From Figure 15.1 we have ω e f � �ω eg and thus the phase factor
turns into e�iω eg t1Ciω eg t3 which has to be complex conjugated in order to cancel
with field factors.
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The notation that we introduced in (15.37) to (15.39) and Figure 15.5 enables us
to understand the origin of the individual contributions. The upper index α of E

(α)
j

denotes one of the three interaction times. The value α D 1 corresponds to the
first interaction, α D 2 to the second and so on. In (15.41) to (15.43), we insert the
envelopes of the fields in an order in which the pulse centers arrive at the sample
(from left to right). The order of the lower indices on the envelopes is, therefore,
always 1 � 2 � 3. The upper indices correspond to the order in which these pulses
actually interact with the matter. We can see that for instance the nonrephasing
contribution originates from the order 2 � 1 � 3 and 3� 1� 2 and so on.

15.1.4
Third Order Polarization in Impulsive Limit

The laser pulses usually employed to excite molecular systems in laboratory real-
izations of the third order spectroscopy may be very short, sometimes with just
a few cycles of the optical oscillation within the pulse envelope. It is, therefore,
often advantageous to assume the nonlinear response originating from excitation
by such a short pulse. In order to keep the resonance properties of the pulses in
place, the “short pulse” has to be understood as “slowly” varying with respect to the
optical frequency, while it is short with respect to slowly varying system dynam-
ics. It is, therefore, only allowed to have the Dirac delta function properties with
respect to the slow envelopes of the response functions. Such delta function is of-
ten referred to as the physical delta function (see a discussion for example in [26]).
Equation (15.40) can be significantly simplified by this short pulse assumption.
Most importantly, one can immediately see that for different pulse orderings, dif-
ferent types of Liouville pathways contribute to the signal. Let us first assume that
the pulses arrive in time ordered as k1, k2, k3 (we will denote this ordering as
1�2�3). As they are short, their overlap can be neglected. This means that T1 > 0
and T2 > 0 in Figure 15.5. We now have six combinations of the pulse envelopes
in (15.40), but only one of them yields a nonzero integration value. Let us examine
the first term in (15.41), that is

E�1 (t C T2 C T1 � t3 � t2 � t1)E2(t C T2 � t3 � t2)E3(t � t3)

� δ(t C T2 C T1 � t3 � t2 � t1)δ(t C T2 � t3 � t2)δ(t � t3) . (15.47)

This term yields the conditions:

t C T2 C T1 � t3 � t2 � t1 D 0 , (15.48)

t C T2 � t3 � t2 D 0 , (15.49)

and

t � t3 D 0 (15.50)

for the integral in (15.40) to give a nonzero contribution. Equations (15.48)–(15.50)
can be easily satisfied by t3 D t, t2 D T2 and t1 D T1 and the contribution to the
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polarization thus yields:

P
(3)
RWA(t, T2, T1) � e�iΩ (t�T1)SR(t, T2, T1) . (15.51)

The second term in (15.40) which corresponds to the role of the second and third
pulses switched, similarly yields the conditions t C T2 C T1 � t3 � t2 � t1 D 0,
t � t3 � t2 D 0 and t C T2 � t3 D 0. This can be satisfied by t3 D t C T2, t2 D �T2

and t1 D T2C T1, and t2 has to be negative. For negative t2, however, the response
functions are zero. Similar conclusions will be reached for all other integrals.

Switching the order of pulses into (1 � 3 � 2) will yield the rephasing signal as
well. We can, therefore, conclude that for both orderings (1� 2� 3) and (1� 3� 2)
only the rephasing Liouville pathways contribute to the signal. This has an im-
portant implication in the description of the experiment. If we measure a signal
emerging into the phase-matched direction k s D �k1 C k2 C k3, and if the pulse
with the wavevector k1 is guaranteed to arrive at the sample first, the response
function responsible for the signal will be always of the rephasing type.

Let us now switch the order of the first two pulses to yield ordering (2 � 1 � 3).
Following the same arguments the reader can check that this ordering yields the
nonrephasing contribution. The very same conclusion is reached for the pulse or-
der (3�1�2). This means that in the direction k s D �k1C k2C k3 � k2� k1C k3,
if the pulse k1 is guarantied to arrive as second, the corresponding signal is al-
ways of the nonrephasing type. For a given direction we therefore conclude that it
is possible to selectively probe the rephasing or nonrephasing group of Liouville
pathways.

In an experimental arrangement when the pulse k1 precedes k2 we measure the
response SR in the direction �k1C k2C k3. One can of course redefine the indices
of the directions as well. If we denote the original direction k1 by k02 and vice versa
(k01 D k2, k02 D k1, k03 D k3), and keep the order of pulses in time intact, we realize
that in the direction �k01C k02C k03 D k1 � k2C k3 we measure the non-rephasing
response SNR.

The third pathway SDC contributes to the signal only when the order of the pulses
is (2�3�1) or (3�2�1). The SDC pathways contain a fast oscillating term canceling
the 2Ω term in the field factor which appears in the orderings (2 � 3 � 1) and
(3� 2� 1). Although the oscillations during the population interval t2 are very fast,
they also survive RWA. This signal is emitted into �k1 C k2 C k3 only if the last
of the interacting pulses is k1. It is also a basis of certain spectroscopic techniques
aiming at exclusively studying the properties of the higher lying excited states.

Summarizing these conclusions we thus find that we can request the strict pulse
ordering such that pulse 1 is always first, pulse 2 is always second, and pulse 3 is
always third. Then the rephasing signal will be measured in the phase matching
direction kI D �k1 C k2 C k3, the nonrephasing signal will be measured in kII D
k1�k2Ck3 and the double quantum coherence will be measured in kIII D k1Ck2�
k3. These are three independent types of measurements in the FWM experiment
and all other FWM experiments can be given in terms of these three techniques.
The natural variables of the measurement are the delay times between the pulses.
The induced polarization amplitude is given by the corresponding contribution to
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the response function and the variables of the response function t1, t2, t3 become
equivalent to the delay times between the ordered pulses.

15.2
Multilevel System in Contact with the Bath

Now that we have completed the discussion of the relation between the response
function, excitation fields and the generated induced polarization (the signal in
the heterodyne detection scheme), we can turn our attention to the effects of bath
degrees of freedom and the measurement of relaxation phenomena. The formulae
for the response function contain evolution superoperators which we could easily
represent in the basis of electronic states. However, the evolution superoperator
matrix elements would in this case still be operators on the Hilbert space of the
bath degrees of freedom. Only after tracing the response functions over the bath,
we obtain the observable response function.

First, we will concentrate on the response in the so-called adiabatic limit, that is,
when the bath induces fluctuations of electronic energies [100]. In this case we have
only the pure dephasing effect and the bath-induced transitions between electronic
states are forbidden. For the evolution superoperators we then have either

QU (ee)
k l mn

(t2) D δk l δnm δk m
QU (ee)

k k k k
(t2) , (15.52)

or

QU (ee)
k l mn

(t2) D δk m δ l n(1� δk l) QU (ee)
k l k l

(t2) . (15.53)

The former elements describe the evolution of populations, while the latter de-
scribe the evolution of coherence. One would be tempted to conclude that

QU (ee)
k k k k(t2) D 1 , (15.54)

because we expect the populations to remain constant in this limit. However, one
should not forget that QU (ee)

k k k k
(t2) is an operator describing the evolution of the bath

degrees of freedom. The bath can undergo reorganization after the system was
excited, without the population of the excited state changing due to relaxation. As-
suming also that

QU (eg)
k g l g

(t) D δk l
QU (eg)

k gk g
(t) (15.55)

for the evolution of the optical coherence elements, we find that the total response
of the multilevel system in the adiabatic limit splits into two contributions, where
one corresponds to the evolution of populations in the t2 interval, (15.52), and the
other to the evolution of coherences, (15.53). For instance, for the pathway R2g we
thus get:

R2g(t3, t2, t1) D R
(pop)
2g (t3, t2, t1)C R

(coh)
2g (t3, t2, t1) , (15.56)
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where

R
(pop)
2g (t3, t2, t1) D i3

X
k

µ gk µk g µ gk µk g

� Tr
n QU (eg)

k gk g(t3) QU (ee)
k k k k(t2) QU (g e)

gk gk(t1)Weq

o
e�iωkg (t3�t1) ,

(15.57)

and

R
(coh)
2g (t3, t2, t1) D i3

X
k¤l

µ g l µ gk µ l g µk g

� Tr
n QU (eg)

l g l g
(t3) QU (ee)

l k l k
(t2) QU (g e)

gk gk
(t1)Weq

o
e�iω l g t3Ciωkg t1 .

(15.58)

This distinction will become very significant when considering separately energy
and phase relaxation.

15.2.1
Energy Fluctuations of the General Multilevel System

Let the system be given by a set of the energy levels: j1i, j2i, . . . , jNi. The system
Hamiltonian is thus

OHmol D
NX

kD1

εk jkihkj , (15.59)

and we assume the bath Hamiltonian HB to represent a bath of harmonic oscil-
lators, which induce fluctuations of system energies. The system–bath interaction
in general is given by the same linear coupling energy gap operators as in (14.11),
and we define the fluctuations of all states with respect to one specific state – the
ground state as the reference

∆ OVk k(t) D U†
g (t)

� OHk � OHg

�
Ug(t)� „ωk g , (15.60)

OHSB D
X

k

∆Vk kjkihkj . (15.61)

We additionally take into account that the bath is in equilibrium with respect to
the electronic ground state. The ground state energy thus becomes constant. Since
different states are not coupled to each other, the evolution of the system in a giv-
en state is adiabatic, i.e. the potential surface of different states do not intersect. It
turns out that the optical response function for this system can be exactly calculat-
ed.

The system third order response functions R1(t3, t2, t1), . . . , R4(t3, t2, t1) (13.24)–
(13.27) can be written as four-point dipole correlation functions. They contain four
interactions at specific times, and consequently three delays between interaction
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times. We can express them using a single function

R1(t3, t2, t1) D C (4)(t1, t1 C t2, t1 C t2 C t3, 0) , (15.62)

R2(t3, t2, t1) D C (4)(0, t1 C t2, t1 C t2 C t3, t1) , (15.63)

R3(t3, t2, t1) D C (4)(0, t1, t1 C t2 C t3, t1 C t2) , (15.64)

R4(t3, t2, t1) D C (4)(t1 C t2 C t3, t1 C t2, t1, 0) , (15.65)

where the function

C (4)(τ4, τ3, τ2, τ1) D Tr ( Oµ(τ4) Oµ(τ3) Oµ(τ2) Oµ(τ1)) (15.66)

is the four-point correlation function. This case is described in detail in Ap-
pendix A.8. For the dipole operator

Oµ D
a¤bX

ab

µabjaihbj (15.67)

and for an isolated ground state jgi we obtain the general cumulant expression for
the four-point correlation function

C (4)(τ4, τ3, τ2, τ1) D
X
bcd

µ gd µd c µ cb µbg

� exp[�iεd τ43 � iε c τ32 � iεb τ21

C f d cbg(τ4, τ3, τ2, τ1)] , (15.68)

where τ i j D τ i � τ j and

f d cbg(τ4, τ3, τ2, τ1) D �gd d(τ43)� gcc(τ32) � gbb(τ21)

C gd c(τ32)C gd c(τ43) � gd c(τ42)

� gd b(τ32)C gd b(τ31)C gd b(τ42) � gd b(τ41)

C gcb(τ21)C gcb(τ32) � gcb(τ31) . (15.69)

Notice that the ground state in this expression has zero energy, it is not fluctuating
and all g-functions including the ground state vanish. For the three-band system
the summation indices run over g, e, f bands. Compared to the lineshape func-
tions of Section 11.5 we now keep only two indices for the lineshape function. So
gaa,bb � gab .

We can now associate all distinct Liouville space pathways to the function C (4)

by adjusting its time variables and various contributions can be calculated for the
given lineshape function g(t).
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15.2.2
Off-Diagonal Fluctuations and Energy Relaxation

Consider now additional off-diagonal fluctuations. Due to off diagonal elements of
the Hamiltonian the evolution in time mixes different states. Hence, the system dy-
namics now includes population transport, and the system cannot be described us-
ing only the adiabatic evolution operators. We have two types of dynamics now: the
coherence evolution and the population transport. From the beginning we make
two approximations: First is that the off diagonal fluctuations are independent of
each other. Second, we adopt the secular approximation. In this case for the off
diagonal elements of the density matrix – the coherences – the off-diagonal fluc-
tuations induce only lifetime-induced dephasing as in Section 14.5. We can, there-
fore, continue using the cumulant expressions for the evolution of density matrix
coherences. They will only be amended by additional dephasing terms originating
from the off-diagonal fluctuations. For the diagonal terms of the density matrix –
populations – the off-diagonal fluctuations induce population transport which can
be described using the Pauli master equation, with rates calculated by some of the
methods introduced in Chapter 11.

Consider the Liouville space pathway (or the Feynman diagram) when starting
from the ground state jgihgj the system first interacts on the left side and the elec-
tronic inter-band coherence je iihgj is created and it propagates during t1. As we
are interested in population, let the second interaction happen on the right creat-
ing electronic population je iihe i j. As the population transfer is now allowed, in the
second interval t2 this population can be transferred to the state je f ihe f j with the
probability Ge f ei

(t2). We can assume the next transition to occur on either side of
the density matrix. Hence, we can set the resulting inter-band coherence to be of
the general form jbihcj, which can be later assigned to one of jeihgj, jgihej, j f ihej,
or jeih f j. The contribution to the response function of such population-transport
pathway is then given by [101]

T(t3, t2, t1) D �(i)3
X
cbe0 e

µ cb µνν0µ ei g µ ei g Ge f ei
(t2)F (I)

cbe f e i
(t3, t2, t1) , (15.70)

where νν0 has to be changed to e f b when the signal is generated on the left side
of the diagram, and to ce f , when it is generated on the right. Ge f ei

(t2) when e f D
e i is the population survival probability. The phase function is determined by the
cumulant expansion with respect to the diagonal fluctuations:

F (I)
cbe f e i

(t3, t2, t1) D exp
h
iω cb t3 � iω ei g t1

� (γc C γb)t3 � γei
t1 C f

(I)
cbei

(t3, t2, t1)
i

, (15.71)
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where

f
(I)
cbei

(t3, t2, t1) D �gei ei
(t1) � gbb(t3) � g�cc(t3)

� gbei
(t1 C t2 C t3)C gbei

(t1 C t2)C gbei
(t2 C t3)

C gcei
(t1 C t2 C t3) � gcei

(t1 C t2) � gcei
(t2 C t3)

C gcb(t3)C g�bc(t3)C gcei
(t2) � gbei

(t2)

C 2i Im [gce f
(t2 C t3) � gce f

(t2) � gce f
(t3)

� gbe f
(t2 C t3)C gbe f

(t2)C gbe f
(t3)] . (15.72)

γν is the dephasing constant due to the state lifetime

γν D jKννj
2

. (15.73)

The population Green’s function is a solution of the Pauli master equation

PGe0 e(t) D
X
j¤e0

Ke0 j G j e �
0
@X

j¤e0

K j e0

1
AGe0 e , (15.74)

where Ki j are the population transport rates. This equation can be represented in
the matrix form

@

@t
OG(t) D � OQK OG(t) , (15.75)

where the population transport rate matrix is constructed as: QKab D �Kab C
δab

P
j K j b .

Combining the adiabatic model with the transport expressions thus allows a
complete approximate description of the dynamic relaxation in optical measure-
ments. The final expressions for the three – rephasing, non rephasing and double
quantum coherence – the response functions using this approach are given in Ap-
pendix A.10.

15.2.3
Fluctuations in a Coupled Multichromophore System

In previous subsections we have described how diagonal and off-diagonal fluctua-
tions can be incorporated into the response functions. In this subsection we will
consider a general many-body system consisting of N resonantly interacting two-
level systems representing, for example, aggregates as discussed in Chapter 5. Non-
linear optical properties of such complexes of coupled chromophores (for example,
molecular aggregates, proteins and so on) are described using a Frenkel exciton
model

OHS D
NX

mD1

εm
OB†

m
OBm C

NX
mn

Jnm
OB†

m
OBn , (15.76)
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where OB†
m and OBm are excitation creation and annihilation operators on a mole-

cule m, εm and Jmn are site energy of the mth chromophore and resonant coupling
between nth and mth chromophores, respectively. In the exciton representation we
obtain the multilevel system as follows. It contains the single ground state jgi and
one- and two-exciton bands (manifolds). In the one-exciton manifold each state
is denoted as je j i ( j D 1, . . . , N ). In the double-exciton manifold the number of
two-exciton states is N(N � 1)/2 and they are denoted as j f ki.

The difference of this system from the previous subsection is that now the sys-
tem Hamiltonian is essentially a nondiagonal matrix. Thus, for an arbitrary type
of coupling with the bath, the dynamics in principle is not adiabatic and processes
such as population transport and coherence decays are necessarily important.

The one-exciton Hamiltonian matrix is h
(1)
j k
D δ j k ε j C 
 j k J j k , where 
 j k D

1� δ j k describes the single excitation band. The two-exciton Hamiltonian block is
h

(2)
(k l),(mn) � (εkC ε l )δk mδ l nC Jk m δ l n
k mC Jl n δk m 
l n where k > l and m > n and

the K couplings of the aggregate (see Chapter 5) have been neglected for simplicity.
Transition from the molecular excitation representation to the exciton (eigenstate)
basis is obtained using a unitary transformationsX

mn

cem cen h
(1)
mn D Ee , (15.77)

X
mnk l

C f,mn C f,k l h
(2)
mn,k l D E f . (15.78)

The interaction with the optical field is described by the following dipole operator

Oµ D
X

m

d m

� OB†
m C OB†

m

�
, (15.79)

where d m is a molecular transition dipole. Applying the unitary transformation the
dipoles of inter-band transitions (eigen-dipoles) are obtained:

µg e D
X

m

cem d m

µe f D
X
mn

C f,mn(cen d m C cem d n) . (15.80)

Here we extend indices of C so that C f,mn D C f,nm and C f,mm D 0.
We next assume the diagonal molecular transition energy fluctuations of the

form:

OHSB D
X
mα

zmα Oqα OB†
m
OBm , (15.81)

also, each molecule has its own independent set of fluctuating coordinates uncor-
related to the other molecules, that is the correlation function matrix is diagonal,P

α zmα znα D 0 and only one correlation function is then relevantX
α

jzmαj2h Oqα(t) Oqα(0)i D C(t) . (15.82)
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In the previous subsection we were able to define correlation functions and line-
shape functions for all pairs of energy levels. Now we define the fluctuations of
each site: these fluctuations translate into the eigenbasis through transformations
of the type (15.77) and (15.78). It is convenient to use the spectral density (see Sec-
tion 8.6), which can be given by:

C00(ω) D 1
2

1Z
0

dt exp(iω t)(C(t)� C(�t)) . (15.83)

In the exciton basis, we obtain fluctuating transition energies and couplings be-
tween the eigenstates. These fluctuations are characterized by spectral densities

C 00e1 e2,e3 e4
(ω) D

 X
m

ce1 m ce2 m ce3 m ce4 m

!
C00(ω) ,

C 00e1 e2, f3 f 4
(ω) D

0
@X

m

ce1 m ce2 m

k¤mX
k

C f 3,mk C f4,mk

1
A C00(ω) ,

C 00f 1 f 2,e3 e4
(ω) D C 00e3 e4, f1 f2

(ω) ,

C 00f 1 f 2, f3 f 4
(ω) D

2
4X

m

0
@k¤mX

k

C f1,mk C f 2,mk

1
A
0
@l¤mX

l

C f3,ml C f4,ml

1
A
3
5 C00(ω) .

(15.84)

Given the correlation functions for fluctuations we are now able to calculate all
lineshape functions and population relaxation rates. This information is sufficient
to use the expressions of the previous subsection of the lineshape functions and
the linear and third order response functions can now be calculated. However, it
should be noted that all conditions of (15.68) and (15.71) are not satisfied by the
excitonic model: the diagonal and off diagonal fluctuations of excitons are essen-
tially correlated as they originate from the same molecular fluctuations. Hence the
response function expressions of Appendix A.10 should be used with caution.

15.2.4
Inter-Band Fluctuations: Relaxation to the Electronic Ground State

So far, the only transitions between the electronic ground state and the first elec-
tronic excited states we considered were the transitions stimulated by the radiation
(absorption and stimulated emission). To account for nonradiative relaxation of
the system to the ground state, or for spontaneous emission, we have to extend
the range of processes that our response functions describe. In particular we have
to include pathways in which the system is transferred to the excited state by the
first two interactions with the incident fields, but relaxes to the ground state before
the third interaction when the second interval is relatively long. The relaxation pro-
cesses ensure that the induced polarization to third order and all related signals
will always vanish for very long time t2 !1.
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Kgeµeg

t1

t2

t3|e〉

|g〉
|e〉

〈e|
〈e|
〈g|

|g〉〈g|

|g〉〈g|
t1

t2

t3|e〉

|g〉
|e〉

〈e|
〈e|

〈g|

|g〉〈g|

|g〉〈g|

|g〉 〈g|

... ...

Figure 15.6 Two-level system with relaxation. The two Feynman diagrams correspond to the
part of the signal from unrelaxed molecules and the molecules that have undergone relaxation
to the electronic ground state.

If the relaxation process can be described by the one-way relaxation rate Kge (see
Figure 15.6), then every Liouville pathway which passes through the excited state
in the population interval t2 (say R2g) splits into two contributions. First, with the
probability e�Kge t2 the system remains excited, and its contribution to the signal
is the same as in nonrelaxing system. The corresponding Feynman diagram is
presented in Figure 15.6. Second, the system has relaxed to the ground state some
time during the population interval with the probability (1�e�Kge t ). The probability
that it has happened in the time interval (t02, t02 C dt), 0 < t02 < t2 is Kgedt and all
such contributions have to be integrated.

The Feynman diagram of the relaxed contribution is depicted in Figure 15.6. The
R2g pathway, (15.14), for a two-level system can be simplified to

R2g(t3, t2, t1) D i3jdegj4eiΩ (t1�t3)Tr
˚ QU (eg)(t3) QU (ee)(t2) QU (g e)(t1)Weq

�
. (15.85)

In the presence of the relaxation, the evolution superoperator element reads

QU (ee)(t2)jrelax D e�Kge t QU (ee)(t2) , (15.86)

and correspondingly the Liouville space pathway’s amplitude decays with the relax-
ation rate as

R2g(t3, t2, t1)jrelax D e�Kge t2 R2g(t3, t2, t1) . (15.87)

Analogously, we write the response function for the relaxation diagram by identify-
ing the evolution superoperator term QK(g e)(t2) which transfers the population from
the excited state to the ground state. As discussed above, we have to sum contribu-
tions corresponding to the system relaxation at all times t02 between 0 and t2. We
assume that the system propagated from 0 to t02 in the excited state jei and then is
transferred to jgi and propagated further in the ground state. This can be expressed
as

QK(g e)(t2) D Kge

t2Z
0

dt02
QU (gg)(t � t02) QU (ee)(t02) . (15.88)

In order to obtain a nonzero (rephasing) contribution the interactions with electric
field after the relaxation have to be such as depicted in Figure 15.6. This corre-
sponds not to the R2 diagram, but to a complex conjugation of the R1 diagram as
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can be easily verified in Figure 15.2.

R�1g e(t3, t2, t1) D i3jdegj4Tr
˚ QU (eg)(t3) QK(g e)(t2) QU (g e)(t1)Weq

�

D i3jdegj4Kge

t2Z
0

dt02

� Tr
˚ QU (eg)(t3) QU (gg)(t � t02) QU (ee)(t02) QU (g e)(t1)Weq

�
(15.89)

Because there is only one interaction from the right side of the diagram the dia-
gram contributes a minus sign, and the total third order response is

S (3)(t3, t2, t1) D R3g(t3, t2, t1)C e�Kge t2 R2g(t3, t2, t1) � R�1g e(t3, t2, t1) . (15.90)

Applying the cumulant expansion to (15.89) results in

R�1g e(t3, t2, t1) D Kge R3g(t3, t2, t1)e�gee(t2Ct3)Cgee(t2)Cg�ee(t2Ct3)�g�ee(t2)

�
t2Z

0

dt02e�Kge t 02egee(t2Ct3�t 02)�gee(t2�t 02)�g�ee(t2Ct3�t 02)Cg�ee(t2�t 02)

(15.91)

Instead of going into further details, we can now prove that at t2 ! 1 the total
signal S (3) goes to zero. At long times, the imaginary part of the line broadening
function corresponding to thermodynamic bath behaves linearly and thus

gee

�
t2 C t3 � t02

� � gee

�
t2 � t02

� � g�ee

�
t2 C t3 � t02

�C g�ee

�
t2 � t02

� D
2i Im

˚
gee

�
t2 C t3 � t02

� � gee

�
t2 � t02

�� � 2i Im gee(t3) D iα t3 ,

(15.92)

where α is some real constant. Equation (15.91) thus yields

R�1g e(t3, t2, t1) � �Kge R3g(t3, t2, t1)
e�Kge t2 � 1

Kge

D
t2!1

R3g(t3, t2, t1) ,

(15.93)

and correspondingly the total response S (3), (15.90), converges to zero at large t2

despite the fact that the R3g contribution remains unaffected by the relaxation.
A similar procedure can be used for derivation of the response function of a sys-

tem with the energy transfer between the donor and the acceptor. The approach is
limited to problems with the one-way relaxation or energy transfer in which (15.88)
holds. In the case of two states separated by energy comparable to kB T , that is with
the significant back transfer rate Keg , one cannot write QK(g e) in a simple form, and
thus the treatment of electronic energy relaxation processes within the response
function formalism beyond Markov approximation is limited to several special cas-
es.
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15.2.5
Energetic Disorder in Four-Wave Mixing

The Liouville pathways represent responses of certain combinations of energy lev-
els connected through optical transitions. In the above sections we have always
assumed that we work with a single representative molecular system. In the real
experiment, the cuvette usually contains a solution of systems of interest. We thus
have to deal with an ensemble of systems. The consequence of this setup for the
linear response was described in Section 14.6.

Let us again assume that we have the ensemble of identical copies of the systems
but their energy levels are scattered randomly around the mean values. These static,
or more generally, slow, fluctuations are then independent of the fast fluctuating
modes that cause the homogeneous broadening effects. Because of the indepen-
dence of the two types of fluctuations, as the lowest-level approach, we can assume
that the response functions could be written as product of the slow and fast parts

Rn(t3, t2, t1) D R
(slow)
n (t3, t2, t1)R (fast)

n (t3, t2, t1) , (15.94)

and the fast and slow response functions differ only in their corresponding sets of
lineshape functions.

Consider a two-level system with one ground and one excited state. The slow
lineshape function as described in Section 14.6 is a parabolic function of time

g
(slow)
ee (t) D 1

2
∆2 t2 . (15.95)

We then find that the slow part of the response is the same for all rephasing path-
ways

R
(slow)
2g (t3, t2, t1) D R

(slow)
3g (t3, t2, t1) D Iinh(t3 � t1) D e�

∆2
2 (t3�t1)2

, (15.96)

and all nonrephasing pathways

R
(slow)
1g (t3, t2, t1) D R

(slow)
4g (t3, t2, t1) D Iinh(t3 C t1) D e�

∆2
2 (t3Ct1)2

. (15.97)

The inhomogeneity factor Iinh(t) thus enters as a Gaussian function that is convo-
luted with the homogeneous response function. This property comes due to deli-
cate interference of wavefunction phase rotations in the t1 and t3 intervals, where
in the rephasing pathways the phases rotate in opposite directions while they con-
tinue rotation in the same direction in the nonrephasing pathway. This property
becomes very important in Section 15.3.1.

We have just derived the famous photon echo effect. The rephasing nonlinear re-
sponse is equal to its fast (homogeneous) part at t1 D t3, whereas the nonrephasing
response decays with both t1 and t3 times. Thus, if we design an experiment that
probes only the rephasing part of the FWM measurement and we keep t1 D t3 we
can probe only homogeneous part of the response. This is never possible in the
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linear response. Let us now discuss the photon echo (PE) effect and its observation
in more detail. We will relax the requirement t1 D t3 and take t2 D 0. The PE mea-
surement is as follows: first we excite by a short laser pulse; we then wait for time t1

and send in the other two pulses (from different directions) at the same time. This
generates the nonlinear polarization, and we record the rephasing polarization as
a function of t3. As t3 � t1, the intensity is proportional to exp(�(∆2/2)t2

1 ), which
considerably. However, as t3 increases the intensity grows, peaks when t1 D t3

according to (15.96). This peak is termed optical echo. The signal intensity as a
function of t1 at t3 D t1 will recover from the decay caused by the inhomogeneous
effects according to (15.94).

The same type of echo phenomenon occurs also for a three-level system where
we must assume that the static fluctuations of the f state are equal to �2 the fluc-
tuation of state e. This property can be satisfied for a weakly anharmonic oscillator
described by the Hamiltoanian

OH D („ω0 C δ) Oa† Oa C d Oa† Oa† Oa Oa , (15.98)

where d is the energy anharmonicity and δ is the static fluctuation. Additionally,
for this type of system we get the double quantum coherence contributions to the
full response function. These R3 f pathways are convoluted with

R
(slow)
3 f

(t3, t2, t1) D R
(slow)
4 f

(t3, t2, t1) D Iinh(t3C 2t2 C t1) D e�
∆2
2 (t3C2 t2Ct1)2

.

(15.99)

However, for more complicated systems the echo effect becomes challenging to
observe. It still holds for individual Liouville space pathways, but when we have
many states in the e and f bands the delicate interference of phase rotations can
be masked after adding up all relevant Liouville space pathways.

15.2.6
Random Orientations of Molecules

The amplitude of an optical transition depends on the projection of the molecular
dipole moment onto the polarization vector of the excitation optical field. In multi-
state systems a single response function can include dipole moments of different
molecules that may have various orientations. It is clear that the projections will
depend on the orientation of the molecule in the laboratory frame of reference. It
is not easy to align molecules in solution, and unless we have some very special
experiment setup, we can expect them to be oriented isotropically in all directions.
Our task in this section is to average the molecular response over these orienta-
tions. It means that we cannot ignore the tensor character of the response function
any more. Actually, we can use it to our advantage as we do in Section 16.5

We have labeled the interaction order in the response functions in (15.2)–(15.5).
This interaction order now becomes important when the acting optical fields have
distinct electric field polarizations. Let us denote the polarization vectors of the
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incoming fields and the emitted field (in four-wave mixing) by e1, e2, e3 and e4.
Let us also denote n1, n2, n3 and n4 the normalized orientations of the dipole mo-
ments in the third order response function of a single Liouville space pathway. For
a given arrangement of the excitation and detection polarizations, and for a giv-
en orientation of the molecular aggregate under consideration, the contribution of
the Liouville space pathway in FWM experiment will have in general the following
prefactor (n1 � e1)(n2 � e2)(n3 � e3)(n4 � e4). Let us denote averaging over the isotropic
distribution of orientations as h. . .iO . The averaged amplitude of the contribution
is thus

h(n4 � e4)(n3 � e3)(n2 � e1)(n1 � e1)iO . (15.100)

Because orientations of the four dipole moments in the response can be in prin-
ciple all different, individual Liouville pathways will have different prefactors. As-
suming that molecular rotation due to Brownian motion in solution occurs on a
timescale much slower than the time scale of the nonlinear experiment, this type
of averaging can be treated independently of the time dependence of the response
functions.

The orientational average of dipoles can be calculated by applying Euler trans-
formation expressions. Let us take the molecular frame where the molecular tran-
sition dipoles are defined. The optical fields are defined in the laboratory frame.
We can denote the transformation operation from the molecular frame to the lab
frame as

d (lab) D T d (mol) , (15.101)

where the matrix T can be given in terms of three rotations. In matrix form we
have

T D
0
@cos(ψ) � sin(ψ) 0

sin(ψ) cos(ψ) 0
0 0 1

1
A
0
@cos(θ ) 0 � sin(θ )

0 1 0
sin(θ ) 0 cos(θ )

1
A

�
0
@1 0 0

0 cos(φ) � sin(φ)
0 sin(φ) cos(φ)

1
A , (15.102)

where (ψ, θ , φ) are the Euler rotation angles ranging in the intervals φ and ψ –
(0, 2π), θ – (0, π). In terms of the vector components we can write

d (lab)
ν D T νµ d (mol)

µ , (15.103)

where summation over µ D x , y , z is implied. For the product of transition dipoles
we then have

(n4 � e4)(n3 � e3)(n2 � e1)(n1 � e1) D
X

ν4 ν3 ν2ν1

(e4)ν4 (e3)ν3 (e2)ν2 (e1)ν1

� (n4)ν4 (n3)ν3 (n2)ν2 (n1)ν1 . (15.104)
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Now using (15.103) we can write the molecular dipoles in the lab frame

(n4 � e4)(n3 � e3)(n2 � e1)(n1 � e1) D
X

ν4 ν3ν2 ν1

X
µ4 µ3µ2 µ1

(e4)ν4 (e3)ν3 (e2)ν2 (e1)ν1

� T ν4 µ4 T ν3µ3 T ν2 µ2 T ν1 µ1 (n4)µ4 (n3)µ3 (n2)µ2 (n1)µ1 .

(15.105)

Now the vectors e are defined in the lab frame, the molecular dipoles in the molec-
ular frame and T -s contain the transformation. The orientational averaging thus
amounts to the integration of the product T ν4µ4 T ν3µ3 T ν2 µ2 T ν1 µ1 over the whole
range of the Euler angles. This can be given in the matrix form [102]

h(n4 � e4)(n3 � e3)(n2 � e1)(n1 � e1)iO D F (4)T (e)M (4)F (4)(n) , (15.106)

where

F (4)(x ) D
0
@(x4 � x3)(x2 � x1)

(x4 � x2)(x3 � x1)
(x4 � x1)(x3 � x2)

1
A , (15.107)

and

M (4) D 1
30

0
@ 4 �1 �1
�1 4 �1
�1 �1 4

1
A . (15.108)

For a given setup of the external fields and for the defined molecular dipoles, the
amplitudes of all Liouville space pathways for FWM setup can be orientationally
averaged using this procedure (15.77)–(15.78).

The same formalism applies to the linear response as well. In the linear response
we have the product of two transition amplitudes, one is the excitation, the other is
the detection in the form of

h(n2 � e2)(n1 � e1)iO D F (2)T(e)M (2)F (2)(n) , (15.109)

where now

F (2)(x ) D (x2 � x1) , (15.110)

and

M (2) D 1
3

. (15.111)

However, due to the trace property of the linear response function we usually have
the same transition involved in the absorption of the electromagnetic quantum and
in the emission into the same electric field. The amplitude that enters the linear
polarization thus becomes

µ2
eg E 2h(n � e)(n � e)iO � 1

3
jµ egj2jE j2 . (15.112)
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The tensorial properties of the linear response function can thus be often ignored.
Special attention should be paid to the orientational averaging of three scalar

products of vectors

h(n3 � e3)(n2 � e1)(n1 � e1)iO D 1
6

[e3 � (e2 � e1)][n3 � (n2 � n1)] . (15.113)

This type of averaging would emerge is the second order spectroscopy (three-wave
mixing). First notice that for such products to be nonzero all laser fields must be
perpendicular, which yields a very weak response since the field-overlapping space
would be small. Second, if the system is a single dipole, the product of materi-
al transition dipole is always zero. Thus the second order response in the dipole
approximation is zero. However, going beyond dipole approximation, this prod-
uct survives and the second order response even in the second order to the field
could, in principle, be measured. It should be noted that the system must contain
inherent chirality in its structure for the response to be non vanishing as can be
inspected by performing space inversion operation of the system.

15.3
Application of the Response Functions to Simple FWM Experiments

15.3.1
Photon Echo Peakshift: Learning About System–Bath Interactions

Linear and nonlinear spectra provide us with information about both the electron-
ic properties of the studied molecules (positions of the absorption band) and the
properties of the molecular environment (lineshapes) as well as of the relaxation
dynamics. In a two-level system (a single molecule) the bath in most of the cas-
es is characterized by the single correlation function C(t) of the energy gap. The
so-called photon echo peakshift (PEPS) experiment is one from which energy gap
correlation function can be obtained. It enables us to gain insight into the effects
of bath reorganization that are otherwise very hard to attain with any other formu-
lation of the theory.

For the PEPS measurement, the third order nonlinear signal in the direction
kI D �k1 C k2 C k2 (photon echo) is measured with a slow detector. The delays
between pulses are denoted as T1 � τ and T2 � T : these are expected to be always
positive, τ 	 0 and T 	 0. Thus, only the rephasing part of the response function
is therefore detected. The detector integrates the signal intensity over the time t.
Thus, we measure

SPEPS(T, τ) D
1Z
0

dtjS (3)
kI

(t, T, τ)j2 . (15.114)

This signal at a given time T rises from the initial finite value and then decays. In
the SPEPS we look for the value τ�(T ) of τ for which the SPEPS is maximal. This
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value is called the photon echo peakshift, as it is shifted from zero value, and can be
formally defined by the relation

@

@τ
SPEPS(T, τ)jτDτ�(T ) D 0 , (15.115)

of course by assuming that there are no oscillations in the measured amplitude.
In the impulsive limit, the third order signal reads

jS (3)
kI

(t, T, τ)j2 � I 2
inh(t � τ)jR3g(t, T, τ)C R2g(t, T, τ)j2 , (15.116)

where I 2
inh(t) D e�∆2

in t2
is the inhomogeneity factor introduced in Section 15.2.5.

If we denote the line shape function by g(t) and, according to previous sections for
a two-level molecule, we can write:

jR3g(t, T, τ)C R2g(t, T, τ)j2 D e�2 Re [g(τ)�g(T )Cg(t)Cg(τCT )Cg(τCt)�g(τCTCt)]

� cos2[Im (g(T )C g(t) � g(T C t))]

(15.117)

Because the signal is expected to decay fast with t an expansion of the exponent
in t, up to the second order could yield a reasonable approximation. We will follow
derivation of Cho et al. [30, 31] to reveal striking insights into relation of the photon
echo peakshift and the energy gap correlation function. To this end we expand the
g(t) function as g(a C t) � g(a)C Pg(a)t C Rg(a)t2/2, where the dot denotes a time
derivative. Since

Re Rg(t) D
1Z
0

dωC 00(ω) coth
� „ω

2kB T

�
cos ω t , (15.118)

where C 00(ω) is the spectral density and

Im Pg(t) D
1Z
0

dω
C 00(ω)

ω
(cos ω t � 1) , (15.119)

the cosine part of (15.117) can be expressed in the second cumulant expansion as
cos2[Im (g(T ) C g(t) � g(T C t))] � exp[�(Im Pg(T ))2t], and the exponent of the
exponential part could also be expanded to the second order in t. Equation (15.114)
thus becomes

SPEPS(T, τ) �
1Z
0

dteB(T,τ)t�A(T,τ)t2�2P(τ)�∆2
inτ2

, (15.120)

where

A(T, τ) D ∆2
in C (Im Pg(T ))2 C Re f Rg(0) � Rg(T )� Rg(τ C T )g , (15.121)
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B(T, τ) D 2∆2
in τ � 2Re f Pg(T )� Pg(τ C T )g . (15.122)

The integration of (15.120) gives

SPEPS(τ, T ) �
p

π

2
p

A(T, τ)
exp

�
�2Re g(τ)� ∆2

inτ2 C B(T, τ)2

4A(T, τ)

	

�
"

1C erf

 
B(τ, T )

2
p

A(T, τ)

!#
. (15.123)

Equation (15.123) represents an approximate result for the photon echo signal and
can be used for calculating the photon echo peakshift.

If the inhomogeneous broadening is much larger than the homogeneous broad-
ening, that is Re Rg(0) � ∆2

in the integrated photon echo is approximately given by
SPEPS(T, τ) � expf�2Re g(τ)g for τ > ∆�1

in . This can be verified by noticing that in
this limit B � 2∆2

in τ and A � ∆2
in, and the error function erf(x ) � 1 for x > 1.

The integrated photon echo signal does not depend on T here, and the time depen-
dent photon echo signal has its maximum at time t D τ. The peakshift is given by
the condition Re Pg(τ)jτDτ�(T ) D 0 which leads to τ�(T ) D 0 at τ > ∆�1

in .
If the inhomogeneous and homogeneous line widths ∆2

in and Re Rg(0) are com-
parable, one can apply another expansion of the signal, this time in τ. We expand
all quantities in the second order of τ which leads to B � 2(∆2

in C Re Rg(T ))τ,
A � Re Rg(0) C ∆in C (Im Pg(T ))2, Re g(τ) � Rg(0)τ2/2, and then expand (15.123) to
the second order in τ. Taking the derivative of such an expanded integrated signal
SPEPS according to τ, and solving the resulting linear equation for τ, lead to the
following expression for the peakshift

τ�(T ) D 1p
π

�
∆2

in C Re Rg(T )
�q Rg(0)C ∆2

in C (Im Pg(T ))2

Rg(0)

 Rg(0)C 2∆2

in C (Im Pg(T ))2
�C ∆2

in(Im Pg(T ))2
. (15.124)

In the case that the inhomogeneous broadening can be completely ignored (for
example, in liquids), the peakshift expression simplifies dramatically to

τ�(T ) D 1p
π

Re Rg(T )

Rg(0)
p Rg(0)C (Im Pg(T ))2

. (15.125)

Often Im Pg(T ) is small compared to Rg(0) and can be neglected, and the peak-
shift therefore directly reveals the real part of the energy gap correlation function
Re Rg(t) D Re C(t). The long T time peakshift is correspondingly equal to zero,
τ�(T !1) D 0.

Most interestingly, in the limit of long population times T !1 in (15.124), that
is, for ∆2

in comparable to Rg(0), the long time peakshift remains nonzero. We have
Im Pg(T !1) � λ, Re Rg(T !1) � 0 and thus

τ�(T !1) D 1p
π

∆2
in

q
Rg(0)C ∆2

in C λ2

Rg(0)( Rg(0)C 2∆2
in C λ2)C ∆2

inλ2
. (15.126)
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Figure 15.7 Peakshift measured on a chro-
mophore captured by a mouse antibody at
different level of antibody development [103].
The disorder in the environment of the chro-
mophore as revealed by the long time value of
the peakshift decreases as the antibody ma-

tures (from light gray via dark gray to black),
demonstrating how its structure becomes
more specific for binding the chromophore.
(Figure taken from [103]; © 2006, National
Academy of Sciences, USA.)

Consequently, the nonzero long time value of the peakshift is the evidence of a
finite inhomogeneity.

An interesting example of the peakshift application is presented in Figure 15.7.
In a study reported in [103] a chromophore molecule (fluorescein) was injected
into a mouse, and the evolution of the photon echo peakshift of the chromophore
bound by the antibody was monitored as the antibody matured. Over time, the
antibody becomes more specifically designed for binding of the chromophore. One
can imagine the antibodies having their protein “trap” designed more specifically
to the chromophore molecule, rather than using some generic design. This results
in a decrease of the heterogeneity of the environment of the chromophore as it gets
trapped by more antibodies specifically tailored to it.

According to (15.124) and (15.125), the peakshift can be used to estimate the
bath correlation function, that is, it can be used to investigate fluctuations of the
energy gap. If a complex of two or more molecules is measured, several molecules
may contribute to a single electronic transition and the total energy gap correla-
tion function is built from contributions of individual molecules. For the case of
two identical molecules with energy gap fluctuations uncorrelated with each other,
a certain combination of one color peakshifts (measured with all three pulses of
the same frequency) and two-color peakshifts (measured with the first two pulses
of one frequency and the third pulse of another frequency) allows ones to esti-
mate the excitonic mixing and thus the value of excitonic coupling between the
two molecules. For two different molecules, one can even estimate the difference
between the correlation functions on the two molecules.

Simulation of such an experimental determination of the coupling coefficient
and the difference between the monomeric energy gap correlation functions in a
heterodimer has been done in [104]. Figure 15.8 represents a comparison of the
coupling coefficient and the difference of the energy gap correlation functions on
the two molecules forming a dimer calculated from the photon echo peakshift,
with the actual values that had entered the simulation. The overall good agreement
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between the calculated and expected values for the waiting time T demonstrates
that despite the many approximations in the derivation of the peakshift expres-
sion, (15.126), it enables us to retrieve a quantitative information about molecular
system interaction with its environment.

15.3.2
Revisiting Pump-Probe

We have described the pump probe experiment in Section 13.3.2 where we intro-
duced it in terms of the induced polarization. Here we relate it explicitly with the
response function formalism.

The pump probe technique for the three-band systems can be understood as the
preparation of the excited population, or more precisely – the nonequilibrium state
by the pump pulse, propagation with some delay, and then probing of the resultant
non equilibrium density matrix by the probe pulse. In the FWM setup according to
previous sections, the populations �ee are prepared by the first two k1 and k2 pulses
in the rephasing and nonrephasing signals by interaction configurations k1 � k2

and �k1 C k2. Let the k1 D k2 D kpu. In this case the pump probe intensity will
be detected in the probe direction �k1 C k2 C k3 D kpr and k1 � k2 C k3 D kpr

when k3 D kpr. The pump probe signal can thus be represented by the sum of the
rephasing and nonrephasing signals with the six Feynman diagrams as shown in
Figure 15.9.

Following Section 15.1.3 we can thus write the induced polarization by taking
T1 D 0 and T2 D T as the delay time between the pump and the probe

P
(3)
PP(t, T ) � e�iΩ t

1•
0

dt3dt2dt1


SR(t3, t2, t1)A R C SNR(t3, t2, t1)A NR

�
,

Figure 15.8 (a) Simulated peakshift measure-
ment of the excitonic coupling coefficient.
Four different values of the mixing coeffi-
cient were used to simulate two-color and
one-color peakshift measured with differ-
ent pulse length, and the mixing coefficient
was then calculated from the simulated peak-

shift by the formula from [104]. (b,c) The dif-
ference b(t) D CA(t) � CB(t) of the two
molecules A and B of the dimer reconstructed
from the simulated peakshift, and compared
with the actual value. (Figure adapted from
[104]; Copyright © 2004, American Institute of
Physics.)
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where

A R D eiΩ (t3�t1)E�pu(t C T � t3 � t2 � t1)Epu(t C T � t3 � t2)Epr(t � t3) ,

A NR D eiΩ (t3Ct1)Epu(t C T � t3 � t2 � t1)E�pu(t C T � t3 � t2)Epr(t � t3) .

according to Section 13.3.2 the self-heterodyning leads to the following expression
of the pump probe intensity

IPP(T ) D
Z

dtP
(3)
PP(t, T )E�pr(t) . (15.127)

It is convenient to use the impulsive limit, as t2 is usually much larger than t1 or
t3. This is because T is the physical delay between pulses, while the pulse duration
controls t1, t3 and t. For this purpose we can choose t2 D T , t1 D 0, t3 D t.
Altthough we use ultra-short pulse, we can assume the frequency resolution of
the pump pulse to be sufficient to create a specific excitation in the e band (see
the discussion of the physical delta-function in Section 15.1.4). We can therefore
choose a specific initial state in the time-evolution operator for T propagation. The
detected amplitude at a specific frequency is determined by the frequency variable
conjugate with t3 delay. The frequency-resolved pump probe spectrum is thus given
by the Fourier transform of the response functions:

IPP(ωpr, T ) � SR(ωpr, T, t1 D 0)C SNR(ωpr, T, t1 D 0) .

We can also assume the so-called two-dimensional pump probe spectrum where
the specific excitation frequency is associated with the specific emission frequency.
We then have

IPP(ωpr, T, ωpu) � SR(ω3, T,�ωpu)C SNR(ω3, T, ωpu) .

The “minus” sign of ωpu in the rephasing term denotes the specific phase rotation
of the time-evolution in the rephasing response function.
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|e〉〈e|

|g〉〈g||g〉〈g|
t1

t2

t3|f〉

|g〉
|e〉

|e〉〈e|

〈e|
〈e|
〈e||e〉

|e〉
|e〉

〈g|
〈e|
〈g|

t1

t2

t3
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|g〉〈g|
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|g〉
|e〉

〈e|
〈e|
〈g|

|g〉〈g|

|g〉〈g|

Figure 15.9 Double sided Feynman diagrams
corresponding to the pump probe experiment.
The g, e, f denote the bands where the exci-
tation propagates. The delay times t1, t2, t3 of
the response function are associated with the

pump probe experiments by performing Fouri-
er transforms with respect to t1 and t3 and
taking t2 � T2 � τD as the delay between
pump and probe.
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15.3.3
Time-Resolved Fluorescence

We will briefly describe one more “theoretical” experiment here based on the re-
sponse function expressions. Consider the experiment where an optical pulse ex-
cites the system which is then left to propagate on its own. As it propagates it has
the probability to perform a spontaneous emission of the field as in fluorescence.
If we were able to record the emission at a given delay time τD after the excitation,
we could imagine the time-resolved fluorescence (TRF) experiment.

A theoretical description of the TRF can be based on the third order response
function theory and involves the system relaxation dynamics due to the coupling
with the bath. For the TRF calculations we proceed along the same ideas as for
the pump probe, but we can make few more restrictions. Again, the first two inter-
actions are performed with the excitation pulse, which resonantly excites a single
exciton state e and creates its population. Time t1 is thus limited within the exci-
tation pulse and OU(t1) is responsible for the preparation process. The second delay
between the interactions t2 is a waiting time when the field is off. During the third
time t3 the emission takes place by a transition from some exciton state e0 to the
ground state, and the dynamics of the corresponding e0g optical quantum coher-
ence generates the outgoing field, which is detected by a detector. Within these
restrictions only two terms in the response function are related to the TRF [26]:

RTRF(t3, t2, t1) D i3 
Trh OµjU (eg)(t3)V (eg ee)U (ee)(t2)V (eeeg)U (eg)(t1)V (eg ee)j�ggi
C Trh OµjU (eg)(t3)V (eg ee)U (ee)(t2)V (eeg e)U (g e)(t1)V (g eee)j�ggi

�
.

(15.128)

They are represented by a single Feynman diagram in Figure 15.10: the two terms
are obtained by interchanging the order of first two interactions. We next assume
the impulsive limit for the excitation and full frequency resolution for detection,
and we denote the free-field propagation time as τD � t2. The TRF is then given as

F(ω, τD) D Re

1Z
0

dτeiω t3 iRTRF(t3, τD, t1 ! 0) . (15.129)

Since we have assumed that during the excitation only one excited state population
is resonantly excited (that can be achieved when the incoming field frequency is
tuned to a specific inter-band energy gap in the system), we set

V (eeeg)U (eg)(0)V (eg ee)j�ggi D V (eeg e)U (g e)(0)V (g eee)j�ggi � �
ˇ̌̌
�

(g)
ee

E
, (15.130)

where j�(g)
ee i denotes the excited state e population with the bath equilibrium corre-

sponding to the ground state. The final expression for the TRF kernel is

RTRF(t3, τD) D �i3trh OµjU (eg)(t3)V (eg ee)U (ee)(τD)
ˇ̌̌
�

(g)
ee

E
(15.131)
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|g〉〈g|

|g〉〈g|

|e〉 〈e|... ...

Figure 15.10 Double sided Feynman diagram corresponding to the time-resolved
fluorescence.

(we skipped t1 D 0).
This type of response function contribution to the TRF (15.131) is illustrated by

the Feynman diagram presented in Figure 15.10. The system starts in its ground
state population jgihgj. After two successive interactions (both happen within the
single laser excitation pulse) the excited state population jeihej is created. The sys-
tem then evolves in the excited state during the waiting time t (population transfer
and population to coherence transfer events are possible), leaving the system in an-
other state configuration jaihbj. Time τ separates two interactions after which the
system returns to the ground state jgihgj. The evolution during this last interval
determines the emission spectrum, which is obtained by the Fourier transform.

The calculation of the fluorescence dynamics requires that the propagator of the
full density matrix be calculated, so all information about the system and the bath is
fully determined. This is easily accomplished for a single two-level system coupled
with the bath using the cumulant expansion, which gives

RTRF(t3, τD) � i3 exp(�iω eg t3)

� exp
��g�(t3)C 2i Im [g(τD) � g(τD C t3)]

�
. (15.132)

For more complicated systems the propagators can be calculated using methods of
the dissipation theory and the TRF can be calculated.
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16
Coherent Two-Dimensional Spectroscopy

Two-dimensional coherent spectroscopy which will be introduced in this chapter is
a relatively new addition to the family of nonlinear optical spectroscopies. It uses
the full potential of the photo-induced third order nonlinear response, because it
aims at a full resolution of the response. In Section 13.3.3 we have shown that with
the heterodyne detection scheme, it is possible to detect the electric field of the
signal itself, rather than just its intensity, and it is even possible to phase that field
so that we can identify its in-phase and out-of-phase component. This was possible
by comparing the heterodyne detected field with the results of for instance pump
probe spectrum, a method which is in a certain sense a more simple scheme for
generation of the similar signal. Comparison with the pump probe allows us to
interpret the signal, or more precisely, the response, in terms of absorptive and
refractive parts. In the following sections we will show how this interpretation is
related to the structure of the third order response derived in Section 13.1.

16.1
Two-Dimensional Representation of the Response Functions

Let us start by comparing a general structure of the first order and the third order
responses. We compare the first order response function of (13.20) which we now
write as:

J(t) D i Tr
˚ Oµ(g e)J (eggg)(t)W (gg)� e�iΩ t , (16.1)

with J (eggg)(t) D QU (eg)(t)V (eggg), and some representative third order response func-
tion, for example, R2g of (15.14), which can be written as:

R2g(t3, t2, t1) D �iTr
˚ Oµ(g e)J (eg ee)(t3) QU (ee)(t2)

� Oµ(eg)J (g egg)(t1)W (gg)� e�iΩ (t3�t1) . (16.2)

In (16.2) we can recognize a repeating pattern consisting of the superoperator J
and the transition dipole operator, which also appears in (16.1). The comparison
of (16.1) and (16.2) suggests an analogy between the absorption spectrum given by

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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the Fourier transform of the response function J(t) and a possible nonlinear spec-
trum given by Fourier transforms along the times t3 and t1. In this analogy the
frequency ω1 dependence obtained by the Fourier transform of the third order re-
sponse in time t1 would be the same as the frequency dependence of an absorption
spectrum:

1Z
0

dt1eiω1 t1

1Z
0

dt3eiω3 t3 R2g(t3, t2, t1) � W(ω3) QU (ee)(t2)D(ω1) . (16.3)

Because of the phase factor eiΩ t1 the inverse Fourier transform is sometimes used
to obtain absorption that peaks at positive frequencies, ω1 > 0. However, the sign
of frequency is a feature of mutual agreement. We choose to take the negative fre-
quency sign for the rephasing and the positive frequency for the nonrephasing sig-
nal. We thus always use the same type of the Fourier transforms for both t1 ! ω1

and t3 ! ω3. The frequency ω3 dependence obtained by the Fourier transform in
time t3 would be the same as that one of the “absorption” of a system out of equilib-
rium, whose statistical operator is OW (ee). In this particular case, OW (ee) corresponds
to the system in the excited state, and thus the nonequilibrium “absorption” in fact
also includes the stimulated emission.

The D(ω) function in (16.3) is sometimes denoted as the doorway function and
W(ω3) is the window function [91] and this representation of the response func-
tion is sometimes denoted as the doorway-window representation. As described in
the previous paragraph the doorway function reflects the absorption spectrum. The
window function of the full rephasing or nonrephasing response function consists
of several terms. One part of the term reflects the change of ground state popula-
tion, what is denoted as the ground state bleach. The other part describes the light
emission from the excited state: this is the excited state emission or the stimulated

emission. The last part corresponds to the absorption of quantum that takes the sin-
gle excited state into the double excited state. This is usually denoted as the excited

state absorption or the induced absorption.
The evolution superoperator QU (ee)(t2) resides between the two generalized door-

way and window spectra in (16.3). The two-dimensional Fourier transformed spec-
trum, therefore, evolves with the delay t2. From Section 15.1.3 we know that we can
record the full time dependence of the third order response in t1, and t2 using a
specific pulse setup. Formally, we can construct two-dimensional plots correlating
the absorption in ω1 and the nonequilibrium absorption-emission spectra in ω3.
The t2 evolution of the spectra may involve various relaxation phenomena: features
that reveal relaxation of energy among several excited states, or coherence between
given pairs of levels. From Section 15.1.4 we know that for t1 > 0, that is, when
the pulse k1 preceded the pulse k2, only the rephasing pathways contribute to the
signal in the direction �k1 C k2 C k3 (here we neglect pulse overlap effects). Thus
the we can define the rephasing 2D spectrum as

SR(ω3, t2, ω1) D
1Z
0

dt3

1Z
0

dt1S
(3)
R (t3, t2, t1)eiω3 t3Ciω1 t1 . (16.4)
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At the same time, we can also define the nonrephasing 2D spectrum and construct
a similar quantity as

SNR(ω3, t2, ω1) D
1Z
0

dt3

1Z
0

dt1S
(3)
NR(t3, t2, t1)eiω3 t3Ciω1 t1 . (16.5)

The limits of the integration are set naturally, because for t3 < 0 and t1 < 0 the re-
sponse is zero. The quantities defined in (16.4) and (16.5) can be directly measured
experimentally. The heterodyne detection scheme of Section 13.3.3 enables us to
measure the third order signal electric field, directly proportional in the impulsive
limit to S (3).

Notice that if the explicit pulse ordering is imposed in Section 15.1.3 in the im-
pulsive limit (Section 15.1.4) the rephasing signal is associated with the wavavector
configuration kI D �k1 C k2 C k3, the nonrephasing is then related to kII D
Ck1 � k2 C k3. The rephasing and nonrephasing signals are thus associated with
the linearly independent wavevector configurations. We can thus also write

SR(ω3, t2, ω1) � S kI (ω3, t2, ω1) (16.6)

SNR(ω3, t2, ω1) � S kII (ω3, t2, ω1) . (16.7)

As described in Section 15.3.2 the pump probe signal is given by the rephasing
and nonrephasing parts. We thus can define the sum

S kI (ω3, t2, �ω1) C S kII (ω3, t2, ω1) D SPP(ω3, t2, ω1) (16.8)

as the two-dimensional pump probe signal. Alternatively, this sum is referred to as
the total signal; however, we prefer the pump probe since it does not include the
double quantum coherence signal, and in this sense it is not “total”.

There is a third part to the response – the double quantum coherence – that
comes from kIII D k1 C k2 � k3 configuration. We can thus define the two-
dimensional spectrum associated with that direction. Let us inspect the charac-
teristic time evolutions of the corresponding response function. It has two contri-
butions given by (15.19) and (15.20). The time evolution is implied by factor

exp(�iΩ (t1 C 2t2 C t3)) , (16.9)

where Ω is the fundamental resonance - the inter-band gap. One quantity of inter-
est is thus the t2 interval since it oscillates with double frequency and, therefore,
shows resonances of double excitations. The second interval can be chosen to be t1

or t2. Two representations of the two-dimensional double quantum coherence spectrum

can be suggested

S kIII (t3, t2, t1) ! S kIII (t3, ω2, ω1) (16.10)

and

S kIII (t3, t2, t1) ! S kIII (ω3, ω2, t1) . (16.11)
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The representation S kIII (t3, ω2, ω1) can be advantageous since it correlates the ab-
sorption resonances along ω1 with double-resonances along ω2. So it can indirectly
resolve the double exciton wavefunction mapping onto the single excitons [105].

Let us go back to the rephasing signal. The actual relation between absorption
spectra and the 2D spectra defined above can be found by considering a simple case
of a two-level system. For long population times t2 the dependence of g(t) function
on t2 becomes linear (see Appendix A.8). Both contributing rephasing response
functions then have a form

R2g(t3, t2, t1) D R3g(t3, t2, t1) � e�g(t3)�g�(t1)�iΩ (t3�t1) . (16.12)

The Fourier transform, (16.4) leads to

S k1 (ω3, t2, ω1) � G(ω3 � Ω )G�(ω1 � Ω ) , (16.13)

where we defined

G(ω) D
1Z
0

dte�g(t )�iω t . (16.14)

The function G is related to the susceptibility � and determines the absorption
spectrum �a(ω) � Re G(ω � Ω ) (see (14.19)). To simplify (16.14) we can use the
homogenous limit form of the energy gap function g(t) D Γ t with some real
dephasing rate Γ [26] and we obtain:

G(ω) � Γ
Γ 2 C ω2 C i

ω
Γ 2 C ω2 . (16.15)

The first term on the right hand side corresponds to the Lorenzian absorption spec-
trum, while in the second term we meet a dispersive lineshape corresponding to
the refraction index. We can see that the rephasing 2D spectrum is not strictly
proportional to the absorption spectrum, but it is a mixture of the absorptive and
dispersive contributions.

Let us now study the simple profile of a peak in the 2D spectrum that can be ob-
tained analytically for an arbitrary multilevel adiabatic model. The 2D signals are
given as sums over Liouville space pathways, hence, each pathway can be trans-
formed accordingly:

S (ω3, t2, ω1) D
X

n

S n(ω3, t2, ω1) . (16.16)

These have the following form

S n(ω3, t2, ω1) D A (n)

“
dt1dt3eiω3 t3Ciω1 t1

� exp(�iε3 t3 � iε2 t2 ˙ iε1 t1)(n) , (16.17)
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where the subscript n denotes different terms of the summation. A (n) is a com-
plex prefactor, given by the transition dipoles and excitation fields, while the ex-
ponent on the second row is the propagator of the density matrix. Here ε j co-
incides with the energy gap ω j between the left and right states of the system
density matrix relevant to the time interval t j . Stimulated emission and ground
state bleach carry “C” sign, while induced absorption has “�” overall sign. The
Fourier transforms in (16.17) map the contributions to the frequency-frequency
plot (t1, t3) ! (ω1, ω3) � (�jε1j, ε3) (the upper sign is for kI, the lower for kII).
Diagonal peaks at ω1 D �ω3 are usually distinguished, while the anti-diagonal
line is defined as �ω1 C ω3 D const. The whole 2D spectrum becomes a function
of t2: either oscillatory for density matrix coherences jaihbj with the characteristic
oscillation energy ε2 D ωab ¤ 0, or static for populations jaihaj (ε2 D 0).

Equation (16.17) can be analytically integrated by adding phenomenological de-
phasing exp(�iε j t j � γ j t j ). For a single contribution S n giving rise to a peak at
(ω1, ω3) D (�jε1j, ε3) we shift the origin of (ω1, ω3) plot to the peak center by
introducing the displacements (ω1 C ε1 D �s1, ω3 � ε3 D s3 for the rephasing
pathways, while ω1�ε1 D s1, ω3�ε3 D s3 for the nonrephasing). For γ � γ1 � γ3

we get the peak profile

S n(s3, t2, s1) D A n L(s1, s3)e�γ2 t2 cos(jε2jt2 C φ(s1, s3)) , (16.18)

where the lineshape and phase for the kI (upper sign) and kII (lower sign) signals
are

L(s1, s3) D
p

[γ 2 ˙ s1 s3]2 C γ 2(s3 � s1)2�
s2

1 C γ 2
� �

s2
3 C γ 2

� , (16.19)

φ(s1, s3) D sgn(ε2) arctan
�

γ (s3 � s1)
(�s1 s3 � γ 2)

�
. (16.20)

The phase φ and the full profile for A n D 1 and t2 D 0 are shown in Fig-
ure 16.1. The rephasing and nonrephasing configurations are obtained by flipping

k II
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s1/γ
-1 1 2 30-2-3
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2
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Figure 16.1 Phase φ of the contribution (16.18)(a) and peak profile Sn (b) as a function of the
shift from the peak center (s1 D s3 D 0) using relative coordinates. The diagonal lines of the k I
and k II contributions to the 2D spectra are shown by dashed lines.
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the direction of the s1 axis. At the center of the peak (s1 D s3 D 0), we have
and φ D 0, leading to Sn / cos(jε2jt2). However, for (s1 ¤ 0, s3 ¤ 0) we find
Sn / cos(jε2jt2 C φ(s1, s3)) with nonzero phase φ(s1, s3) ¤ 0. Note that the sign
of the phase φ is opposite for the peaks above (ε2 < 0) and below (ε2 > 0) the
diagonal line, and this applies to all contributions.

The whole two dimensional spectrum is a sum of all relevant contributions. As-
suming that all dephasings are similar, different contributions to the same peak
will have the same spectral shape and they may be summed. We can then simplify
the two dimensional spectrum by writing the signal as a sum of peaks NP, which
have static (from populations) and oscillatory (from coherences) parts:

S(ω3, t2, ω1) D e�γ2 t2 NX
i, j

L i j (ω1, ω3)

�
h

A
p
i j C Ac

i j � cos(jω i j jt2 C φ i j (ω1, ω3))
i

. (16.21)

Here ω i j is the characteristic oscillatory frequency of a peak (i j ), A
p
i j (t2) and

Ac
i j (t2) are the real parts of orientationally-averaged prefactors. The spectral line-

shape is given by L i j (ω1, ω3).
We can thus quantify the system’s fine structure of the excited states, as well

as coherent dynamics using the two dimensional spectrum and by carefully in-
specting the spectral lineshapes. We apply these ideas below while studying simple
model systems.

Interpretation of many types of two dimensional spectra can be based on this
simple shape. In the sections that follow, more involved spectral shapes that take
into account the sometimes complicated evolution of the line broadening func-
tion g(t) and the excitation transfer dynamics will be studied. Let us notice in
short some of the most important features of the homogenous lineshape. First,
the rephasing and nonrephasing spectra have certain characteristic orientations
(Figure 16.2), and both their real and imaginary parts contain positive and negative
contributions. These features survive even in spectra of more complicated systems.
The contribution of the R2 pathway, (16.2), which contains evolution in the excited
state during the waiting time t2 could be readily interpreted as a stimulated emis-
sion (SE). Combined with the corresponding nonrephasing pathway, they would
lead to a decrease in absorption if they were measured in a pump probe (k1 D k2)
configuration. This is also a somewhat general feature, because the real part of the
total spectrum should represent absorption. On the other hand, we can see that
this interpretation is only approximatively valid. It will later be seen that even for a
real part of a two-level system (which excludes any absorption to the higher excited
states) the 2D spectrum is not purely positive. The R3 pathway contains propa-
gation in the ground state and it has the same sign as R2. It cannot, therefore,
represent absorption. Rather, it has to stand for the ground state bleaching (GSB),
that is the loss of absorption due to the decreased population of the ground state.
The nonrephasing counterpart of this signal can be classified in the very same way.
For higher lying excited states, one more pathway with a negative sign contain-
ing propagation in the excited state during the waiting time t2 contributes to both
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Figure 16.2 Basic homogeneous and inhomogeneous lineshapes of the 2D spectroscopy. (a)
The homogeneous system. (b) The inhomogeneously broadened system.

the rephasing and nonrephasing signal. Their combined negative signal is the one
corresponding to the so-called excited state absorption (ESA).

So far, we have considered all molecules in the sample to be identical. Now, let
us introduce inhomogeneity in the form of diagonal (energy) disorder. We will see
that with respect to disorder there is more to the 2D spectrum than just a product of
absorption spectra. The response function formalism can handle a simple disorder
by including it into the line shape function g(t) as we have seen in Section 15.2.5.
The product doorway-window expression of the 2D spectrum, (16.3), is no longer
valid because the response

R2g(t3, t2, t1) D R3g(t3, t2, t1) � e�g(t3)�g�(t1)�∆(t3�t1)2�iΩ (t3�t1) , (16.22)

cannot be split into a product of t3 and t1 dependent functions. The double Fourier
transform analytically leads to Erf functions. The result of the analytical calcula-
tion is depicted in Figure 16.2 as well. This 2D lineshape has to correspond to a
sum of the contributions of individual molecules of the ensemble, because the 2D
spectra of noninteracting sub-ensembles is additive. The inhomogeneity can thus
be represented as an averaging over 2D spectra of species with different transition
frequencies Ω . Because all such spectra differ only by their position at the diago-
nal of the spectrum, the lineshape has to be elongated as is shown in Figure 16.2.
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Two-dimensional spectra, therefore, broaden only along the diagonal, and both the
homogeneous and the inhomogeneous line widths can be in principle estimated
from a measurement on the disordered system.

As we will show later, the 2D spectrum not only directly reveals the homogeneous
and inhomogeneous line shapes it can additionally allow us to estimate the reso-
nance coupling by the presence of the crosspeaks, and it enables an observation of
energy relaxation processes between electronic levels by build-up of the crosspeaks
in time t2.

16.2
Molecular System with Few Excited States

We have already introduced basics of two-dimensional lineshapes in the previous
section. Now we will add even more details, and we will concentrate on properties
of systems with more than two levels, including their time evolution.

16.2.1
Two-State System

In this part we briefly consider an ideal quantum system of two energy levels: the
ground state jgi and the excited state jei. This model effectively represents an isolat-
ed resonant transition of, for example, an atom. Since there is always some spectral
line broadening phenomenon involved, we add phenomenological decay of inter-
band coherences. The total Hamiltonian in the system eigenstate basis consists of
the material part and the coupling with the electric field

OH D ε gjgihgj C ε ejeihej � OµE(t) .

As usual we set the energy of the ground state ε g D 0 and the linear response
function (13.18) together with O�eq D jgihgj results in

S (1)(t1) D � 2
„ θ (t1)jµ g ej2e�γ t1 sin

�
ω eg t1

�
.

The Fourier-transformed linear response function is

S (1)(ω1) D i
„ jµ egj2

�
1

γ C i(ω1 � ω eg)
� 1

γ C i(ω1 C ω eg)

�
. (16.23)

This function defines the optical susceptibility and thus the absorption spectrum.
For an isolated two-level system it is a Lorentzian-shaped function, centered at ω eg

with the linewidth γ .
In a third order photon echo response function of a two-level system we have

only two contributions, ground state bleaching and stimulated emission which, for
the rephasing part, is

SGSB(t3, t2, t1) � R2(t3, t2, t1) D µ4eiω eg (t1�t3)�γ (t1Ct3) ,

SSE(t3, t2, t1) � R3(t3, t2, t1) D µ4eiω eg (t1�t3)�γ (t1Ct3) , (16.24)
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Figure 16.3 Model system of displaced harmonic oscillators.

while R1(t3, t2, t1) and R4(t3, t2, t1) contributions are zero. Thus, the corresponding
response function is

S (3)(t3, t2, t1) D
�

i
„
�3

θ (t1)θ (t2)θ (t3)µ4[R2(t3, t2, t1) C R3(t3, t2, t1)]

D 2
�

i
„
�3

θ (t1)θ (t2)θ (t3)µ4eiω eg (t1�t3)�γ (t1Ct3) (16.25)

The difference in the nonrephasing response function is just the sign in front of
iω eg t1. By applying the Fourier transform we then obtain the rephasing and non
rephasing two dimensional spectra as follows:

S kI (ω3, t2, ω1) D 2
�

i
„
�3

µ4 1
γ � i(ω3 � ω eg)

� 1
γ � i(ω1 C ω eg)

,

S kII (ω3, t2, ω1) D 2
�

i
„
�3

µ4 1
γ � i(ω3 � ω eg)

� 1
γ � i(ω1 � ω eg)

. (16.26)

From these analytical expressions we observe that the nonrephasing 2D spectra of
the real and imaginary parts are just mirrored images of the rephasing spectra with
respect to ω1 axis. This is a consequence of the simple damping model as described
in the previous section.

16.2.2
Damped Vibronic System – Two-Level Molecule

Let us now consider the system of Section 8.6. We repeat the energy level dia-
gram of the system in Figure 16.3. In one dimension the electronic potential of
the ground state is Vg(q) D mω0q2/2 and the displaced electronic excited state is
described by the potential Ve(q) D ω eg C mω0(q � d)2/2. Here ω0 is the vibrational
frequency, ω eg is the energy gap between the minima of two potentials and d is a
displacement parameter.

Vibrational dynamics in the harmonic potentials results in an infinite set of wave-
functions ψm with quantum numbers m D 1, . . . , 1 and corresponding energies
Em D „ω(m C 1/2) with respect to the bottom of the corresponding potential sur-
face. Transitions between the ladder of the electronic ground state and the one of
the electronic excited state determine the vibronic progression in the absorption
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spectrum. The intensity of each vibronic peak is scaled by the overlap of vibrational
wavefunctions in the ground and excited state potentials. Following these assump-
tions the absorption spectrum of this Franck–Condon molecule can be given by

�FC
abs(ω) / ω

1X
m ,nD1

e�
nω0
kB T jFmnj2Re

1Z
0

dtei(ω�ω eg)t�iω0(n�m)t�γ t , (16.27)

where the line-broadening parameter γ is introduced and Fmn is the Franck–
Condon wavefunction overlap integral for the m � n transition [98]. It is the matrix
element of the displacement operator:

Fmn D hmj OD(d)jni . (16.28)

Here OD D exp(�1/2d2 C d( Oa† � Oa)) which is here given in terms of bosonic (vibra-
tional) creation Oa† and annihilation Oa operators, d2 is due to normalization.

The above description considers the electronicCvibrational system as a closed
system. However, the line-broadening parameter γ includes the dephasing phe-
nomenologically without a more detailed physical insight. A more general model
of a realistic molecule is needed to capture both the vibrational-type ladder of the
energy spectrum and the spectral broadening. The cumulant expansion technique
allows us to describe various types of vibrational baths and includes these effects
explicitly.

As described in Section 8.6 the nuclear dynamics of such a system can be de-
scribed by various forms of spectral density. Fast-decaying modes of molecular vi-
brations will result in homogeneous broadening and strong coupling to the high-
frequency vibrations will result in vibrational progression in the absorption. By
taking various limits with respect to vibrational frequency, vibrational damping,
different damping regimes can be achieved representing different baths. The cases
of undamped, damped, and overdamped regimes are discussed in the following.

The spectral line shape function g(t) describes the spectral lineshapes. Following
Section 8.6 the overdamped semi-classical bath is described by the spectral density

C00o-sc(ω) D 2λ
γ ω

ω2 C γ 2
, (16.29)

and in the high-temperature limit we get the corresponding lineshape function

go-sc(t) D λ
γ

�
2

�γ
� i
�

(e�γ t C γ t � 1) . (16.30)

Another form of the overdamped bath is given by the quantum-overdamped model
of the density

C00o�q(ω) D 4λωγ 3

(ω2 C γ 2)2 . (16.31)
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In the high-temperature limit the corresponding lineshape function is somewhat
more complicated [106]

go-q(t) D 2λ
�γ 2

�
e�γ t γ t C 3e�γ t C 2γ t � 3

�
� i

λ
γ
�
e�γ t γ t C 2e�γ t C γ t � 2

�
(16.32)

The damped regime where the spectral density still maintains a resonance will be
described by the spectral density

C00d (ω) D 4λωω2
0 γ�

ω2 � ω2
0

�2 C γ 2ω2
, (16.33)

however, the spectral lineshape should be calculated numerically.
Let us first consider the overdamped vibrational modes. Comparison of the quan-

tum and semiclassical models of the overdamped bath is presented in Figure 16.4.
The spectral densities are similar but the quantum model has sharper cutoff at
high frequencies. The real parts of the lineshape functions g(t) (Figure 16.4b) de-
termine the absorption linewidth. The corresponding absorption spectra are pre-
sented in Figure 16.4c and have only minor differences in their absorption line-
shapes. The distortions in the lineshapes are mainly determined by the real part
of the corresponding lineshape function. For the semi-classical bath, it is smaller by
λ/γ compared to the quantum bath at γ t � 1. The slopes of the imaginary parts
are, however, both equal at γ t � 1.

The lineshape functions of the overdamped system correspond to fast,
2λkB T γ�2 � 1, or slow, 2λkB T γ�2 	 1, decay regimes. In the former case
we get the Lorentzian absorption lineshape and in the latter case the Gaussian.
The same form of the lineshapes is obtained in the 2D spectrum as well; however,

(a)

(b) (c)
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Figure 16.4 (a) Quantum (dashed line) and semi-classical (solid line) spectral density functions
of an overdamped two-level system and corresponding (b) real parts of the lineshape functions
and (c) absorption spectra.
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modes of slow decay of phonon bath fluctuations reflect to the inhomogeneous
lineshape broadening rather than homogeneous [106].

Let us now relax the requirement of the overdamped regime and consider the
damped vs. undamped vibrations. The spectral densities shown in Figure 16.5a
now reflect the resonance at vibronic frequency ω0. The corresponding lineshape
functions in Figure 16.5b reflect the oscillatory character: in the case of undamped
mode g(t) follows a shifted cosine function, while for the damped mode the os-
cillations decay into a straight line showing decay time of vibronic coherences.
Absorption spectrum of such system is presented in Figure 16.5c for two values
of the damping strength γ . The spectrum demonstrates three well resolved peaks
of vibrational progression at frequencies ω D ω eg , ω eg C ω0 and ω eg C 2ω0. In
the case of undamped vibrations (dashed line in Figure 16.5c), the progression is
well resolved since all peaks of the progression have the same shape. The damped
vibrations cause nonuniform broadening of peaks in the progression. Peaks that
are at higher energies are broadened more. As a result, the higher-energy shoulder
of the vibrational progression will be reduced due to damped vibrations. This is
essentially the consequence of the fact that the higher-quantum vibrational states
experience larger decay rates as found in (8.63) of Section 8.4.

The realistic electronic two-state system is usually coupled to the set of vibra-
tional modes where some of them are coherent, some overdamped. This can be
modeled using the compound bath model with the spectral density consisting of
several parts. It should be noted that the lineshape function is the linear transfor-
mation of the spectral density. Thus, utilization of the lineshape function go-sc(t) C
gd(t), composed of the overdamped semi-classical bath and damped vibrations, gives

(a)

(b) (c)
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O
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Figure 16.5 (a) Spectral densities of un-
damped (dashed line) and damped (solid line)
baths; (b) the real part of the lineshape func-
tions corresponding to the different vibronic
bath models corresponding to (a). (c) Ab-
sorption spectra of the displaced harmonic

oscillator (the Huang–Rhys factor s D 0.3)
using γ D ω0 of the damped bath (solid line)
and γ � ω0 for the undamped bath (dashed
line). In the undamped case the progression
peaks are additionally broadened for clarity.
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the broadened vibrational progression in the spectrum. The 2D spectra obtained
by using this composition of the system-bath correlation is the commonly used
approach to reflect different types of fluctuations and is discussed in detail in the
literature [43, 44, 94].

Expressions for the third order response function in terms of the lineshape
functions can be obtained using the second order cumulant expansion. The two-
dimensional signals, contributing to the rephasing and nonrephasing spectrum
can be easily separated. The complex two-dimensional signal of a molecule is then
given by

S kI (t3, t2, t1) D 1
2

e�iω0(t3�t1)

� e�g�(t1Ct2)�g�(t1)Cg�(t1Ct2Ct3)

� eRe [g(t2Ct3)Cg(t2)�g(t3)]

� cos
˚
Im

�
g(t2 C t3) C g(t2) C g(t3)

	�
(16.34)

for the rephasing signal and

S kII (t3, t2, t1) D 1
2

e�iω0(t3Ct1)

� eg(t1Ct2)�g(t1)�g(t1Ct2Ct3)

� eRe [g(t2Ct3)Cg(t2)�g(t3)]

� cos
˚
Im

�
g(t2 C t3) C g(t2) � g(t3)

	�
(16.35)

for the nonrephasing. Notice that since we associate the two dimensional spectra
directly with the response functions in the impulsive limit, we use time delays
t1 � T1, t2 � T2 and t3 � t.

The rephasing 2D spectrum and its time-resolved peak intensities are plotted
in Figure 16.6. For the vibronic bath, two cases are illustrated: damped vibrations
(γ D ω0/4, Figure 16.6a,b) and undamped vibrations (γ ! 0, Figure 16.6c,d).
As described above in both cases we use the compound spectral density by adding
together the lineshape function representing the semiclassical overdamped bath and
the damped vibrational part. In the figures, 2D spectra at population times t2 D 0,
2πω�1

0 and 5πω�1
0 are plotted. Other parameters are such that the reorganization

energy in all cases was the same (2sω0).
In the 2D plots we observe two strong diagonal peaks (1-1 and 2-2) reflecting the

vibrational progression of the absorption. The two off-diagonal crosspeaks (1-2 and
2-1) show coherent quantum interplay of vibronic inner structure. The peak line-
shapes show slightly larger broadenings in spectra obtained by using the damped

spectral density compared to those of undamped vibrations. The nonuniform broad-
ening, as introduced in the absorption simulations previously, is observed in the 2D
spectrum as well. The time-resolved peak intensities display the coherent nature of
the vibrational system: the peaks oscillate coherently in time with the vibrational
frequency. Decay of these coherences in the case of damped vibrations results in
vanishing of cross-peaks: as all spectra are normalized to the maximum of the
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Figure 16.6 Time-resolved 2D spectra of
vibrations. (a) Intensities of peaks in the
real parts of the rephrasing 2D spectra as
functions of the delay time t2 in the case of
damped vibrations with semi-classical (sol-
id lines) and quantum (dashed lines) over-

damped bath. The corresponding 2D spectra
with semiclassical bath at T2 � t2 D 0,
2πω�1

0 and 5πω�1
0 are depicted in (b–d). All

values are normalized to the maximum of the
rephasing spectrum at T2 � t2 D 0.

rephasing signal at t2 D 0, the intensities of the crosspeaks and the upper diago-
nal peak are notably lower than those of the main peak at (ω1, ω3) D (ω eg, ω eg).
Also, the negative features are more pronounced in spectra of the monomer with
undamped vibrations.

The main differences in oscillatory dynamics of peaks in 2D spectra is the
damping-induced decay of coherences in the case of damped vibrations. Such a
decay can be easily related to the value of the damping strength of the vibrational
mode γ . The shape of functions of the spectral peak dynamics obtained by using
the quantum model of the overdamped bath coincides with the semi-classical bath
simulations at short population times.

16.3
Electronic Dimer

An excitonically coupled dimer is an archetypical molecular system describing ex-
citation properties in molecular aggregates. It has been extensively described in
Section 5.3. The general scheme of a realistic molecular heterodimer as well as the
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corresponding exciton band structure are presented in Figure 16.7a–c. The dimer
consists of two coupled chromophores, represented by two dipoles d1 and d2 with
the interdipole distance vector R12 and angle φ. In the Frenkel exciton Hamiltoni-
an the chromophore energies are denoted as �1 and �2 and the coupling constant
is J , thus the Hamiltonian has four terms

OHmol D �1 Oa†
1 Oa1 C �2 Oa†

2 Oa2 C J



Oa†
1 Oa2 C Oa†

2 Oa1

�
. (16.36)

The eigenenergies and wave functions of this Hamiltonian can be explicitly calcu-
lated, as was done in Section 5.3.

Let us consider the features of the two-dimensional spectrum of the electronic
dimer, that can be extended to the aggregates of more molecules. In these systems
there are two additional effects compared to the single molecule. These include the
excitation energy transfer, which should be understood as the energy relaxation be-
tween the exciton states, what is the incoherent effect, and the resonance coupling
between chromophores in the site basis, which is the coherent effect causing the
exciton delocalization in the eigenstate basis. These two properties induce three
types of peaks into the 2D rephasing and nonrephasing spectra.

The 2D spectra are constructed by pathways R1 to R4 (15.13)–(15.20). The path-
ways R1 and R2 contain time evolutions of the system in the excited state, QU (ee)(t2).
An arbitrary changes in the excited state propagation will be displayed in the two-
dimensional rephasing or nonrephasing spectrum. (R3 and R4 pathways have dif-
ferent character.) A complete population transfer from one excited state to another,
therefore, exhibits itself in 2D spectrum as a transfer of the original peak ampli-

|ae〉

|ag〉 |bg〉

|be〉
ω

(a)
eg ω

(b)
eg

Krelax

φ

d1 d2

ω
(b)
eg

ω
(b)
eg

ω
(a)
eg

ω
(a)
eg

+

−

ω3

|ω1||g〉

|2〉
|1〉

|f〉
(a)

(b) (c) (d)

Figure 16.7 Schemes of transition dipoles,
energy levels and 2D spectrum of a weakly
coupled dimer. (a) Transition dipole vectors
in real space associated with chromophore
molecules; (b) representation of the dimer
by the energy states of its monomers; (c)
representation by collective states - excitons
jgi D jagijbgi, j1i D jae ijbgi C cjag ijbe i,

j2i D cjae ijbgi � jagijbe i (these are
not normalized states, c is a constant), and
j f i D jae ijbe i. (d) The features of the corre-
sponding 2D spectra: the full circles represent
diagonal peaks of a weakly coupled dimer in-
cluding the energy relaxation peaks. Dashed
circles represent the peaks of a coupled dimer.
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tude to a new spectra position. This results in a crosspeak between two frequency
regions as in Figure 16.7b–d.

Population transfer is one way for an off-diagonal feature or a crosspeak to appear
in the 2D spectrum. In the dimer from Figure 16.7a one can imagine the R3 path-
way (15.15) starting by the transition from the ground state of the monomer A to its
excited state, followed by its de-excitation by the second pulse, propagation in the
ground state during t2, and further followed by the excitation of the monomer B

by the third pulse. Such R3 pathway raises a static crosspeak (with respect to t2) at
the same spectral position as the one previously identified to be due to population
transfer. Notice that such transferless crosspeaks (second type) could also be easily
constructed for systems which are not coupled, because all transitions were done
by light alone. However, such crosspeaks survive only in the system of coupled
chromophores.

The third type of crosspeak also appears due to coupling between molecules.
For example, in the R2 pathway (15.14) we have the following pattern of time evo-
lutions QU (eg)(t3) QU (ee)(t2) QU (g e)(t1). Notice that superscript e here denotes the band
of states. In the secular approximation we may have the following explicit term
QU (eg)

e2 g (t3) QU (ee)
e2 e1 (t2) QU (g e)

g e1 (t1) where the subscripts label specific energy levels. After
Fourier transforms of t1 ! ω1 and t3 ! ω3 this contribution will result in the
crosspeak at (ω3ω1) D (ω e2 g ωg e1 ). However, the t2 evolution of this crosspeak
is of type QU (ee)

e2 e1 (t2) / exp(�iω e2e1 t). We thus get the t2 dependant crosspeak that
has a coherent oscillatory character. These elements of the density matrix in the t2

interval �e2 e1 are the so-called one-exciton coherences and they map onto the 2D
spectrum as oscillatory crosspeaks. This results in a complicated time evolution of
the crosspeaks during the time t2 and provides the possibility to observe negative
features in a spectrum that would otherwise be expected to represent a purely
absorptive features.

As we find, the system with several energy levels in the e band shows a compli-
cated picture for the spectroscopy. In real samples we always deal with the huge
ensemble of molecules. The question might arise, why then do uncoupled two-
level molecules yield the spectrum without crosspeaks? To answer this question
we need to count all pathways that the perturbation theory requires for the aggre-
gate (or the dimer is sufficient). We can do that with the help of Figure 16.7b,c.
They represent the dimer in terms of collective states introduced in Chapter 5.
The two-level schemes are equivalent to an uncoupled dimer. Let us now count
the rephasing pathways, (15.44), that can contribute to the crosspeak, that is, those
that have different first and third interval frequencies. They are presented in Fig-
ure 16.8, where one can immediately notice that there are four positive (R2g and
R3g) and four negative (R1 f ) contributions to the signal. Although the doubly ex-
cited state j f i is reached in the R1 f part of the rephasing response, all transitions
can be viewed as normal transitions from the ground state to the excited state in
one of the monomers. For example, j1i ! j f i is the jbgi ! jbei transition, while
the monomer a remains in its excited state jaei. In fact, for each positive signal we
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Figure 16.8 Rephasing Liouville pathways
for crosspeak in a dimer 2D spectrum. The
pathways denoted by the same lower case
letter cancel exactly for an uncoupled dimer.

Using the definitions from Figure 16.7 the R�1 f
pathways can be shown to contain the same
transitions as those of the R2g and R3g type.

can find a corresponding negative one, and all crosspeaks cancel. For complexes of
uncoupled monomers therefore no crosspeak can appear.

In the case of the molecular aggregates, the main message of the present anal-
ysis is that one must not neglect the presence of higher lying two-exciton states.
The omission of two-exciton states in calculating the 2D spectrum would lead to
unphysical crosspeaks between all energy levels of the one-exciton band.

These effects can be demonstrated on a molecular dimer. To include a finite
spectral broadening and energy relaxation effects let the dimer interacts with the
environment represented by two overdamped Brownian oscillator coordinates, fast
and slow, with relaxation rates ΛF and ΛS, respectively. The semi-classical model
of spectral density as described in Section 8.6 is

C 00(ω) D 2
X

lDS,F

λ l

ωΛ l

ω2 C Λ2
l

. (16.37)

The two modes are independent of each other. Here Λ denotes the relaxation rate
of the bath. The chromophores have their individual environments, which induce
the fluctuations of molecular transition energies, as described by (16.37). The cor-
responding lineshape function in the high-temperature limit is

g(t) D
X

lDS,F

λ l

2kB T � iΛ l

Λ2
l

�
e�Λ l t C Λ l t � 1

�
. (16.38)

The parameters can be chosen typical of pigment molecules in photosynthetic
proteins [98, 99]. The dimer is defined by �1 D 11 800 cm�1, �2 D 12 200 cm�1,
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J D 100 cm�1, φ D π/6. Bath induced parameters are λF D 30 cm�1, λS D
60 cm�1, Λ�1

F D 50 fs, Λ�1
S D 105 ps. The slow bath is used to model the static

fluctuations with timescale ΛS ! 0. The population transfer rates are obtained
using the secular Redfield theory: for the exciton eigenstates we have (downward)
K1 2/ J D 2.69 and (upward) K2 1/ J D 2.54 � 10�3 . The 2D signals were calcu-
lated as described in Section 15.2.

As a reference we first present the ideal impulsive 2D photon echo rephasing
signal corresponding to the case of the short laser pulses when their spectral band-
width is much larger than the width of the spectral region under consideration,
and time delays between pulses are equivalent with the time delays between in-
teractions in the response functions. The rephasing spectrum at two delay times
is presented in the first row of Figure 16.9. The dissection of the spectra to the in-
duced absorption (IA), stimulated emission (SE) and the ground state bleach (GSB)
components corresponding to different Liouville space pathways are presented in
Figure 16.10 for the real part of the rephasing signal. The population transport di-
agrams are merged together with the coherent (no transport) diagrams in these
figures. The spectra contain both diagonal and off-diagonal elements. Across the
diagonal the peaks are broadened due to the homogeneous broadening caused by
the fast term of bath oscillations. The lineshapes are extensively elongated along
the diagonal due to the slow term of bath oscillations. The limit T2 	 Λ�1

S en-
sures that the diagonal elongation remains for all delay times (such approach is
very efficient to model the inhomogeneous broadening, and represents the static

T2 = 0 T2 = K−1
1←2

T2 � K−1
1←2T2 = K−1

1←2

T2 � K−1
1←2

T2 = 0
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ε
0

ε
0
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∆
ε
0
−
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ε
0

ε
0
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∆
ε
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∆

ω3

ε0 ε0+∆ε0−∆

|ω1| |ω1|
ε0 ε0+∆ε0−∆ ε0 ε0+∆ε0−∆

(a)

(b)

Figure 16.9 2D photon echo broad-bandwidth pulse signal at three delay times as indicated
on each subplot. First row: Broad-bandwidth ideal signal. Second row: full signal reconstructed
using the set of narrow-bandwidth simulations. See text for simulation parameters.
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Figure 16.10 The contributions of different
Liouville space pathways to the real (absorp-
tive) part of rephasing 2D spectra of exciton-
ically coupled dimer at the impulsive limit.
First column – excited state absorption, sec-

ond – excited state emission, third – ground
state bleach. Corresponding constributions
are drawn above the 2D plots. All graphs are
normalized to the maximum of the most in-
tensive contribution.

disorder effect). Across the diagonal the peaks are broadened due to the homoge-
neous broadening caused by the fast term of bath oscillations.

At the short delay times (T2 D 0) the population transport is negligible and the
diagonal peaks consist solely of the SE and GSB contributions. These two diagonal
peaks represent two single-exciton eigenstates and are created when e D e0, while
the off-diagonal peaks correspond to e ¤ e0. At zero delay, the crosspeaks are cre-
ated by the superposition of negative IA and positive GSB and SE contributions.
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At longer delay times we see the rise of the lower-energy peaks at ω1 D ω3 D ε e1

demonstrating the downhill population transfer in the excitonic system. Only IA
and SE contributions change over the population time T2. GSB is conserved since
there is no dynamics in the ground state contrary to the IA and SE diagrams, which
depend on the population dynamics and on the coherence, and dephasing terms.
At long T2 the diagonal IA and off-diagonal SE peaks come from population trans-
port.

Realistic optical pulses are not infinitely short. Pulses with the finite length sim-
ulate the experiment more realistically, while the impulsive limit simulations are
better for the purely phenomenological understanding of different features. Be-
cause of the finite pulse duration additional effects of pulse overlap may arise [107].
The narrow-bandwidth pulses also act as band-pass filters of 2D spectra [108] since
changing the length of all pulses tunes their spectral bandwidths σ�1

ω D [σ t ] j . The
realistic pulses can be modeled using Gaussian shapes. They have two addition-
al parameters: the carrier frequencies Ω j and pulse lengths [σ t ] j (or bandwidths).
Such pulses can be included as described in Section 15.1.3. Although in this section
we have described the case of the same pulse carrier frequency; however, extension
to the different carrier frequencies is trivial [107].

The wavelengths of laser pulses can be tuned independently to select certain res-
onances in the exciton system. By comparing the pulse bandwidths to the linewidth
of a single peak in the spectra, we can obtain certain detection regimes. We can
assume that the pulse width is narrower than the whole exciton bandwidth (σω <

∆ e), but broader than the width of a single peak (σω > γg) by setting σω D 1.2γe �
0.16∆ e . The model dimer has two single-exciton states with energies ε e1 and ε e2 ;
the double-exciton state energy is ε f D ε e1 C ε e2 . The transition energies are
ω f e1 D ε e2 and ω f e2 D ε e1 . Therefore, only two resonant pulse frequencies have
to be considered. By considering all possible configurations of the carrier frequen-
cies of the incoming three pulses, we obtain 23 D 8 possible permutations of the
pulse frequencies, for example [Ω1, Ω2, Ω3] D [ε1, ε1, ε1], [ε1, ε1, ε2] . . ., and so on.
This laser pulse wavelength tuning scheme is sketched in Figure 16.11. However,
once we select the resonant contributions, we find only six resonant configura-
tions, the four most significant of which are presented in Figure 16.12 (by select-
ing the resonant pathways we have also considered population transport at nonzero
delays T2).

Appearance of specific spectral elements in manipulated spectra is controlled by
laser pulse frequencies. The first laser pulse “controls” selection of the spectral ele-
ment at ω1. For instance, in configurations with Ω1 D ε e1 , only spectral elements
for ω1 D ω e1 g do not vanish. The second pulse determines the state, which further
evolves in the range of T2.

It is remarkable that pulses select the distinct Liouville space pathways with high
resolution. Various diagonal peaks and the crosspeaks now can be separately char-
acterized including their shape and amplitude. Their time evolution follows densi-
ty matrix dynamics at corresponding Liouville space pathways. The spectra in Fig-
ure 16.9b, reconstructed by summing up all the signals of different laser pulse con-
figurations, resemble the broad-bandwidth signals (the second row in Figure 16.9)
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Figure 16.11 Laser pulse wavelength tuning
scheme for the FWM experiment. The wave-
lengths of laser pulses are tuned independent-
ly to select certain resonances in the exciton
system. In this example, the first (�k1) and

second (Ck2) pulses have wavelength reso-
nant to ωe1 g D ω f e2 transition, while the
third pulse (Ck3) is tuned to ωe2 g D ω f e1 .
We use notation [ε1, ε1, ε2] for this configura-
tion of laser frequencies.
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Figure 16.12 Four most intensive narrow-
bandwidth signals leading to resonant se-
lection of Feynman diagrams in the signal
at delay time T2 D 10 ps. The signals were
simulated by varying central pulse frequen-

cies while keeping the pulse bandwidths un-
changed. Utilization of other possible laser
pulse configurations gives negligible signals at
T2 � K�1

1 2. All graphs are normalized to the
global maximum ([ε2, ε2, ε2] contribution).

very closely. By comparing the spectra it is noticeable that peaks of reconstructed
broad-bandwidth spectra are slightly narrower due to the finite bandwidth of the
pulses. So this pathway selection phenomenon can be denoted as the density ma-

trix tomography.
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Extending the phenomenon to the broader class of systems the laser pulse over-
lap effect can be quantitatively characterized as follows. The response function
of an excitonic system is characterized by two parameters: the splitting of the
single-exciton states, ∆ e , and the characteristic linewidth of each single-exciton
resonance γ . The time-domain response functions then experiences the splitting-
related oscillations with frequency ∆ e and the decay with timescale γ�1

e . In our
case ∆ e > γe and we observe well-separated exciton resonances. The ideal impul-
sive conditions are fulfilled when σω � ∆ e and σω � γe . This corresponds to the
impulsive regime of ultrashort pulses, when their overlaps can be neglected. For re-
alistic finite-bandwidth Gaussian pulses we need to consider pulse durations, σ�1

ω .
In two dimensions of time the whole area where the response function is not zero
is γ�2

e . The area, where pulses overlap, is σ�2
ω . The ratio η D σ�2

ω /γ�2
e thus char-

acterizes the relative pulse-overlap magnitude. Our finite-bandwidth simulations
are in the regime γe < σω < ∆ e . We have η < 1 and the pulses can thus specif-
ically select resonant peaks, the response function decays slowly compared to the
pulse duration and, therefore, the pulse-overlaps make a very small contribution.
We call this regime quasi-impulsive. That is the ideal regime to be used for selection
of specific pathways, i.e. for tomography, of the system with well-separated peaks.
The ideal impulsive experiment can then be reconstructed from a set of narrow-
bandwidth measurements. Both the impulsive and quasi-impulsive measurements
yield very similar results and it is instructive to consider only the impulsive regime,
which is mostly reviewed in this book.

The other narrow-bandwidth limit is when σω < γe irrespective of ∆ e . In this
case, the response function decays much faster than the pulse duration and the
experiment approaches the frequency domain regime. Varying central frequen-
cies can select certain resonances, but their characterization is more complicated
since pulse overlaps dominate due to poor time resolution. This is the nonimpulsive

regime of the experiment.

16.4
Dimer of Three-Level Chromophores – Vibrational Dimer

Let us now extend the previous model system and consider a homodimer of
three-level chromophores. This model essentially represents the two coupled high-
frequency (frequency � kBT ) vibrations tackled by the two dimensional measure-
ment. The Hamiltonian of the system is

OHmol D ω0

2X
mD1

Oa†
m Oam C J

2X
m¤n

Oa†
m Oan C ∆

2

2X
mD1

Oa†
m Oa†

m Oam Oam , (16.39)

where now operators Oa are of bosonic nature, J describes the resonance transfer of
excitations and ∆ is the anharmonicity parameter. The one-exciton block is identi-
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cal to a homodimer of two-level systems

Oh(1) D
�

ω0 J

J ω0

�
(16.40)

and corresponding exciton energies and eigenvectors are identical to the ones of
the electronic dimer.

In site representation the two-exciton block can be built from the electronic
dimer by adding states Oa†

1 Oa†
1 j0i and Oa†

2 Oa†
2 j0i with energies 2ω0 C ∆ which are

denoted as the overtone states of single chromophores. Together with the combina-
tion state Oa†

2 Oa†
1 j0i we get three double-exciton states in total. The coupling constant

between the overtone states and multiexciton state with energy 2ω0 is now equal
to

p
2 J as comes from the Hamiltonian matrix elements:

Oh(2) D
0
@2ω0 C ∆

p
2 J 0p

2 J 2ω0
p

2 J

0
p

2 J 2ω0 C ∆

1
A . (16.41)

Diagonalization of one- and two-exciton blocks allows us to define the exciton basis

je j i D
NX

mD1

c j m Oa†
mj0i , (16.42)

j f ki D
NX

mD1

NX
nDm

C
(k )
mn

�
�mn C 1p

2
δmn

�
Oa†

m Oa†
nj0i . (16.43)

The one-exciton eigenvector matrix is identical to the one given in Section 5.3. The
two-exciton eigenvector matrix in terms of the mixing angle is now

1p
2

0
B@

sin #
2 cos #/2

� cos #�1p
2 cos #/2

sin #
2 cos #/2

1 0 �1
sin #

2 sin #/2
� cos #C1p

2 sin #/2
sin #

2 sin #/2

1
CA , (16.44)

where # D arctan(4 J/∆) and eigenvectors are given in rows. The eigenenergies of
one- and two-exciton states are

ε e1 D ω0 C J , (16.45)

ε e2 D ω0 � J (16.46)

and

ε f1 D 2ω0 C 2 J
cos # � 1

sin #
, (16.47)

ε f2 D 2ω0 C ∆ , (16.48)

ε f3 D 2ω0 C 2 J
cos # C 1

sin #
. (16.49)
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Dipole moments for the ground to one- and two-exciton states are 
µ g e1

µ g e2

!
D 1p

2

��1 1
1 1

��
d1

d2

�
(16.50)

and 0
B@µ e1 f1

µ e1 f2

µ e1 f3

1
CA D 1p

2

0
B@

� sin #Ccos #C1
2 cos #/2

sin #Ccos #C1
2 cos #/2

�1 �1
� sin #Ccos #�1

2 sin #/2
sin #Ccos #�1

2 sin #/2

1
CA�d1

d2

�
(16.51)

and 0
B@µ e2 f1

µ e2 f2

µ e2 f3

1
CA D 1p

2

0
B@

sin #�cos #�1
2 cos #/2

sin #�cos #�1
2 cos #/2

1 �1
sin #�cos #C1

2 sin #/2
sin #�cos #C1

2 sin #/2

1
CA�d1

d2

�
. (16.52)

Having transition dipole moments defined one can construct analytic expres-
sions of the total 2D signal from individual Feynman diagrams. Notice that we
now have the same as for the electronic dimer but we have more induced absorp-
tion Liouville space pathways. In Figure 16.13 the spectra of the dimer of three-
level molecules using different dephasing rates are presented. Coherent induced
absorption diagrams produce spectral elements on the diagonal and give oscilla-
tions of corresponding diagonal peaks, that is, perceptible in 2D spectra in the
limit of small γ . However, if the dephasing rate is γ � J , the inter-state coher-
ence dynamics cannot be separated from diagonal elements and the whole spectra
resemble a single anharmonic oscillator.
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Figure 16.13 The real part of complete 2D spectra of the dimer of a three-level system with
dephasing constant γ D J (a) and γ D 5 J (b). J D 50 cm�1 and ∆ D 15 cm�1 in both cases.
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16.5
Interferences of the 2D Signals: General Discussion Based on an Electronic Dimer

Considerable effort has been devoted to developing methods for relating the two-
dimensional signals to dynamical properties in electronic aggregates. It is well
established that the diagonal (jω1j D ω3) peak positions correspond to excita-
tion energies and linewidths show lifetimes and couplings to the environment.
The crosspeaks (jω1j ¤ ω3) carry additional information about couplings and
correlations of different states, which determine the energy flow pathways and
timescales.

The induced polarization vector, which is measured in the spectra, reflects dy-
namical properties of the system density matrix during each of the time delays t1,
t2 and t3 (in the impulsive limit). These properties can be deduced with the help of
the Feynman diagrams given in Figure 16.14. Let us consider the rephasing signal.
The signal is proportional to the response function S (3)

kI
(t3 t2 t1) given by a sum over

all resonant pathways of the density matrix. These pathways represent sequences
of intermediate states, which show up between the various interactions with the
laser pulses. Let us label different pathways by η. The contribution of each path-
way to the signal may be represented as S

(3)
η (t3 t2 t1) D Mη � Gη(t3 t2 t1), where Mη

is a geometry-dependent amplitude of the pathway given by the transition dipole
configuration and G represents the time propagators of the density matrix which
is independent of the excitation polarizations. Gη(t3, t2, t1) contains all relevant
system dynamics in the pathway η, as can be deduced from the diagrams in Fig-
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Figure 16.14 Five types of Liouville space
pathways of an electronic dimer. (a) Scheme
of dimer energy levels, (b) Feynman diagrams
for the rephasing spectrum; symbols relate

pathways to the 2D spectrum. Open symbols
denote electronic coherences during t2 delay
and full symbols the populations during t2.
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ure 16.14: during t1 the system experiences oscillations between the ground and
the singly-excited states e with inter-band optical frequency. During the delay t2

only intra-band excitonic properties show up. These correspond to either coherent
oscillations between two singly-excited states or populations. Population relaxation
and transport takes place as well. Inter-band oscillations are again observed during
t3 (these also include inter-band one- to two-exciton frequencies). Fourier trans-
forms with respect to t1 and t3 translate the inter-band oscillations into resonant
peaks along ω1 and ω3 axes respectively. Excited state evolution can then be directly
followed by comparing the 2D peak patterns for various t2.

To gain some insights in Figure 16.14 we sketch the rephasing spectrum of a
simplified model dimer of two-level chromophores which has two single exciton
energy levels and a single double exciton level. The spectrum at finite t2 contains
contributions from all diagrams, as indicated by the graphic symbols. One specific
feature that is observed purely from a symbol pattern on the 2D plot is the absence
of open symbols on the diagonal line. The full symbols reflect the populations
during the interval t2. These come from the stimulated emission and the ground
state bleach. Thus, the diagonal line of the rephasing spectrum always contains
only populations and in the secular density matrix theories these are either static
(no relaxation) or exponential functions of time (incoherent exciton relaxation). The
first conclusion that comes out is that the diagonal peaks within this level of theory
are never oscillatory. The second conclusion comes from simple inspection that for
one bleach contribution always comes one stimulated emission contribution, what
corresponds to the effective two-level system. The two-level system shows photon
echo phenomenon in the rephasing experiment configuration. Thus, the diagonal
line of the 2D rephasing spectrum always includes the photon echo and thus shows
diagonally elongated lineshapes. These two conclusions, as they can be associated
with the independent two-level systems, are not related to the dimer, this applies
for any (electronic and vibrational) excitonic aggregates.

So now how about crosspeaks? The crosspeaks in Figure 16.14 are composed of
both open and solid symbols. The open symbols must show oscillatory t2 evolution,
while solid symbols are slowly-varying. The open symbols originate from electronic
coherences during t2, thus the place to look for electronic coherent effects is the
off-diagonal region in the rephasing spectrum. This again applies not only for the
dimer but for an arbitrary excitonic aggregate.

The amplitude Mη of a pathway is a crucial parameter that determines how
strong a specific feature emerges in the total spectrum. It turns out, the amplitude
can be controlled by polarization configuration of the laser pulses in the experiment
design.

The amplitude of a pathway has fundamental symmetry properties, that is, it is
invariant to certain permutations of pulse polarization configurations (PPC). First
we notice that when the delay time t2 in Figure 16.14 is set to 0, the signal must be
invariant to exchange of the second and third pulses since they are indistinguish-
able. This implies the permutation symmetry of wavevectors and polarizations of
these two pulses at t2 D 0. As quantum dynamics develops during t2 > 0 this
symmetry breaks down.
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Three independent pulse polarization configurations which exist for isotropic
systems in the dipole approximation [102] can be inferred from (15.107) (Sec-
tion 15.2.6). These are obtained when

F (4)(e) D
0
@(e4 � e3)(e2 � e1)

(e4 � e2)(e3 � e1)
(e4 � e1)(e3 � e2)

1
A (16.53)

is equal to one of

0
@1

0
0

1
A ,

0
@0

1
0

1
A ,

0
@0

0
1

1
A . (16.54)

These three independent unit vectors correspond to (e4e3e2e1) D (x x y y ), (x y x y ),
(x y y x ). All other configurations can then be obtained from these three fundamen-
tal ones as their linear superpositions. Based on this property and using the idea of
the previous paragraph we can write a differential signal

A � S (3)
x x y y � S (3)

x y x y . (16.55)

Here the subscript indicates the pulse polarization configuration as pulse polar-
ization directions ν4ν3ν2ν1. This signal must vanish identically at t2 D 0 due to
the above described symmetry and will gradually build up, with t2 showing coher-
ent evolution, dephasing and transport. The signal A thus highlights dynamical
features of the spectra. However, these features are mixed in A.

For our model dimer in Figure 16.14 the signal A with t2 will show only oscillat-
ing crosspeaks due to open symbols, later these will decay due to dephasing and the
stationary crosspeaks will develop due to the ground state bleach and the induced
absorption. The higher energy diagonal peak at ε e will develop due to population
relaxation from state e to e0 together with down-pointing triangles (the filled circle
with filled up pointing triangle both corresponding to the higher energy state e,
will disappear).

Other properties of the pathways lead to more symmetries. The pathways η may
be classified according to whether the state of the system during t2 is a popula-
tion (population pathways, ηpp) or a coherence (coherent pathways, ηcp). These
are represented, respectively, by diagonal (�ee) and off-diagonal (�ee0 , e ¤ e0) exci-
ton density matrix elements. Filled symbols in Figure 16.14 indicate contributions
from population pathways and open symbols – from coherence pathways. As can
be seen, a common feature of all population pathways is that the first two interac-
tions induce the same transition, α D d (doorway). The last two interactions induce
the same transition too, α D w (window). The amplitudes of this set of interactions
for isotropic systems for three independent pulse polarization configurations are
as follows:

Mηpp (x x y y ) D 2
30

�
2µ2

wµ2
d � (µw � µd)2	 (16.56)
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Mηpp (x y x y ) D Mηpp (x y y x ) D 1
30

��µ2
wµ2

d C 3(µw � µd)2	 . (16.57)

We find that the population pathways have the symmetry for an arbitrary delay t2

(here the PPC is denoted by Mη(ν4ν3ν2ν1)). Based on this symmetry it is possible
to use the combination of PPC

B � S (3)
x y y x � S (3)

x y x y (16.58)

to cancel population signatures and to display coherent quantum dynamics. The
B signal can be interpreted as follows: only coherent t2 dynamics will be seen by
the coherence pathways. For our model dimer in Figure 16.14 all filled symbols
will thus be eliminated in B and the open symbols from excited state absorption
and stimulated emission with density matrix coherences will remain. This signal
is thus very promising for inspection of electronic coherences in molecular ag-
gregates. Additionally, as we described above the diagonal line in the 2D rephasing
spectrum is covered by population involving Liouville space pathways. The B signal
thus eliminates the diagonal features in the rephasing 2D spectrum. Only off-diagonal
(open symbol) contribution will thus remain. This conclusion again applies to a
general excitonic aggregate.

Another set of pathways can be isolated by inspecting the coherent contribution
to stimulated emission pathway in Figure 16.14b. From the SE diagram we find that
these pathways are characterized by only two optical transitions: the first and third
transitions on the right side of the diagram are identical α D r, while the second
and fourth transitions on the left side of the diagram are also identical α D l (we
notice that this property is valid for density matrix coherences �ee0 and populations
�ee during t2). By calculating the pathway amplitude we find

M
(SE)
ηcp (x x y y ) D M

(SE)
ηcp (x y y x ) D 1

30

��µ2
l µ2

r C 3(µl � µr)
2	 , (16.59)

M
(SE)
ηcp (x y x y ) D 2

30

�
2µ2

l µ2
r � (µl � µr)

2	 . (16.60)

This suggests an additional symmetry and an additional signal which cancels exci-
tonic coherences in SE pathway

C � S (3)
x y y x � S (3)

x x y y . (16.61)

The C signal will eliminate the stimulated emission coherent pathways: these over-
lap with population pathways (induced absorption coherent peaks along ω3 which
reflect double-exciton resonances are shifted from these crosspeaks when the two-
exciton state energy is different from ε e C ε e0 ). Population relaxation during t2

can then be monitored through the redistribution of crosspeak amplitudes. In Fig-
ure 16.14 the signal C eliminates the open and filled squares from the second
diagram at all delay times. By checking the GSB diagram we find that diamonds at
the diagonal will also be eliminated. Thus, the diagonal peaks will be also eliminat-
ed in the C signal the population transport contribution (shaded symbols) will be
enhanced.
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It should also be noted that at t2 D 0 we find B D C , which is a good refer-
ence point and A � B C C at any delay time. These signals can thus be used
for realistic electronic systems which can lead to better resolution of coherent and
dissipative exciton dynamics. We demonstrate the application of these signals in
Section 17.2.2.

16.6
Vibrational vs. Electronic Coherences in 2D Spectrum of Molecular Systems

In previous sections we have analyzed distinct systems: electronic dimers and
monomers coupled to vibrations. A few simple electronic level systems with well
defined high-frequency vibrations present an important study case of the general
phenomena of electron-phonon interaction in the molecular system. In this section
we show that the two systems can show a considerable similarity.

In molecules and their aggregates, electronic transitions are coupled to various
intra- and intermolecular vibrational modes. Vibrational energies of these are of
the order of 100–3000 cm�1, while the magnitudes of the resonant couplings, J ,
in excitonic aggregates (for example, in photosynthetic pigment-protein complexes
or in J -aggregates) are in the same range. Thus, vibronic and excitonic systems
show considerable spectroscopic similarities. Because of excitonic or vibrational
coherences, electronic and/or vibrational beats in the 2D spectrum are expected
as described in Sections 16.2.2 and 16.5 (consider B signal). In complexes of cou-
pled molecules with transitions possibly modulated by vibrational modes it might
be difficult to decide what is the origin of oscillations in the 2D spectrum. Indeed,
similar spectral beats originating entirely from a high-energy vibrational wavepack-
et motion have been observed [109, 110].

We can compare two generic model systems (Figure 16.15b,c) which exhibit dis-
tinct internal coherent dynamics. The simplest model of an isolated molecular elec-
tronic excitation is the vibronic system represented by two electronic states, jgi and
jei, which are coupled to a one-dimensional nuclear coordinate q. This is the cele-
brated displaced oscillator (DO) system (Figure 16.15c). Taking „ D 1, the vibronic
potential energy surface of the jei state is shifted up by the electronic transition
energy ω eg and its minimum is shifted by d with respect to the ground state jgi; d

is the dimensionless displacement. This setup results in two vibrational ladders of
quantum sub-states jgmi and jeni, m , n D 0, . . . , 1, characterized by the Huang–
Rhys (HR) factor HR D d2/2 as described in Section 16.2.2.

The other model system, which shows similar spectroscopic properties but has
completely different coherent internal dynamics, is the excitonic homodimer (ED)
without vibrations. It consists of two two-level chromophores (sites) with identical
transition energies �. The two sites are coupled by the inter-site resonance cou-
pling J . As a result, the dimer has one ground state jgi, two single-exciton states
(je1i and je2i with energies ε e1,e2 D �˙ J , respectively), and a single double-exciton
state j f i with energy ε f D 2� � ∆, where ∆ is the bi-exciton binding energy.
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Figure 16.15 Energy level structure of the electronic dimer (b) and displaced oscillator (c) and
corresponding linear absorption spectra (a). Dash-dotted line in (a) reflects the typical laser
bandwith.

The absorption spectrum of both systems has been described, but it is construc-
tive to revisit its main features here. It is as follows. The absorption of the dis-
placed oscillator is determined by transitions from the jgmi vibrational ladder into
jeni scaled by the Franck–Condon (FC) vibrational wavefunction overlaps. Choos-
ing HR D 0.3 and kBT � 1

3 ω0 and assuming Lorentzian lineshapes with the
linewidth γ , we get the vibrational progression in the absorption spectrum (dashed
line in Figure 16.15). Here ω0 is the vibrational energy. The most intensive peaks
at ω eg and ω eg C ω0 correspond to 0-0 and 0-1 vibronic transitions.

Qualitatively similar peak structure is featured in the absorption of the electronic
dimer, where the spectrum shows two optical transitions jgi ! je1i and jgi !
je2i, assuming both are allowed. Choosing J D ω0/2 and the angle ' between
the chromophore transition dipoles equal to π/6, and using adequate linewidth
parameters, we get absorption peaks (solid line in Figure 16.15) that exactly match
the strongest two peaks of the displaced oscillator. The absorption spectrum thus
does not show the difference between these two distinct systems.

Let us now consider the two-dimensional rephasing spectrum. As described in
Section 16.1 the Liouville space pathways can raise as static as oscillatory peaks. We
can then write the 2DPE plot by expressing the signal as a sum of peaks NP, which
have static (from populations) and oscillatory (from coherences) parts:

SR(ω3, t2, ω1) D e�γ2 t2 NX
i, j

L i j (ω1, ω3)

�
h

A
p
i j C Ac

i j � cos(jω i j jt2 C φ i j (ω1, ω3))
i

. (16.62)

Here ω i j is the characteristic oscillatory frequency of a peak (i j ), A
p
i j (t2) and

Ac
i j (t2) are the real parts of orientationally averaged prefactors of population and

coherence (electronic or vibronic) contributions, respectively. The spectral line-
shape is given by L i j (ω1, ω3).
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Figure 16.16 The amplitudes of oscillatory peaks of 2D spectra of the DO model for k I signal.
Note that the negative amplitude denotes a phase shift of π of the oscillation.

To apply this expression to the two model systems, we assume a typical situation
where the carrier frequencies of the laser pulses is tuned to the center of the ab-
sorption spectrum and their bandwidths select the two strongest absorption peaks.
In the 2D spectra two diagonal and two off-diagonal peaks for ED and DO are ob-
served. Indices i and j in (16.62) run over the positions of the peaks and thus can
be (1,1), (1,2), (2,1), and (2,2). For clarity we study the spectral dynamics with t2 at
the short delays.

The transition dipole properties of the ED result in the picture where all static
amplitudes of the ED are positive and the crosspeaks have equal amplitudes A

p
12 D

A
p
21. The oscillatory amplitudes of the crosspeaks are equal as well: Ac

12 D Ac
21. The

spectral beats with t2 can thus only have the same phases in the 2D spectrum when
measured at peak centers. Additionally, the oscillatory ESE and ESA parts in ED
cancel each other if ∆ D 0 and their broadenings are equal. As these relationships
do not depend on coupling J and transition dipole orientations, all ED systems
should behave similarly.

The amplitude relationships, however, are different for the displaced oscillator
system. The amplitudes Ac

i j of the oscillatory peaks now depend on the Huang–
Rhys factor and are plotted in Figure 16.16. The amplitudes Ac

11 and Ac
22 maintain

the opposite sign when HR < 2 and are both positive when 2 < HR < 3. The
oscillation amplitudes Ac

11 and Ac
22 change the sign at HR D 1. Amplitudes Ac

12
and Ac

21 are always positive. The amplitudes of static contributions are positive in
the whole range of parameters.

We thus find very different behavior of oscillatory peaks of DO and ED systems.
A realistic 2D spectra for both DO and ED systems calculated by including phe-
nomenological relaxation and Gaussian laser pulse shapes [101, 107] are plotted
in Figure 16.17. The structure and the t2 evolution of the spectra illustrate the dy-
namics discussed above and clearly shows the distinctive spectral properties of the
vibronic vs. electronic system: (i) diagonal peaks in the kI signal oscillate in DO,
but only exponentially decay in ED (the oscillatory traces come from the overlap-
ping tails of off-diagonal peaks), (ii) the relative amplitude of oscillations is much
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Figure 16.17 2DPE spectra and peak values of the DO and ED as a function of population time
t2, of the k I and k II signals. Spectra are normalized to the maxima of the total spectra of the DO
and ED.

stronger in DO as compared to ED, where the ESA and ESE cancelation suppresses
the oscillations, (iii) opposite oscillation phases are observed in DO, while all peaks
oscillate in-phase in ED.

Weakly damped electronic and vibronic coherent wavepackets in molecular sys-
tems can thus be discriminated based on fundamental theoretical considerations.
Dynamics of diagonal peaks and crosspeaks as well as the relative phase between
them in the rephasing signal can now be classified for vibrational and excitonic sys-
tems as follows. (i) Static diagonal peaks and oscillatory off-diagonal peaks signify
pure electronic coherences, not involved in the energy transport. (ii) Oscillatory di-
agonal peaks in accord with off-diagonal peaks (0 or π phase relationships) signify
vibronic origins. The oscillation phase is 0 for electronic coherences and 0 or π for
vibronic coherences.
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17
Two Dimensional Spectroscopy Applications for Photosynthetic
Excitons

The model systems described in previous chapters are useful for physical under-
standing and interpretations of the spectroscopy measurements. The spectra and
dynamic features related to the transient system evolution in the nonequilibrium
excited states can thus be easily understood. Realistic systems can show much more
complicated dynamics which we describe next. In this chapter we discuss applica-
tions of this theory to the photosynthetic pigment–protein complexes. For most of
the simulations presented in this chapter the Frenkel exciton model has been used
including the secular population transport model unless indicated separately. The
spectral response functions and the two dimensional spectra have been calculat-
ed using the expressions with the lineshape functions. In the following only the
rephasing 2D spectra are discussed as they display the photon echo effect mapped
onto the diagonally elongated lineshapes of various peaks. As this book is about
theoretical approaches, we do not describe all experimental details. Instead, in this
chapter we review some applications of theoretical approaches to the simulations
of the two-dimensional rephasing spectra of few photosynthetic aggregates.

17.1
Photosynthetic Molecular Aggregates

The harvesting of solar energy and its conversion to chemical energy are essen-
tial for all forms of life. The primary events that start the whole process of photo-
synthesis include the photon absorption, transport and charge separation events.
The charge separation in the core of pigment–protein reaction center complex-
es is the first energy conversion step in photosynthesis. The subsequent electron
transfer across a thylakoid membrane of chloroplasts triggers a proton transfer re-
action, creating a charge gradient that drives a chain of chemical reactions leading
eventually to the stable storage of solar energy [98, 99]. This complicated photo-
physcal/chemical process takes place in membrane-bound photosynthetic com-
plexes. Photosynthetic apparatuses of bacteria and higher plants are the subjects
of investigation for scientists from diverse areas trying to understand the structure
and underlying mechanisms of highly effective natural solar energy conversion. In
order to model the photosynthetic complexes of living organisms on a microscop-

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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ic scale the accumulated knowledge of different fields of physics, chemistry, and
biology needs to be applied [24, 98, 99, 113]. Despite numerous experimental and
theoretical publications over the last 20 years revealing structural and spectroscopic
properties of photosynthetic complexes there are still open questions in connecting
some of their structural peculiarities with the functional properties. As more pre-
cise structures of photosynthetic complexes become available there appear more
possibilities to explore their spectral properties and excitation dynamics obtained
directly from the structural data. These results reveal the roles of different parts of
the complexes that they perform in order to optimize the efficiency of the light har-
vesting and excitation energy transfer within the particular complex and between
the complexes to the so-called reaction center, where the energy conversion takes
place.

Microscopic understanding of these processes and how they may be tuned could
be used to engineer artificial solar cells which mimic the high efficiency of natural
organisms.

Below in this section we describe a few well studied photosynthetic aggregates.

17.1.1
Fenna–Matthews–Olson Complex

The Fenna–Matthews–Olson (FMO) complex [111, 112] in green sulfur bacteria is
the first light-harvesting system whose X-ray structure has been determined (Fig-
ure 17.1). It is known that the FMO complex mediates the transfer of excitation
energy from the light-harvesting antennae, chlorosomes, to the so-called reaction
center [113], where energy conversion from molecular exciton into the charge pair
occurs. The FMO protein is a trimer made of identical subunits, each containing
seven bacteriochlorophyll pigments. Chlorobium tepidum (C.t.) and Prosthecochlo-

ris aestuarii (P.a.) are the most thoroughly investigated species with known struc-
tures [99, 111, 112, 114, 115]. The two structures are virtually identical, with minor
differences in the positions and orientations of the bacteriochlorophylls. However,
differences in the local protein environment significantly affect the bacteriochloro-
phyll site energies. The nature of these interactions is not fully understood. A re-
cent electrostatic computation of the electrochromic shifts of the FMO site ener-
gies in both species found that the major contributions to the shifts were from the
charged amino acids and the ligands [116].

Interactions of the bacteriochlorophyll a molecules in the FMO complexes with
the local environment are thus responsible for the differences in the site energies
of these pigments. These variations determine the delocalization of the collective
electronic states (excitons) as well as their temporal and spatial energy relaxation
dynamics.

This system has been extensively studied by linear spectroscopy such as absorp-
tion as well as linear and circular dichroism [113]. The linear absorption shows
clearly a few peaks reflecting excitonic coherent transitions. These peaks have been
attributed to delocalized excitons over specific pairs of molecules. The Frenkel exci-
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Figure 17.1 Structure of the FMO aggregate: one monomer including the protein (a) and “un-
dressed” pigments (b). Shaded regions represent delocalized excitons, black solid arrows are
the molecular transition dipoles, dashed arrows the exciton relaxation pathways.

ton model has been extensively used. Its parameters (site energies and interactions)
were fitted to a number of experiments.

Two-dimensional optical spectroscopy [62, 117–119] has revealed that as the ex-
citation energy is transferred towards the reaction center it proceeds in a coherent
fashion – it is oscillatory, very fast, and one-directional. It has been suggested that
this may be due to correlated chromophore transition energy fluctuations caused
by protein thermal motion [120] or by assistance from the coherent protein vibra-
tions [110]. The FMO is thus an ideal test system where coherent vs. dissipative
processes can be studied by spectroscopic means with high resolution.

17.1.2
LH2 Aggregate of Bacterial Complexes

In general, bacterial photosynthetic apparatuses are simpler than those of the high-
er plants and often serve as trial models. One such outstanding system is the pho-
tosynthetic light harvesting complex 2 (LH2) of purple bacteria, which is distin-
guished by an extremely redshifted absorption band and a highly symmetric struc-
ture displayed in Figure 17.2 [121–123]. The absorption of the LH2 complex of
Rhodopseudomonas acidophila (now Rhodoblastus acidophilus) strain 10050 is due
to Q y transitions of the bacteriochlorophyll a molecules. These molecules are
organized in two rings, called B800 and B850 by their lowest absorption wave-
length. The overall structure of the complex is cylindrical, characterized by C9

symmetry with two transmembrane proteins α and �, both sequenced [124], three
bacteriochlorophyll a and either one or two carotenoid molecules per symmetric
unit [125, 126]. Nine bacteriochlorophyll molecules are distributed rather sparse-
ly composing the B800 ring close to the cytoplasmic surface of the membrane,
whereas 18 bacteriochlorophylls of the B850 ring on the periplasmic side are made
of densely packed dimeric units.

The absorption spectrum of the LH2 complex in the region of Q y transitions of
the bacteriochlorophylls at 77 K has two clear sharp distinct peaks [127] with max-
ima positioned at 801 nm (B800 band) and 867 nm (B850 band). The contribution
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Figure 17.2 Schematic structure of the LH2 aggregate. Turquoise – proteins, gold – bacteri-
ochlorophylls. There are a few caroteinoid chromophores as well. (a) Side view, (b) top view.

of the particular groups of pigments to producing this spectrum is defined rather
uniquely with respect to the ring structure. Recent femtosecond coherent exper-
iments reveal more details on the excitonic interactions in the LH2 and similar
LH3 [60, 61] aggregates. The experiments reveal the evidence of quantum mechan-
ical interference which represents a previously undescribed strategy for control of
excitonic dynamics as revealed by the phase map of quantum beating signals in the
two-dimensional signals of the LH2.

Since the first crystallographic structure of the LH2 complex of Rhodopseu-

domonas acidophila was published [125], there have been numerous studies per-
formed, often combining experiments with theoretical modeling, seeking to con-
nect structural properties with functions of the complex (see [24, 127, 128]). Several
microscopic models based on the X-ray structure have been suggested to reproduce
the absorption spectrum of the LH2 aggregate [129].

17.1.3
Photosystem I (PS-I)

Photosynthetic complex photosystem I (PS-I) is a pigment–protein apparatus
shared by bacteria and plants that converts the photon into electrical energy [130].
It exists in trimeric and monomeric forms, but the trimeric species have the same
optical properties as monomers: in both the absorbed light at room temperature
has > 95% probability to induce charge separation [131]. This suggests that the
energy exchange between monomers is negligible and a single monomer can be
used to model the spectroscopy measurements.

A recently reported high resolution structure of a cyanobacteria Thermosyne-

chococcus elongatus monomer [132] revealed 96 bacteriochlorophylls, and 22 carot-
enoids embedded in the protein frame. The whole PS-I can be divided into two
parts (Figure 17.3): an outer nonsymmetric, 90 antenna bacteriochlorophyll array
surrounds a central six bacteriochlorophyll core, which is identified as the reaction

center, where charge separation takes place. The structure of the PS-I monomer
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Figure 17.3 Spatial distribution of the 96 bacteriochlorophylls in photosynthetic complex PS-I.
The reaction center can be identified in the center. The protein scaffold has been skipped.

(see Figure 17.3) is apparently optimized for the efficient energy conversion, as
demonstrated by experiments and supported by numerical simulations [133, 134].

The room temperature PS-I absorption spectrum consists of a broad (700–
645 nm) main antenna absorption band and a shoulder to the red from 715
mn [130]. The lowest-energy band of the reaction center is at 700 nm. The “red”
absorption band which extends below the RC absorption is a unique feature of
the PS-I complex. While the PS-I complexes from different species have a very
similar main absorption band, they mostly differ in the red absorption region.
Features of charge transfer (CT) states [135] were attributed to a dimeric pattern
of bacteriochlorophylls responsible for this red shoulder in both Synechococcus and
Synechocystis.

Exciton dynamics in the PS-I show both coherent and incoherent components
which reflect the interplay of localized and delocalized excitons [136]. One- and
two-color photon echo peak-shift (3PEPS) measurements performed by Vaswani et

al. indicated strong excitonic couplings between pigments absorbing at different
energies, while the red chromophores show fast decay of the 3PEPS signal due to
strong coupling with the protein [137].

Microscopic exciton dynamics simulations for PS-I have been carried out right af-
ter high-resolution structural information became available [133, 136, 138, 139]. An
effective Frenkel exciton Hamiltonian has been constructed using semi-empirical
INDO/S electronic structure calculations combined with the experimental struc-
ture [139, 140]. Efficient numerical optimization algorithms have also been applied
to search for the transition energy and dipole orientation of each BChl [135, 141].
The resulting parameters provide a good fit to experimental absorption, circular
dichroism (CD), and time-resolved fluorescence spectra.
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17.1.4
Photosystem II (PS-II)

Photosystem II (PS-II), which is the most abundant photosynthetic complex in
nature [142], is responsible for multiple phenomena, such as photon energy har-
vesting, delivery of excitons to the reaction center positioned in the middle, charge
separation, and most importantly, initiation of the water splitting chemistry. Its
high resolution structure shows two branches of pigments, D1 and D2, each made
up of two chlorophyll molecules and one pheophytin, and other pigments that are
separated from these six core pigments either energetically or spatially [143] (see
Figure 17.4). Six chromophores of the reaction center are tightly packed within a
� 303 Å3 volume and show strong resonant exciton interactions.

The PS-II aggregate allows direct study of the charge separation process because
the reaction center can be physically isolated from the surrounding antennae in
a solution. The reaction center is a small aggregate containing only eight chro-
mophores. However, different from the FMO, which is of similar size, the absorp-
tion spectrum of the PS-II reaction center is poorly featured [144]. It contains a
single broad band from 660 to 690 nm, which at low temperature slightly splits in-
to a double-peak structure. Because of this poor resolubility the simulation studies
of the aggregate become very valuable.

The Frenkel exciton model and the system-bath coupling have been parametrized
for PS-II by Raszewski et al. using a numerical optimization algorithm, which
yields good agreement with linear optical properties [145]. A more elaborate spec-
tral density of the system-bath coupling was used by Novoderezhkin et al. [146], by
employing 48 vibrational bath modes extracted from low-temperature fluorescence
line-narrowing data. Despite extensive studies of electron separation and transfer

Figure 17.4 (a) Full PS-II complex of plants. Chromophores are displayed by gold pellets, twist-
ed tubes represent protein backbones. Pink – reaction center. (b) Chlorophylls (gold) and pheo-
phytins (pink) of the reaction center (twisted view compared to (a)).
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timescales, the primary charge separation site in PS-II RC is still not clearly identi-
fied: several radical pair (RP) evolution scenarios fit the existing experiments [147].

The absorption spectrum is not very sensitive to the CT states. This is to be
expected since the isolated CT states carry no oscillator strength from the ground
state. This selection rule is broken by mixing the CT with the Frenkel exciton states,
leading to a weak absorption of the CT state. However, for the same reason, CT
states are strongly coupled to the medium causing large broadening, which makes
them harder to resolve.

Recently, the experimental 2D spectra of the PS-II RC were recorded [148]. These
spectra showed rapid energy equilibration among the PS-II RC pigments and later
slow decay of the signal. The 2D studies provide a detailed picture of the excitation
frequency dependent spectral signatures of charge separation.

17.2
Simulations of 2D Spectroscopy of Photosynthetic Aggregates

Over the last five years a huge leap, fueled by the invention of two-dimensional
electronic spectroscopy, was achieved in understanding coherent and dissipatory
effects in the photosynthetic light harvesting pigment–protein antenna complexes
that reside inside specific membranes in bacteria and plants. As the main func-
tion of the peripheral chromophores is funneling of energy to the reaction center,
this process has been extensively probed by time-resolved two-dimensional opti-
cal spectra. In this section we present some modeling of two-dimensional spec-
troscopy in the photosynthetic aggregates described above. For calculations the
theory described in previous chapters is being used. Also notice that further on
we use the impulsive limit (unless separately indicated) so the interval of the re-
sponse function t2 is equivalent to the time delay between optical pulses T2. In
the two-dimensional plots we use color scale where blue peaks indicate the posi-
tive peak amplitude, while yellow represents the negative. Green color reflects zero
values.

17.2.1
Energy Relaxation in FMO Aggregate

Spectroscopic studies of light harvesting and subsequent energy conversion in
photosynthesis can track quantum dynamics happening at the microscopic lev-
el. The Q y band of FMO was described using the Hamiltonian of Aartsma [24,
149] as refined by Brixner et al. [117]. Atomic coordinates were taken from [114].
The electric transition dipoles were assumed to pass through the nitrogen b and
d atoms according to the crystallographic nomenclature. The monomer electric
dipole strength was 5.4 D [114]. The coordinates of the magnesium atoms located
at the center of BChl a molecules were used as the reference points of chromophore
coordinates when necessary.
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The commonly accepted model for the coupling to the environment is the as-
sumption that each chromophore experiences identical, however, uncorrelated
fluctuations. The semiclassical overdamped spectral density given by (8.105) is
then often used to represent the fluctuations of the chromophores. The bath re-
laxation time γ�1 D 100 fs and the reorganization energy λ D 55 cm�1 for each
bacteriochlorophyll then properly describe the homogeneous linewidth in the ab-
sorption spectrum. However, it should be noticed that these bath parameters are
not unique as the spectrum weakly depends on the fine structure of the overdamped

bath since the overall spectral density is a broad featureless function. This part of
the bath represents dynamical fluctuating environment. The static disorder can
be included explicitly on top of the fluctuations using the Monte Carlo sampling
and ensemble averaging. The typical disorder for FMO site energies is distributed
according to Gaussian shape (width is 20 cm�1 as proposed by Brixner et al. [117]).
The orientational averaging is performed as described in Section 15.2.6. The ab-
sorption calculated using this procedure is presented in Figure 17.5. There we
clearly identify three low-energy peaks and one shoulder on the higher energy
side. While this shape is created by seven exciton states, some of them have small
transition dipoles and poorly contribute to the spectrum.

The two-dimensional rephasing spectrum was calculated by summing over all
possible Liouville space pathways. It is easy to check that for seven chromophore
molecules we have seven single exciton states and 7 � 6/2 D 21 double exciton
states. In that case we have 7 � 7 ground state bleach pathways, 7 � 6 stimu-
lated emission pathways that include only exciton coherences during t2 interval,
7 � 7 stimulated emission pathways that include exciton populations and their en-
ergy relaxation during the same interval. Additionally, we have 7 � 6 � 21 induced
absorption pathways with coherences during t2 and 7 � 7 � 21 induced absorp-
tion pathways with populations during T2. So, for the FMO aggregate we need to
sum up 2051 pathways (in general for N electronic two-level sites we will have
N(3N � 1) C N 2(N � 1)2(1 C 1/2(N � 1)) number of pathways). For the homoge-
neous line broadenings we use the cumulant expansion as given in Appendix A.10.

12000 12400 12800
ω (cm−1)

A
bs
or
pt
io
n
(a
.u
.)

Figure 17.5 Simulated absorption spectrum of the FMO aggregate [150]. The vertical arrows
represent the excitonic energy levels and the length of the arrow is the oscillator strength jµeg j2.
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The simulations thus require secular exciton transport rates that are calculated
using the secular Redfield equation (Section 11.4). It is used solely in the interval t2

where the population dynamics reduces to the master equation for diagonal density
matrix elements.

For simplicity we choose the regular laser setup where all laser polarizations are
parallel. Since the whole spectrum is orientationally averaged with respect to the
single molecule, wa can take x x x x polarization configuration.

The simulated 2D rephasing spectra at different delay times are shown in Fig-
ure 17.6. It shows a set of diagonal peaks that reflect main excitonic resonances.
These diagonal peaks are slightly elongated along the diagonal reflecting the inho-
mogeneity of the system. The green-to-yellow features above the diagonal at T2 D 0
represent the induced absorption. As time T2 evolves the blue crosspeaks below
the diagonal becomes visible; these reflect the energy relaxation from the higher-
energy diagonal peaks into the lower-energy crosspeaks. The 2D spectrum thus
reveals the energy relaxation pathways with high resolution. However, there are no
well resolved crosspeaks that would oscillate, so we do not observe excitonic co-
herent effects with this approach (see Section 16.5 on static and oscillatory peak
patterns).

The effects of coherent dynamics have drawn considerable interest in FMO since
experiments of Engel [118], Fleming [151], Scholes [152] and Kauffmann [153]
groups observed some coherent beats (up to 1 ps) of various peaks in the two-
dimensional spectra. One reason behind these oscillations is the weak exciton
intra-band dephasing, what could keep coherences “alive”.

Long-range correlated chromophore transition energy fluctuations is one such
possible mechanism as suggested by Lee et al. [64]. Assuming that energy levels
of all chromophores fluctuate in-phase, the exciton wavefunction phases are not
affected by this motion; the entire exciton band energy is modulated together. This
effect can be easily described using the theory presented in previous chapters.

As the molecular transition energies are linearly coupled to the bath, all bath-
induced properties are determined by the following matrix of correlation functions
or spectral densities C00

mn(ω). This matrix describes how fluctuation of energy of the
molecule m is connected to that of the molecule n. The transformation of spectral

xxxx
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|ω1| (103cm−1)

11
.9

12
.1

12
.3

12
.5

12
.7

ω
3

(1
0
3
c
m

−
1
)

T2 = 1 ps
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Figure 17.6 Time evolution of the two-dimensional rephasing spectra of the FMO aggregate
simulated using x x x x pulse polarizations [150]. Red and green circles mark the crosspeaks
reflecting the energy relaxation.
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densities between the molecular and the exciton basis is then given by

C 00
e4 e3,e2 e1

(ω) D
X
mn

C00
mn(ω)cme4 c�

me3
c�

ne2
cne1 . (17.1)

The common approach that has been described above is that the transition
energy fluctuations of all chromophores are uncorrelated. This case is given by
C 00

mn(ω) D δmnC00
u (ω). The dynamical properties that are observed in the spectra of

excitons depend on fluctuations in the exciton basis set, where

C 00
e4 e3,e2 e1

(ω) D C00
u (ω)

X
m

cme4 c�
me3

c�
me2

cme1 � �e4 e3,e2 e1C00
u (ω) . (17.2)

�e4 e3,e2 e1 is the exciton overlap matrix. Since in general �e4 e3,e2 e1 is finite for all
combinations of exciton indices, we find that uncorrelated fluctuations contribute
to both exciton transport (via off-diagonal fluctuations, C 00

ee0 ,e0 e
,) and pure dephasing

(via diagonal fluctuations, C 00
ee,ee). These cases have been discussed with respect to

relaxation in a harmonic oscillator in Chapter 8.
The opposite extreme case is when the transition energy fluctuations of all chro-

mophores are fully positively correlated. This case is given by C 00
mn(ω) D C00

c (ω)
and in the exciton eigenstate basis the spectral density assumes the form

C 00
e4 e3,e2 e1

(ω) D δ e4 e3 δ e2 e1C00
c (ω) . (17.3)

The correlated fluctuations of molecular transition energies thus lead to correlat-
ed diagonal fluctuations of exciton transition energies. Off-diagonal fluctuations of
excitons, which could lead to exciton transport, are absent and the population trans-

port vanishes. As the transport is observed, the case of fully correlated fluctuations
is thus not realistic in FMO aggregate.

Let us include these correlation effects in the simulation of two-dimensional
spectra [120] and let us label, using (i), the model which neglects all correlations
so that Cmn(t) D 0 (m ¤ n). As the intermediate case we can assume (model ii)
exponentially decaying inter-chromophore correlations

C
(ii)
mn(t) D e�jr m�rn j/ l C(t) , (17.4)

where l is the spatial correlation distance. We denote this case by the exponential

model. Let us also denote the highly asymmetic case (iii), denoted by a cut-off model
that makes a sharp cut-off with the distance, that is

C
(iii)
mn (t) D θ

� jrm � r n j
l

� 1
�

C(t) , (17.5)

where θ (x ) is the step function: the correlation vanishes when the distance be-
tween chromophores is larger than the correlation distance l .

The strength of the intermediate correlations was chosen as follows. The FMO
active region size (largest distance between central Mg atoms of chromophores in
FMO) is � 27 Å, thus in the exponential model we take l D 30 Å. For the cut-off
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Figure 17.7 2D spectrum of FMO calculated
using the three models of correlated fluctua-
tions for T2 D 0 as indicated [120]. Regions
A to F (each 50 � 50 cm�1) were selected

for further examination of the time T2 depen-
dence. This is shown in Figure 17.8. Notice
that the diagonal disorder is not included in
these calculations.

model we take l D 12 Å that makes sites 3 and 4 correlated as well as 5 and 6
correlated.

How do the exciton dynamics in these correlated conditions show up in spec-
troscopic signals? The absorption spectrum weakly depends on the spatial correla-
tions so it is not considered. The single-exciton dynamics is more directly mapped
by the 2D rephasing spectra. On the off diagonal regions in the 2D spectra the
peaks belong to populations and coherences. At T2 D 0 populations of all models
are identical, only spectral broadening along ω1 and ω3 axes is affected by correla-
tions. So the 2D spectra shown in Figure 17.7 for the three fluctuation models at
T2 D 0 are similar on the diagonal region, but show differences in the off-diagonal
area below the diagonal.

This dependence on correlations changes dramatically in the time-resolved 2D
spectra. We have selected six areas of the spectrum, which correspond to the most
prominent peaks in the 2D spectrum and their crosspeaks to monitor their vari-
ation with the population delay time T2. In Figure 17.8 diagonal peaks A, C and
E demonstrate that the population relaxation timescales depend on these corre-
lations. There is a clear difference between the three models in peaks A, and es-
pecially C. Population redistribution in the interval 200–1000 fs is much weaker
in the cut-off model for these excitons (1 and 2). The most notable difference is
the highly-oscillatory crosspeak dynamics for correlated fluctuation models. These
simulations thus show that spatial correlations of fluctuations dramatically reshape
the crosspeak region and the time-dependence of various crosspeaks in the 2D
rephasing spectra.

17.2.2
Energy Relaxation Pathways in PS-I

As described in Section 16.5 some general principles for the design of two-
dimensional rephasing spectra by controlling pulse polarizations can be devel-
oped. These have been applied to FMO photosynthetic aggregate in [150, 154]. The
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same strategy has been used to study exciton dynamics in a “big” photosynthetic
complexe such as PS-I [155]. Here, we briefly revisit this study. One special interest
in PS-I is that it contains three sets of special chromophores. There are so-called
red chromophores, whose energies are lower than of the reaction center chro-
mophores; these are A2, A3, A4, A19, A20, A21, A31, A32, A38, A39, B6, B7, B11,
B31, B32 and B33 [132]. The other set in the center of the structure determines the
reaction center (S1–S6). The third set is the main antenna region that surrounds
the reaction center.

The exciton model parameters for the PS-I complex were taken as refined by
Vaitekonis et al. [135]. The coupling of the chromophores to the bath is included
using the model of spatially uncorrelated fluctuations. We are then left with the
spectral densities. However, now the bath spectral densities depend on the type of
the chromophore [141]:

C 00
n (ω) D 2λ

Λω
ω2 C Λ2 C

5X
j

η j,n
ω4

Ω 3
j

exp
�

� ω
Ω j

�
. (17.6)

The first overdamped Brownian oscillator mode with the coupling strength λ D
16 cm�1 and the relaxation rate Λ D 32 cm�1 controls the homogeneous linewidth
of the spectra. The remaining, Ohmic, part of the spectral density determines the
population transport rates and was tuned by fitting the time resolved fluorescence.
The Ohmic frequencies (in cm�1) are: Ω1 D 10.5, Ω2 D 25, Ω3 D 50, Ω4 D 120
and Ω5 D 350; for the red chromophores we use η1,r D 0.0792, η2,r D 0.0792,
η3,r D 0.24, η4,r D 1.2, η5,r D 0.096; for the remaining chromophores η j,n¤r D
0.024 for all j .
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Figure 17.8 Time dependent amplitudes of the A–F regions of Figure 17.7 for the three fluctua-
tion models [120].
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The PS-I aggregate contains a lot of chromophores and the full cumulant
function expressions were reduced by approximating all spectral lineshapes to
Lorentzians with the predefined dephasing constant γ : each Liouville space path-
way with pattern

exp(�iω3 t3 � iω2 t2 C iω1 t1) (17.7)

(jω2j > 0) was appended by exponential damping:

exp(�iω3 t3 C iω1 t1 � γ3 t3 � γ2 t2 � γ1 t1) , (17.8)

while for population-involving pathways (ω2 D 0) the secular Redfield equation
with respect to t2 has been solved similar to Section 16.2.1. The damping constants
for all excitons γe have been calculated using the Redfield model (Section 11.4).
Additionally, the double-exciton states were represented in the one-exciton product
basis [105] to simplify parametrization of double-exciton dephasings. Uncorrelat-
ed static diagonal Gaussian fluctuations of all pigment transition energies with
90 cm�1 variance were added by statistical sampling to account for the inhomoge-
neous spectral linewidth.

The exciton state energies ε e and wavefunctions cne, obtained by diagonalizing
the single-exciton block of the Hamiltonian matrix, describe the involvement of
different pigments in the spectroscopy regions. The single-exciton wavefunction
coefficients cne denote how the eigenstate e projects into the nth chromophore.
The single-exciton states have been classified according to their participation in
certain structural patterns [155]. The excitons belonging to the red states, the re-
action center states, have been identified. There are four exciton states which link
the reaction center with the peripheral antenna: these have been denoted as link-
er states. They are expected to be responsible for exciton delivery to the RC. The
linker states have energies close to the lower energy edge of the bulk antenna band
(14 600�14 700 cm�1). In Figure 17.9 we show this assignment in real space. The

Figure 17.9 Exciton probability distribution of groups of exciton states shown in real space
(density of dots represents jcne j2). (a) Red states, (b) RC and linker states, (c) delocalized an-
tenna states [155].
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Figure 17.10 Simulated absorption of the PS-I
complex [155]; “inh” denotes full simulations
averaged over 1000 diagonal disorder config-
urations, “hom” – homogeneous model. R

– red excitons, C – RC peak, A – bulk antenna
lower-edge, L – linker states, D – delocalized
states over most of the antenna, H – bulk an-
tenna higher-edge.

red states are mostly localized on few chromophores scattered throughout the PS-
I, the RC and linker states cover the reaction center and show long tails extending
to the edges of the antenna. Figure 17.9 shows that the delocalized antenna states
completely surround the RC and overlap with the tails of the linker states.

The absorption spectrum shown in Figure 17.10 can be clearly separated into
the antenna region between 14 500 and 15 300 cm�1 and the red absorption re-
gion 13 700�14 300 cm�1. The absorption is inhomogeneously broadened with
a limited structure. The six main peaks are marked by vertical lines. For bet-
ter peak assignment we also show the homogeneous spectra calculated without
inhomogeneous broadening and using constant small homogeneous 30 cm�1

linewidth.
We can thus introduce six types of transitions: the red states (R) at 14 000 cm�1,

the RC transition (C) at 14 300 cm�1, the linker transitions (L) at 14 670 cm�1,
the delocalized antenna region (D) at 14850 cm�1. The bulk antenna starts at
14 500 cm�1, which is the low-energy edge (A), up to the upper-energy edge (H) of
the bulk antenna at 15 110 cm�1 and covers A, L, D, and H features. The R, C, L,
D, and H states can be identified in the absorption.

Two-dimensional rephasing spectra show exciton correlations as crosspeaks in
2D correlation plots. Let us take one of the primary laser pulse polarization con-
figurations e4e3e2e1 D x x y y . In Figure 17.11 we display the rephasing 2D signal
at t2 D 0. Its primary diagonally-elongated feature originates from single-exciton
contributions (bleaching and stimulated emission) associated with R, C, and over-
lapping L and D states as marked by dotted circles. Some weak broad off-diagonal
features extending from the diagonal can be observed. The diagonal line mimics
the absorption. The R peak is well-separated from the rest peaks whereas other
diagonal transitions strongly overlap. The C diagonal peak can be identified as an
extended shoulder of the antenna band. The strongest peak corresponds to the L

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. c17 — 2013/6/3 — page 397 — le-tex

�

�

�

�

�

�

17.2 Simulations of 2D Spectroscopy of Photosynthetic Aggregates 397

A B

R
C

L

DD-L
L-C

L

DD-L

L

DD-L

L-R

L-C

R C DL HA

xxyy

13.5 14.0 14.5 15.0 15.5

|ω1| (103cm−1)

ω
3

(1
0
3
c
m

−
1
)

13.5 14.0 14.5 15.0 15.5

|ω1| (103cm−1)

13.5 14.0 14.5 15.0 15.5

|ω1| (103cm−1)

13
.5

14
.0

14
.5

15
.0

15
.5

R C DL HAR C DL HA

(a)

(b) (c) (d)

Figure 17.11 (a) The homogeneous absorption spectrum. (b) x x y y tensor component of the
2D rephasing spectrum [155]. (c) Signal A(ω3, t2 D 1 fs, ω1). (d) Signal B(ω3, t2 D 0, ω1). The
2D plots are normalized to their maximum.

region. However, off-diagonal regions around the bulk antenna bands are mostly
featureless.

Let us now employ the optimized pulse polarization configurations, as described
in Section 16.5. It has been shown that the A signal vanishes at t2 D 0. At short
delay (t2 D 1 fs in simulations) it gives essentially the zero-time derivative of the
2D spectrum. In Figure 17.11 it shows mainly as two overlapping diagonal peaks,
which can be identified with the L and D features. A set of crosspeaks are observed:
D–L, L–C are well-resolved, while others may be related to H–L, H–R. Diagonal
features of the red states and of the reaction center are absent. Spectral features of
this signal indicate ultrafast exciton dynamics within the bulk antenna and demon-
strate that the delocalized states are very active at short times. Strong L–C features
on both sides of the diagonal show that the excitons reach the RC at very short
times.

The A signal in Figure 17.11 contributes to very short t2 delays right after the
excitation. We find that the exciton dynamics is very significant shaping the spec-
trum. Let us now consider the dynamical properties at later times. The complete t2

evolution of the elementary tensor component x x y y is depicted in Figure 17.12.
Exciton equilibration in the bulk antenna region within 1 ps is seen as change of
the 2D pattern around (ω3, jω1j) D (14 750, 14 750) cm�1. The population is sub-
sequently trapped by the red states within 5 ps. This signal shows an extended
crosspeak lineshape at ω3 D 14 000 cm�1, close to the red state exciton energy in-
dicating that the red states act as the energy sink as the reaction center is not active
(charge separation is not included in the model).

However, the density matrix coherences are hindered in the x x y y configura-
tion. The coherent evolution can be monitored by the B(ω3, t2, ω1) spectrum. The
spectrum B at t2 D 0 as shown in Figure 17.11 (and similarly at t2 D 50 fs in
Figure 17.13) mostly reveals the bulk antenna region. The pattern has a very strong
diagonally-elongated peak which covers L and D states. Weaker C–L crosspeaks in-
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Figure 17.12 Variation of the 2D rephasing spectrum with t2 as indicated [155]. The 2D plots
are normalized to their maximum. Signals are averaged over 500 diagonal disorder configura-
tions.

dicate strong correlation with the reaction center. These features show that strong
excitonic correlations are mostly active within the linker and the delocalized anten-
na states and they extend to the RC. Subsequent evolution with t2 in Figure 17.13
shows dynamics of various crosspeaks, including well-resolved L–C and D–L. 100–
200 fs period oscillations cause the peak sign alternations. Since this signal probes
exciton coherences, it naturally decays with the coherence decay timescale: its am-
plitude drops by a factor of 10 between 0 and � 150 fs, and by a factor of 100 at
300 fs. The red states do not contribute to this signal, whereas the RC shows strong
crosspeaks through the linker states.

These simulations indicate that the reaction center is clearly visible in the coher-
ent signals and is not masked by the bulk antenna contributions. The predicted
RC-related crosspeaks demonstrate a high degree of organization of the PS-I com-
plex: while the RC is spatially separated from the antenna, the linker exciton states
participating in the RC penetrate into the outer antenna, making exciton transport
to the antenna very robust. This provides RC signatures in 2D signals. Since the
coherences decay within 150 fs, only exciton populations determine the spectra in
Figure 17.12 at later delay time. Hence, the separate analysis of the C signal as
defined in Section 16.5 is not necessary.
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Figure 17.13 B(ω3, t2, ω1) spectrum which targets exciton coherence dynamics [155].

17.2.3
Quantum Transport in PS-II Reaction Center

The secular energy relaxation picture described in previous subsections describes
purely classical energy transfer. This is because in the secular description the quan-
tum coherences of the density matrix in the off-diagonal areas are not mixed with
the rate equation of classical populations – the density matrix diagonal elements.
The density matrix diagonal elements thus grow or decay monotonously. The co-
herences display oscillatory damped motion. The full Redfield equation, however,
mixes all these dynamics as was described in Section 11.10.

Whether quantum effects, stemming from entanglement of chromophores, per-
sist in the energy transport at room temperature, despite the rapid decoherence
effects caused by environment fluctuations in photosynthetic aggregates may be
questioned [79]. Let us study the photosynthetic reaction center of the photosystem
II that is relatively small system but has strong couplings within. Let us consider
how quantum transport may be observed by two-dimensional coherent rephasing
spectroscopy.

We focus on the reaction center (RC) of the photosystem II (PS-II). Its core
consists of two, D1 and D2, branches of pigments: the special pair, PD1 and PD2,
accessory ChlD1 and ChlD2, and pheophytins PheoD1 and PheoD2 (shown in Fig-
ure 17.14a). These together with two additional pigments ChlzD1 and ChlzD2

(which are further away) form the primary excitonic system [145, 146, 156]. For
simplicity we further include only the central four chlorophyll pigments, PD1, PD2

and AccD1, AccD2 which are closely packed in the RC core.
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Figure 17.14 (a) Structure of the RC part of PS-I’s aggregate. Only the core is shown. Blue
dashed lines indicate chlorophylls. (b) Absorption spectrum of the selected region using clas-
sical transport model (dashed line) and the quantum transport model (solid line).

The surrounding proteins cause decoherence and energy relaxation through fluc-
tuating transition energies of pigments which are characterized by the multimode
spectral density similar to the PS-I aggregate described in the previous section. En-
ergy relaxation and transport are usually described by coupling the exciton system
to a phonon bath and deriving equations of motion for the reduced exciton density
matrix �. The Redfield equation for the density matrix reads (see Section 11.2)

P�ab D � i
„

h OHS, �
i

ab
C

X
cd

Kab,cd�cd . (17.9)

The first term represents the free exciton system, and the tetradic relaxation super-
operator K represents dephasing and transport rates. A drawback of this approach
is that it was derived using the second order theory and thus it only works in a lim-
ited parameter regime. It may yield unphysical density matrix: populations may
become negative or diverge [157]. Additional secular approximation stabilizes the
relaxation dynamics. K is then reduced to a population block Ke1 e1,e2 e2 , that yields a
well-behaving classical master equation for populations. Dephasing rates Ke1 e2,e1 e2

erase quantum coherences over the delay time. This level of theory, which have
been used in previous subsections, should be understood as the classical transport

(CT) regime [79].
An alternative Lindblad equation approach has been described in Section 11.7,

where the relaxation superoperator is given by:

K� D
X

α

OL α� OL†
α � 1

2
� OL†

α
OL α � 1

2
OL†

α
OL α� . (17.10)

Here OL α is a set of system operators which represent the coupling of the exciton
system to the environment. Since the Lindblad equation is not limited to the secular
approximation, it can couple populations and coherences in a balanced way so that
the simulated density matrix dynamics is physically reasonable. As the populations
become entangled with the quantum coherences, this transport regime is denoted
as the quantum transport (QT) [79].
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The heuristic approach to parametrize the Lindblad equation can be acceptable,
where for excitons the Lindblad operators are defined using

OL α D
X
mn

uα
mn

OB†
m

OBn . (17.11)

The matrix elements uα
mn are some complex numbers. Now the matrix Zmn,m0n0

D P
α uα�

mn uα
m0n0 � hu�

mn u m0n0i contains the complete information required to
construct the relaxation superoperator.

In the spectroscopy simulations we are dealing with the eigenstate basis so we
have to transform the correlation matrix

Ze4 e3,e2 e1 D
X
mnk l

Zmn,k l cme4 c�
ne3

c�
k e2

c l e1 . (17.12)

In the secular approximation, only autocorrelations are retained. Then Zee0 ,ee0 D
Kee,e0 e0 is the population relaxation rate from state e0 to state e and Zee,ee D
2jKeg,egj � jKee,eej is twice the pure dephasing of the eg coherence. These can be
calculated by using a microscopic bath model from the predefined spectral density
using either Redfield and modified Redfield, or Förster theory. The other elements
of Z matrix need additional assumptions. The general statistics of the correlation
coefficients suggests

Ze4 e3,e2 e1 D p
Ze4 e3,e4 e3 Ze2 e1,e2 e1 cos('e4 e3,e2 e1 ) , (17.13)

where the cosine function can be an arbitrary number between �1 and 1. The
cosines can be related to the exciton spatial overlap factors �ee0 D P

m jcmejjcme0 j.
Hence, only Lindblad operators involving overlapping excitons will be correlated.
In a simple model one can calculate three products of overlap factors, �e4 e3 � �e2 e1 ,
�e4 e2 � �e3 e1 , �e4 e1 � �e3 e2 , and set cos('e4 e3,e2 e1 ) D 1 if the largest product is greater
than a cutoff parameter 0 < η < 1. Otherwise cos('e4 e3,e2 e1 ) D 0. The simula-
tion methods and parameters for calculating the entire relaxation superoperator
are then calculated as described in Section 11.7.

The two-dimensional rephasing spectra using QT and CT simulations for short
(0 ps) and at long (10 ps) t2 delay are compared in Figure 17.15. The signal has
two main diagonal peaks D1 and D2 (blue–negative) corresponding to the excitons
e1 and e2, whose strength depends on their populations �e1 e1 and �e2 e2 . The main
crosspeak C1 is related to population transfer from e2 to e1. The weaker diagonal
peak D3 represents the e3 exciton. The other (yellow – positive) crosspeaks C4–C6
reflect double-exciton resonances. At T2 D 10 ps delay, C1 becomes the strongest
signifying the exciton transfer. The overall spectral pattern of QT and CT is similar
but details (some peaks, spectral linewidths and peak amplitudes) are different.

The QT and CT dynamics is markedly different in the time evolution of diagonal
peaks (D1, D2) and crosspeaks (C1, C2, C3) with t2, as depicted in Figure 17.15b.
QT shows strong oscillations of D1 and D2 lasting for over 600 fs. These reflect
the non equilibrium populations and are correlated to the beating of C2 and C1.
The CT simulations also show rapidly decaying (� 300 fs) oscillations of C1 and
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Figure 17.15 (a) 2D spectrum of the RC with (QT) and without (CT) quantum transport in the
initial moment (T2 D 0) and at the equilibrium in the excited state (T2 D 10 ps); (b) time
evolution of diagonal peaks and crosspeaks using CT and QT models.

C2 (these are related to coherences showing quantum beats), the population peaks
D1 and D2 are nonoscillatory.

Our simulations thus reveal that population relaxation acquires oscillatory com-
ponents due to its coupling with coherence oscillations which are displayed in the
2D spectrum. The corresponding diagonal peaks do not show oscillations in CT.
Oscillatory diagonal peaks are thus a clear signature of QT. This conclusion holds
for the rephasing 2D signal calculated here. The quantum beats of the combined
rephasing and non rephasing signals or of off-diagonal peaks in [62, 118] do not
necessarily imply QT since non rephasing 2D diagonal peaks include stimulated
emission coherences which oscillate even in the CT case.
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18
Single Molecule Spectroscopy

A new spectroscopic method based on the detection of the spectroscopic signals
of single molecules or multichromophore systems bypasses the ambiguities con-
cerning the ensemble averaging and provides direct experimental information for
individual molecules or molecular complexes. Such a spectroscopic method allows
the researchers to resolve effects caused by decoherence of excitation with higher
resolution and also to trace the spectral changes due to environment fluctuations.
The main purpose of this chapter is to present the theoretical basis suitable for the
analysis of observations obtained using the single molecular spectroscopy.

18.1
Historical Overview

Rapid development of new spectroscopic equipment in the mid-1980s has led to the
emerging of novel advanced techniques which have helped to uncover many inter-
esting spectroscopic properties of various chemical compounds. In 1989, the ab-
sorption spectra of single molecules were measured for the first time [158], which
has marked the dawn of an era of single-molecule spectroscopy (SMS). Since then,
SMS has proven to be a valuable tool to inspect the subtle properties of individual
molecules not obscured by the ensemble average. Indeed, traditional spectroscop-
ic methods allow one to measure only some statistically averaged quantities, de-
scribing the whole ensemble as the observable system. In this way, the probability
distribution of these quantities, their dynamic and/or static variations caused by
heterogeneity of the system, as well as fundamental interactions between distinct
molecules and their environment remain undetermined. The ability of SMS mea-
surements to reveal such uncertainties and, therefore, to provide much more new
information has resulted in growing interest in applying SMS techniques not only
to simple fluorophores such as dye molecules [159, 160] or colloidal semiconductor
quantum dots (QDs) [161], but also to complex biophysical systems, such as green
fluorescent proteins [162] or pigment–protein light-harvesting complexes (LHCs)
from plants [163–165] and photosynthetic bacteria [166–170]. In the latter applica-
tions, SMS has been successfully applied in the labeling experiments, when simple
fluorophores are attached to complex macromolecules and provide some valuable

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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information on molecular interactions, reaction kinetics, conformational dynamics
or molecular motion [171, 172].

SMS measurements have also revealed several unexpected properties of single-
molecule systems, for example, spectral diffusion, the phenomenon that occurs
when the absorption frequencies of a molecule change due to some variations of its
local surroundings. Another intriguing effect discovered by the SMS is the so-called
fluorescence intermittency, or blinking. In virtually all fluorescing systems stud-
ied to date at the single-molecule level the measured fluorescence intensity fluctu-
ates rapidly and abruptly despite continuous illumination [173, 174]. The sudden
and uncorrelated fluctuations occur mostly between two well-defined strongly- and
non- or weakly-emitting levels (the corresponding states are commonly referred to
as on and off states, respectively) and usually serve as a simple signature of single
emitters. However, such unpredictable behavior limits the application of simple
fluorophores as fluorescent probes; therefore, much effort has been made in order
to understand the underlying mechanisms responsible for fluorescence blinking
and to find out how it could be controlled or even eliminated.

In the early studies of fluorescence blinking of single molecules in molecular
crystals [175] it was found that the probability of the times the system spent in the
on and off states (on- and off-times) to a great extent can be described by single-
exponential distribution, as predicted by the quantum jump theory of transitions
between singlet and metastable triplet states [176]. Later, the blinking effect with
much longer off-times that could not arise due to intersystem crossing was discov-
ered for various fluorescing systems [174]. In most of these, off-times vary across
almost all experimentally accessible time scales, typically spanning over 4 orders of
magnitude or even from microseconds to several hours in the case of semiconduct-
ing QDs [177]. Moreover, in almost all these very varied systems the dwell times
of both on and off states are not exponentially distributed, but follow an inverse
power-law or its simple modifications, with the exponent m typically lying between
1 and 2 [174]. Despite much research in this field, the explanation for probably one
of the most intriguing riddles of SMS – why such diverse systems of various com-
plexity exhibit very similar blinking statistics leading to the absence of typical time
scale and even to the weak ergodicity breaking [176] – is still under discussion.

In order to resolve (at least partially) this problem, several models describing flu-
orescence blinking in semiconducting QDs have been proposed so far. In these
models the dark state of QD is associated with the photo-ejection of an electron.
According to the so-called trap models [173, 178, 179], it is assumed that the elec-
tron can tunnel through a barrier to a trap located nearby, and the dark period
ends when the trapped electron hops back. Alternatively, power-law blinking statis-
tics naturally arise if one considers one- or two-dimension random walk involving
a first-passage problem. In 2005, Tang and Marcus [180] suggested a diffusion-
controlled electron-transfer model, where a light-induced one-dimensional diffu-
sion in energy space is considered. Additionally, more models of power-law statis-
tics have been proposed, but none of the existing theories can explain all the exper-
imentally observed issues of the blinking phenomenon. Moreover, no or very limit-
ed theoretical background regarding fluorescence blinking in other systems exists.
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Recently, new data on fluorescence intermittency in the single complexes of major
light-harvesting complexes (LHCII) of green plants have been collected [164, 165].
It was found that these complex biomolecular structures exhibit similar blinking
behavior as structurally much simpler fluorescent dyes or QDs. Furthermore, in
contrast to the dyes, in vivo LHCII particles, being subunits of large photosystem
II, perform important physiological functions of very efficient light harvesting as
well as excitation energy transfer and regulation via nonphotochemical quench-
ing (NPQ). Thus, the fluorescence blinking of the single pigment–protein complex
evidently represents the (quantum) electronic transition of the emitting pigment
reflecting its position in the potential configuration of the protein. The latter evi-
dently behaves according to the classical physics laws. So the whole fluorescence
blinking phenomenon tightly relates to the complex quantum/classical dynamics.

18.2
How Photosynthetic Proteins Switch

It is generally accepted that proteins are mobile entities, undergoing a variety of
structural deformations on different time scales. They move in their conforma-
tional landscape probing different conformational sub-states [181]. The simplest
model demonstrating the switching ability via the fluorescence intermittency in
LHCII complexes [165] assumes that the LHCII trimer can be found in two states
depending on the protein structural arrangement: either a bright (on) state, when
the fluorescence signal from the irradiated LHCII trimer is clearly detected, or a
dark (off) state, when the fluorescence is almost switched off. If one projects the
manifold of all rapid molecular vibrations in the LHCII onto a single reaction co-
ordinate x , then the on and off states of the LHCII trimer mentioned above would
correspond to two minima on the configurational potential energy surface of the
protein [182]. Possible transitions between these two states can be attributed to an-
other generalized coordinate y reflecting some specific slow protein conformation-
al change which disturbs the energy balance between different pigments involved
in the light-harvesting and quenching process. To characterize the transition rates
between the two (on and off) states, the potential energy surfaces attributed to each
of them can be separately defined as independent potential wells (see Figure 18.1),
which in the harmonic approximation are given by:

U1(x , y ) D 1
2

λ1x2 C 1
2

γ1 y 2 ,

U2(x , y ) D 1
2

λ2(x � x0)2 C 1
2

γ2(y � y0)2 C U0 , (18.1)

where indices “1” and “2” denote on and off states, respectively; λ i and γi determine
the reorganization energies in the ith potential along the coordinates x and y , re-
spectively; x0 and y0 indicate the equilibrium position of the second potential; and
U0 is the vertical difference between the potential minima. According to this de-
scription, the system resides mainly in the vicinity of the U1 potential well when
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the y values are small, and the transition into the minimum of the U2 potential
well occurs by increasing the y value (when y0 > 0). Since the LHCII trimer can
be found only in one of these two states at any given time, a random walk in the
phase space of the coordinates x and y will lead to a random switching between the
on and off states. The dynamics of these transitions should then resemble the exper-
imentally observed dynamics of fluorescence intermittency [164, 165]. Changes in
the environmental conditions might induce some variation of the potential sur-
face, which will result in a shift of the dynamic equilibrium to either on or off

state.
We can safely assume that transitions between the on and off potential surfaces

occur strictly vertically, meaning that the coordinates x and y do not change during
the transition, as shown in Figure 18.1. The rate of the downward transition from
the point A on the on potential surface to the point B with the same coordinates on
the off potential surface is equal to k1. Similarly, the rate of the downward transition
C ! D from the off to the on potential surface is denoted as k2. In addition,
both relaxation rates should contain the factor exp(�αj∆Uj/(„ω0)) reflecting the
so-called energy gap law [45]. Here ω0 is the dominant frequency responsible for
the transitions between the points on the energy surfaces under consideration,
and α is some function, weakly (logarithmically) dependent on the potential energy
difference j∆Uj between those points, so that we can treat it as some constant
parameter (α Š 1 � 3). The ratio of the upward and downward transition rates
is defined by the detailed balance relationship via the corresponding Boltzmann
factor: k

(up)
i / ki D exp(�j∆Uj/(kB T )), where kB is the Boltzmann constant and T

denotes the temperature.
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Figure 18.1 Potential surfaces of the on and off states in the phase space of the x and y coordi-
nates. k1 and k2 denote the relaxation rates of the on ! off and off ! on transitions, respective-
ly.
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The time-dependent probability density �i (x , y , t) for finding the system at the
point with coordinates x and y at time t, when the system is either in the on (i D 1)
or off (i D 2) potential surface, obeys the following Fokker–Planck [183, 184]

@�i

@t
D �

Di xLx C Di yLy � ki Hi (x , y )
�
�i (x , y , t) , (18.2)

where Di x and Di y are the diffusion coefficients in the ith potential along the x

and y directions, respectively; Lx and Ly are the corresponding diffusion opera-
tors:

Lz�i (x , y , t) D
�

@2

@z2
C 1

kBT

@

@z

@Ui (x , y )
@z

�
�i (x , y , t) ,

i D 1, 2 I z D x , y I (18.3)

and

H1(x , y ) D e�α j∆Uj
„ω0 � min

�
1, e

U1�U2
kB T

�
,

H2(x , y ) D e�α j∆Uj
„ω0 � min

�
1, e

U2�U1
kB T

�
. (18.4)

Assuming that the diffusion along the x coordinate is much faster than along
the y coordinate, the terms determining fast dynamics can be adiabatically elim-
inated from (18.2). In this case the x -dependence of the probability densities ap-
proaches the stationary (Gaussian) distribution exponentially fast, thus integration
of (18.2) yields

@ N�i (y , t)
@t

D @

@t

Z
dx�i D (Di yLy � �i (y )) N�i(y , t) , (18.5)

where

�1(y ) D k1

s
λ1

2πkB T

Z
dxe� 1

2kB T λ1 x2
H1(x , y ) , (18.6)

�2(y ) D k2

s
λ2

2πkB T

Z
dxe� 1

2kB T λ2(x�x0)2
H2(x , y ) . (18.7)

The initial conditions of (18.5) can be chosen as follows. First we define the sta-
tionary solution N�(st)

1 of (18.5) when transition to the off state is inactive. Then, we
multiply the obtained steady-state solution (the Gaussian distribution) by the ef-
fective rate �1(y ) given by (18.6). This function determines the initial distribution
of the population of the off state. Similarly, the initial probability density for the
population of the on state is given by the product N�(st)

2 (y )�2(y ). It is noteworthy that
after substituting expressions for Hi (x , y ) (see (18.4)) and normalizing, both initial
distributions coincide:

N�i (y , t D 0) / N�(st)
i (y )�i(y ) /

Z
dx exp

�
�α

j∆Uj
„ω0

�

� min
�

exp
�

� U1(x , y )
kB T

�
, exp

�
� U2(x , y )

kBT

��
. (18.8)
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Table 18.1 Fitted model parameters.

Model Value Model Value
parameter pH 6 pH 8 parameter pH 6 pH 8

λ D λ2/λ1 0.3 0.2 k�1
1 190 ms 430 ms

γ D γ2/γ1 0.68 0.72 k�1
2 3.6 ms 4.8 ms

x0
p

λ1/(kB T ) 1.0 1.4 (D1y γ1/(kB T ))�1 2.4 s 3.8 s

y0
p

γ1/(kB T ) 8.59 8.57 (D2y γ1/(kB T ))�1 1 s 1.4 s
U0/(kB T ) 0.5 1.5 „ω0/(αkB T ) 0.4 1.0

A more detailed numerical analysis reveals that (18.8) defines a very sharp dis-
tribution with the maximum located near the intersection point y (0) of the one-
dimensional functions U1(x D 0, y ) and U2(x D x0, y ), so that it might be well
approximated as δ(y � y (0)).

Solutions of (18.5) allow us to determine the survival probabilities on the on and
off potential surfaces, Si (t), by integrating N�i (y , t) over the y coordinate:

Si (t) D
Z

dy N�i(y , t) . (18.9)

Finally, the quantity corresponding to the experimentally collected blinking statis-
tics [165] determining the probability Pi (t) that a transition from one state to an-
other occurs within the time interval (tI t C dt), is defined as

Pi (t) D � dSi (t)
dt

, i D 1, 2 . (18.10)

The presented model contains several parameters, which will be used for fit-
ting the experimental data. Upon introducing relative representations of the coor-
dinates determining both potential surfaces, five of these characterize the on and
off potential surfaces (λ D λ2/λ1, γ D γ2/γ1, x0, y0 and U0), while the other three
determine the dynamics of the transitions between the on and off states (k1, k2 and
ω0). All these parameters were varied while fitting the experimental data of blink-
ing statistics at various pH values [165]. We note that the diffusion coefficients Di y

only determine the time scale of the protein conformational changes, so they do
not change the shape of the Pi (t) distributions on the logarithmic scale but on-
ly shift them along the time and probability density axes. From the magnitude of
those shifts the diffusion coefficients were determined. The fitting results for data
collected under two particular conditions of the environment, namely at pH 6 and
pH 8, are demonstrated in Figure 18.2, and the corresponding fitting parameters
are presented in Table 18.1. The latter pH value corresponds to natural physiolog-
ical conditions ensuring strong fluorescence of isolated trimers, while the former
is similar to the one usually observed under NPQ conditions.

It is clear that a description of all the possible conformational changes of the
LHCII trimer using only two generalized coordinates and simple harmonic poten-
tial wells cannot reveal all the subtle details of the dynamic spectral properties of
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Figure 18.2 Experimentally obtained (circles) and simulated (lines) probability densities of the
dwell times in bright (a) and dark (b) states for two different acidity levels of the environment.
For visual clarity, the upper data corresponding to pH 8 were multiplied by a factor of 100.

such a photosynthetic pigment protein. Nevertheless, this simplified model with
properly chosen parameters can very well reproduce the experimentally observed
fluorescence intermittency on the whole experimentally accessible time-scale, as
demonstrated in Figure 18.2. From the obtained model parameters (Table 18.1)
several interesting properties of the potential surfaces of the on and off states can
be outlined. First of all, the potential energy surface of the off state is less steep than
that of the on state, and its minimum is located slightly above the minimum of the
on state. Furthermore, a clear dependence of the parameters on the environmental
acidity is revealed. Under more adverse environmental conditions at a low pH level
the potential surfaces of both on and off states exhibit notable deformations. The
potential well of the off state becomes slightly steeper (along the fast x coordinate),
and its minimum approaches the minimum of the on state, which results in an
increased probability for the system to switch to the dark, nonfluorescing state.

While analyzing the model parameters that determine the transitions between
the on and off states, we first notice that the energy „ω0 of the dominating phonon
mode taking part in the transitions is of the order of the thermal energy kBT .
The lower pH level determines a higher protonation state of the system, which
results in the increased effective mass of the vibrating molecules and, therefore,
an almost twofold drop of the frequency ω0 of their vibrations. The relatively high
value of „ω0 can explain the flattening of the calculated probability densities at
longer dwell times (Figure 18.2), a somewhat different behavior compared to other
existing models dealing with the power-law blinking statistics [173, 183].

An interesting outcome is the notable difference between the diffusion and tran-
sition rates in the on and off states. The rate of the transition from on to off state
is � 50�90 times slower than that of the backward transition. Such a high ratio
of the transition rates in opposite directions reveals why the population of the off

states decreases in time much faster than that of the on states. After the transition
to the dark state the system usually remains in this state for a very short time so
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that the measured fluorescence intermittency should resemble very short blinking
events, rather than short flashes.

A somewhat similar fluorescence blinking behavior was observed in many other
fluorescing complexes, ranging from simple single dye molecules [159, 160, 185]
and semiconductor quantum dots [161, 173, 178, 179, 186, 187], to the diverse range
of more complex fluorescing systems [162, 163, 188]. If the exponential switching
behavior of single dye molecules observed on shorter time scales can be attributed
to the quantum transitions between singlet and metastable triplet states [175, 176],
the power-law blinking statistics observed in various other systems still does not
have a proper explanation. For disordered biological systems the power-law expo-
nents strongly depend on the environmental conditions. The blinking effect ob-
served to take place in single LHCIIs seems to be even more outstanding if one
takes into account the complex internal structure of these units containing more
than 40 distinct pigments, each with its own spectral properties. If the fluores-
cence intermittency were attributed to individual uncoupled chromophores, due
to the stochastic nature of the blinking phenomenon, the averaged signal from all
pigments would almost completely lack any noticeable blinking events. In contrast,
experimental observations of fluorescence blinking support the significance of the
protein scaffold binding all the pigments together and enforcing them to act as a
whole quantum unit. It seems that during evolution the plants ‘have learned’ to
take advantage of the blinking of simple emitters and implemented it at a slight-
ly more macroscopic level, when the protein’s motion and deformation influence
the inter-pigment couplings, molecular fluctuations, and possible pathways for the
excitation energy transfer. As a result, the switching behavior of the LHCIIs has
become their intrinsic property governed by the lability and adaptability of the pro-
tein scaffold. The latter property not only determines the system evolution, but also
manifests itself as system adaptation to the varying environmental conditions, such
as acidity, illumination level, and so on.

Such switching ability between bright and dark states implies that the mecha-
nisms responsible for NPQ should be closely related to the phenomenon of fluo-
rescence intermittency.

18.3
Dichotomous Exciton Model

The fluorescence spectral changes and intensity blinking behavior have also been
observed by the SMS of the peripheral light-harvesting complexes LH2 from photo-
synthetic bacteria [166–168]. To determine possible structural changes of the LH2
complex and the time scale of these changes the experimentally measured spectral
profile must also be associated with the microscopic structural parameters. Since
the B850 antenna ring is arranged by excitonically coupled pigment molecules (bac-
teriochlorophylls), the static disorder of pigment site energies, and the coupling of
the pigment electronic excitations to phonons, which gives rise to the so-called dy-
namic disorder, have to be taken into account explicitly. The fluorescence spectral
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profile of the B850 is known to be sensitive to the structural fluctuations (stat-
ic disorder) and to the dynamic disorder determined by the electronic excitation
interaction with the vibrational modes of the molecules and protein scaffold (see
Chapter 5). Therefore, the experimentally observable differences of the SM spectral
line shape and the peak wavelength should be associated with different realizations
of the static disorder. Transitions between different spectral states occur due to the
changes of the static disorder, which in their turn are induced by the conforma-
tional changes of the protein surrounding of the pigment molecules. The latter
occur either spontaneously or are light-induced due to the nonradiative relaxation
of the absorbed excitation energy. The simplest possible disorder model in which
each pigment can switch between the two states of different electronic excitation
energy already demonstrates the spectral switching behavior of the fluorescence
spectra [169, 170]. Because of this assumption let us consider the B850 band by
describing the exciton energy spectrum using the following Hamiltonian [98]:

H D
NX

nD1

	
ε(0)

n C qn



jnihnj C

NX
n,mD1

Vnmjnihmj C Hph (18.11)

where εn D ε(0)
n C qn is the excitation energy of the nth pigment molecule modu-

lated by the collective coordinate of the thermal bath qn , jni and hnj are the ket and
bra vectors for the excitation to be localized on the nth molecule in the aggregate,
respectively. The matrix element Vnm denotes the resonance interaction between
the nth and the mth pigment molecules. Hph denotes the phonon bath composed
of the intra-molecular and protein vibrations.

Because of slow bath degrees of freedom, q(slow), the excitation energies εn are
stochastic parameters, characterized by their distribution function. For the dichoto-
mous model it consists of two parts: the Gaussian disorder and the dichotomous
protein conformational disorder. We denote the Gaussian disorder as the inho-
mogeneous part. It is characterized by the inhomogeneous distribution function
(IDF), which can be usually represented as a Gaussian function with a mean val-
ue εh (the subscript h denotes the helix binding the pigment, h D α, �) with the
full-width at half-maximum Γ inh:

f inh

	
εinh

n



/ exp

 
� 4 ln(2)

�
εinh

n � εh
�2

(Γ inh)2

!
(18.12)

The dichotomous exciton model assumes that protein fluctuations introduce two
conformational states for each BChl pigment (see Figure 18.3). These states are
characterized by their population probabilities, p j , j D 1, 2. The two conforma-
tional states shift the mean excitation energies of a pigment by C∆E for j D 2 or
�∆E for j D 1. Thus, the total electronic transition energy of each bacteriochloro-
phyll molecule can be expressed as

εn D εinh
n ˙ ∆E , (18.13)

where the case of plus corresponds to dichotomous state j D 2 and the case of
minus to j D 1.
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Figure 18.3 Potential surfaces in the ground-
and excited-states of a BChl molecule from
the B850 ring of the LH2 complex. The poten-
tials are plotted against the conformational
coordinate of the protein surrounding. It is

postulated that each BChl molecule can reside
in either of the two conformational states,
denoted “1” and “2” and the transition rates
between these two states as indicated as k1
and k2, respectively.

The remaining bath degrees of freedom constitute fast fluctuations, q(fast), which
are treated perturbatively. These fluctuations are characterized by a spectral density,
which for the model of uncorrelated fluctuation for different molecules is defined
as

C 00
n,n(ω) D 1

2

1Z
�1

dt exp(iω t)
Dh

q
(fast)
n (t), q

(fast)
n (0)

iE
(18.14)

while the bath average is taken with respect to the equilibrium phonon Hamiltoni-
an Hph.

Transition between the two conformational states occurs due to the thermally in-
duced potential energy barrier crossing, or it can also be light-induced as a result of
dissipation into the surrounding protein scaffold. In the first case, the protein tem-
perature is that of the ambient whereas in the case of the light-induced changes the
protein might be locally heated and/or the characteristic energy barrier separating
the potential energy minima can differ from that of the spontaneous transition.
Therefore, this rate is sensitive to the temperature and is linearly dependent on the
small changes of temperature. In a typical SMS experiment [168] the LH2 com-
plex is excited approximately 107 times per second. More than 90% of the absorbed
photons are dissipated in the protein scaffold and further to the surrounding of
the complex. The calculated temperature change of the complex in such a dynamic
equilibrium is negligible (approximately 10�4 for 6 µW of the excitation power),
which is reached in about 60 ps. If the complex is adiabatically isolated, the ex-
pected temperature increase is � 2 K. Such a temperature increase would not be
associated with a noticeable enhancement of the probability to overcome the energy
barrier. However, the probability of the transition might be enhanced at early times
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after the internal conversion before the thermalization is reached, that is, when
the pigment–protein is heated locally. In this case the frequency of conformational
transitions should be linearly dependent on the excitation intensity as was observed
experimentally. The thermally induced barrier crossing mechanism is also consis-
tent with the observed fast jumps between long-lasting spectrally distinguishable
states. Spontaneous transitions are also taking place as demonstrated experimen-
tally. Thus, the total rate of the transition can be defined phenomenologically as:

ki,n D ks
i C k0

i

X
k

Pk

ˇ̌̌
ck

n

ˇ̌̌2
, (18.15)

where ks
i is the rate of the spontaneous transition and k0

i is the fitting parameter of
the light-induced transition rate, which is assumed to be site independent. ki,n is
defined as the transition rate of the nth pigment in the ring from state “1” to state
“2”. Thus, the second term determines the rate of the light-induced change of the
protein conformation and, therefore, it is proportional to the sum of the contribu-
tions of the excited pigment to the exciton states weighted with the thermodynamic
population of those states. It is also dependent on the frequency of the excitation of
the complex, which is accounted for by k0

i . The rate of spontaneous changes, ks
i , is

determined by the height of the energy barrier separating states “1” and “2”. Tran-
sition rates determined in this way are defined for a particular realization of the
static disorder. However, the barrier crossing is a stochastic process, and it should
be considered when calculating the time-span in a particular conformational state.

As this model takes into account the switching probability that each pigment
molecule in the antenna ring may be in two possible energy states, it reproduces
the bulk fluorescence spectrum with the spectrum of the single LH2 averaged in
time as well as the statistics of the fluorescence peak distribution [169, 170]. It also
explains the fluorescence changes attributing them to conformational motions of
the protein. In general the conformational changes of the protein are represent-
ed as a diffusive motion between the local minima in the multidimensional en-
ergy landscape, therefore, the two-state model should be considered as an evident
simplification. However, it provides an intuitively clear picture of possible protein
motions as attributing the movement of the protein surrounding between the two
equilibrium positions to the potential energy barrier in between. Moreover, it al-
so resembles the two-level model used to describe the hole burning and spectral
diffusion. The exponential kinetics evidently neglecting the details of the spectral
diffusion was assumed to characterize the transition between two states.
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Appendix

A.1
Elements of the Field Theory

In the classical theory of fields several basic concepts are useful for manipulation of
field-related values [190]. We first denote a scalar field φ(r) � φ(x , y , z), which is a
single-valued function of space. A vector field A(r) � x A x (x , y , z)Cy A y (x , y , z)C
zA z (x , y , z) assigns a vector to each space point; A x , A y and A z are scalar fields.
A gradient operation of the scalar field is denoted as

gradφ D @φ
@x

x C @φ
@y

y C @φ
@z

z , (A1)

where x , y and z are the unit vectors of the Cartesian coordinate system. The
gradient of a scalar field is thus the vector field which describes the rate of change
of the field. The variation of the vector field within the space is described by two
types of differential operations. These are the divergence and the curl or rotor of
the vector field

divA D @A x

@x
C @A y

@y
C @A z

@z
. (A2)

This operator describes the source of the field at a given point. The curl or rotor of
the vector field describes the rotary nature of the vector field at a point

curlA D

ˇ̌̌
ˇ̌̌
ˇ

x y z
@

@x
@
@y

@
@z

A x A y A z

ˇ̌̌
ˇ̌̌
ˇ . (A3)

Notice that the divergence creates a scalar field, while the curl creates the vector
field.

These differentiation operations can be easily denoted using the nabla operator

r D x
@

@x
C y

@

@y
C x

@

@z
. (A4)

Molecular Excitation Dynamics and Relaxation, First Edition. L. Valkunas, D. Abramavicius, and T. Mančal.
© 2013 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2013 by WILEY-VCH Verlag GmbH & Co. KGaA.
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We thus have

gradφ D rφ , (A5)

divA D r � A (A6)

and

curlA D r � A . (A7)

Often we face the problem of differentiation of some field products. In that case
the general differentiation rules apply, that is for instance

r � (φA) D (rφ) � A C φ(r � A) , (A8)

r(A � B) D rA(A � B) C rB(A � B) , (A9)

where rA operates only on field A. Slightly more complicated are operations with
the curl:

r � (A � B) D B � (r � A) � A � (r � B) , (A10)

r � (φA) D φ � (r � A) C (rφ) � A , (A11)

r � (A � B) D A(r � B) � B(r � A) C (B � r)A � (A � r)B . (A12)

Some useful relations of the fields operators for electrodynamics are

r � r � A D r(r � A) � (r � r)A . (A13)

Here

(r � r)A � r2 A � ∆A D
�

@2

@x2 C @2

@y 2 C @2

@z2

�
A . (A14)

Operator ∆ D @2/@x2 C @2/@y 2 C @2/@z2 is known as the Laplace operator. Some
identities are

r � (rφ) D 0 , (A15)

r � (r � A) D 0 . (A16)

These operations can be also represented using the Levi-Civita symbol �i j k which
is equal to 1 for cyclic configuration of indices i j k D 123, 312, 231, equal to �1 for
anti-cyclic configuration 132, 321, 213, otherwise at least two indices are equal and
then the Levi-Civita symbol is equal to 0. The vector differential calculus can be
described using the Levi-Civita symbol since

A � B D �i j k e i A j Bk , (A17)

where triple summation over i j k is implied, e1 � x e2 � y e3 � z. Then the curl
operation is

(r � A)i D �i j k e i

@

@e j

A k . (A18)
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A.2
Characteristic Function and Cumulants

In statistics for a stochastic variable x characterized by the probability density p (x )
the moments are averages N. . . (or h. . .i) and are calculated as

Nx n � hx ni D
Z

dx x n p (x ) . (A19)

We define the characteristic function

G(k) D hexp(ikx )i . (A20)

If we expand the exponent we have

G(k) D
X

n

(ik)n

n!
hx ni . (A21)

We can thus observe that the derivatives of the characteristic function generate
moments

hx ni D i�n dn G(k)
dk n

jkD0 . (A22)

We can also define

G(k) D exp(g(k)) (A23)

and use the expansion

g(k) D
X

n

(ik)n

n!
cn . (A24)

cn are denoted as cumulants. Using the derivatives of the characteristic function
the cumulants can be given by superpositions of moments. For instance

c1 D hxi (A25)

c2 D hx2i � hx1i2 (A26)

c3 D hx3i � 3hxihx2i C 2hxi3 (A27)

... (A28)

Let us assume the Gaussian probability density

p (x ) D 1

σ
p

2π
exp

�
� (x � hxi)2

2σ2

�
. (A29)

The characteristic function for these Gaussian statistics can be explicitly calculated

G(k) D exp
�

ihxik � σ2

2
k2

�
. (A30)
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So it turns out that

g(x ) D ihxik � σ2

2
k2 (A31)

and so the cumulant expansion is only up to k2 term. We also get two cumulants:
the mean c1 D hxi and the variance c2 D σ2.

Similar manipulation can be used for a time-ordered set of a stochastic variable
or the stochastic process x (t). In the case of the stationary process the characteristics
of the process do not depend on time explicitly; however, they depend only on the
time differences. We can thus introduce the correlation functions. The characteris-
tic functional

G(k(t)) D
�
exp

�
i
Z

dt k(t)x (t)
��

(A32)

can be defined for an arbitrary real-valued function k(t) [52]. This functional then
generates the correlation functions

δn G(k(t))
δk(t1)δk(t2) . . . δk(tn)

ˇ̌̌
ˇ

k(t )D0
D inhx (t1)x (t2) . . . x (tn)i . (A33)

The functional can then be expanded as

G(k(t)) D 1 C
X

n

in

n!

Z
dt1

Z
dt2 . . .

Z
dtnhx (t1)x (t2) . . . x (tn)i . (A34)

The function x (t) is a random Gaussian process with zero mean when its corre-
lation functions factorize as

hx (t1)x (t2) . . . x (t2lC1)i D 0 , l D 0, 1, 2, . . . (A35)

hx (t1)x (t2) . . . x (t2l )i D
X
pairs

lY
αD1

hx (ti α)x (t j α )i , l D 1, 2, 3, . . . (A36)

where the sum over “pairs” runs over all the different ways in which the 2l indices
can be subdivided into l unordered pairs. For example,

hx (t1)x (t2)x (t3)x (t4)i D hx (t1)x (t2)ihx (t3)x (t4)i
C hx (t1)x (t3)ihx (t2)x (t4)i C hx (t1)x (t4)ihx (t2)x (t3)i . (A37)

For the characteristic function this yields

G(k(t)) D exp
�

� 1
2

Z
dt2

Z
dt1 k(t2)hx (t2)x (t1)ik(t1)

�
. (A38)

The Gaussian stochastic trajectory is, therefore, fully characterized by the two-point
correlation functions.
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A.3
Weyl Formula

Suppose that we have operators OA and OB and their commutator [ OA, OB] D c is a
number. Then the commutator

[ OA, exp(α OB)] D
X

n

αn

n!
[ OA, OB n ] . (A39)

Now

[ OA, OB n ] D OA OB n � OB n OA D (c C OB OA) OB n�1 � OB n OA D . . . D nc OB n�1 . (A40)

This yields

[ OA, exp(α OB)] D αc exp(α OB) . (A41)

By using these expressions we can write

exp(�α OB)[ OA, exp(α OB)] D αc exp(�α OB) exp(α OB) (A42)

or

exp(�α OB) OA exp(α OB) D OA C αc . (A43)

We next denote

f (x ) D exp( OAx ) exp( OBx ) , (A44)

where x is a number, and OA and OB are any operators. Differentiation of f leads to

d
dx

f (x ) D f (x ) exp(� OBx ) OA exp( OBx ) C f (x ) OB
D f (x )( OA C OB C x c) . (A45)

Putting OA C OB D OZ gives the differential equation

f 0(x ) � f (x ) � ( OZ C x c) D 0 , (A46)

the solution of which is given by

f (x ) D exp
�

OZ x C c
x2

2

�
(A47)

or taking x D 1 we get the Weyl formula

exp( OA) exp( OB) D exp( OA C OB) exp
�

1
2

[ OA, OB]
�

. (A48)
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A.4
Thermodynamic Potentials and the Partition Function

The energy and entropy of an isolated system can be characterized by thermody-
namic potentials. The natural parameters of the system in this case are the internal
energy U , the entropy S , the volume V and the number of particles N . They com-
pletely define the state of the system, so if we take a function

U D U(S, V, N ) (A49)

then

dU D @U

@S
jV,N dS C @U

@V

ˇ̌̌
ˇ

S,N
dV C @U

@N

ˇ̌̌
ˇ

S,V
dN (A50)

where

@U

@S

ˇ̌̌
ˇ
V,N

D T ,
@U

@V
jS,N D �p ,

@U

@N
jS,V D µ . (A51)

T determines the temperature, p is a pressure, µ defines the chemical potential.
We can similarly write

dS D 1
T

dU C p

T
dV � µ

T
dN , (A52)

where

@S

@U

ˇ̌̌
ˇ
V,N

D 1
T

@S

@V

ˇ̌̌
ˇ
U,N

D p

T

@S

@N

ˇ̌̌
ˇ
V,U

D � µ
T

. (A53)

Additional set of thermodynamic potentials can be easily created as superposi-
tions of the other potentials. Thus, the free energy is given by

F D U � T S D �p V C µN . (A54)

The free energy is a function of T, V, N . The enthalpy

H D U C p V (A55)

is a function of S, p , N . The Gibbs free energy

G D U � T S C p V (A56)

is a function of T, p , N . The grand thermodynamic potential

Φ D F � µN (A57)

is considered as a function of T, V, µ. Maxwell relations are derived from the re-
lations between the second order partial derivatives of the potentials. These are
described in any textbook of thermodynamics, see, for instance, [37].

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. a01 — 2013/6/3 — page 421 — le-tex

�

�

�

�

�

�

A.5 Fourier Transformation 421

Thermodynamic potentials are tightly related with the partition functions. The
canonical ensemble describes a closed system. The partition function of the canon-
ical ensemble directly leads to the free energy

F D �kBT ln Z . (A58)

Other properties follow from thermodynamic relations. For instance, the internal
energy

U D � @ ln Z

@[1/(kB T )]
, (A59)

and the entropy

S D @

@T
(kBT ln Z ) . (A60)

The grand canonical ensemble describes the open system and its partition func-
tion directly provides the grand potential

Φ D �kBT ln Zg . (A61)

Thermodynamic properties of the open system can thus be described using the
partition function through thermodynamic relations.

A.5
Fourier Transformation

The symmetric integral form of the Fourier transformation is defined as follows

Qf (λ) D
1Z

�1

f (x )e�2πiλx dx (A62)

and the similar expression is given for the inverse transformation

f (x ) D
1Z

�1

Qf (λ)e2πiλx dλ . (A63)

In mathematics all variables, x and λ, are dimensionless. However, in a physical
context we always add dimensional meaning to the quantities: if x is time in sec-
onds, then λ is the frequency in Hertz, or if x is coordinate in meters, then λ relates
to wavenumbers.

The following symmetry identities follow from definitions given by (A62) and
(A63):

f (x ) D δ(x ) I Qf (λ) D 1 (A64)
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f (x ) D 1 I Qf (λ) D δ(λ) , (A65)
1Z

�1

e˙2πiy x dx D δ(y ) . (A66)

In realistic applications it is necessary to use the sampling theorem, which states
that for a function of frequency defined from �Λ/2 to Λ/2 and sampled by N

points with resolution dλ D Λ/N , the original function of time should be sampled
at intervals dx D Λ�1. The number of points N must be the same in the original
and in the transformed function. Thus, the length of time trajectory X D N Λ�1

gives frequency resolution dλ D Λ/N . If these conditions are satisfied, the numer-
ical representation of relations, given by (A64) and (A66), is automatically satisfied.
This gives dimensionless relationship:

dxdλ D 1
N

. (A67)

In physical applications it is more convenient to use the cyclic frequency

ω D 2πλ t (A68)

as a conjugate time variable, and a wavevector

k D 2πλx (A69)

as a conjugate coordinate variable. Also, due to wave properties of the electromag-
netic field we will use the following form of time-space transformations and we
skip overbars; instead we explicitly denote the argument:

f (k, ω) D
1Z

�1

f (x , t)e�ik xCiω tdxdt (A70)

and

f (x , t) D
1Z

�1

dk

2π

1Z
�1

dω
2π

f (k, ω)eik x�iω t . (A71)

or equivalently we use transformation for time or coordinate only. For the cyclic
values we have nonsymmetric relations

f (t) D δ(t) I f (ω) D 1 , (A72)

f (t) D 1 I f (ω) D 2πδ(ω) , (A73)

which gives

1Z
�1

dxe˙ix y D 2πδ(y ) . (A74)
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In quantum mechanics the momentum-wavevector relation p D „k implies
that the momentum can be used as a conjugate variable to a coordinate in the
Fourier transform meaning. In the momentum integration it is useful to invoke
the interval defined

dp

2π„ (A75)

which has a dimension of inverse coordinate. Thus, dx � dp/(2π„) is a dimension-
less quantity.

A.6
Born Rule

Here we show that jhψjakij2 is the probability for the system to be observed in the
state jaki. Let us have an operator OF (N )

i which gives us the frequency ν(N )
i of the

occurrence of the state jaii among the states constructed out of the eigenstates jaii
of an ensemble of N identical systems. We first construct the following vectorˇ̌̌

Φ (N )
k

E
D

�
F (N )

k
� jhψjakij2

�
jΨ (N )i . (A76)

The vector jΨ i is an eigenvector of Fk with the eigenvalue jhψjakij2 if

lim
N!1

D
Φ (N )

k

ˇ̌̌
Φ (N )

k

E
D 0 . (A77)

This is not difficult to show. First we write out the scalar product hΦ (N )
k

jΦ (N )
k

i
explicitlyD

Φ (N )
k

ˇ̌̌
Φ (N )

k

E
D I

(N )
1 � 2I

(N )
2 C jhψjakij4 , (A78)

where

I
(N )
1 D hΨ (N )jF (N )

k
F (N )

k
jΨ (N )i ,

I
(N )
2 D jhψjakij2 Re hΨ (N )jF (N )

k jΨ (N )i . (A79)

We start with evaluation of the term I
(N )
2 . First, using (6.83) and (6.84), we write it

as

I
(N )
2 D 1

N

X
α

X
i1,i2,...,iN

δk iα jhψjai1i1j2 . . . jhψjaiN
iN j2 . (A80)

For each α value we obtain

1
N

X
i1,i2,...,iN

δk iα jhψjai1i1j2 . . . jhψjaiN
iN j2 D jhψjakij2

N
, (A81)
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where the fact that
P

i jaiihai j represents a unity operator is taken into account.
This summation can be done for all systems in the ensemble, except of the one
with index equal to a given α. The term I

(N )
2 comprises N of such terms and con-

sequently

I
(N )
2 D jhψjakij4 . (A82)

The term I
(N )
1 can be calculated in an analogical manner. We can write it as

I
(N )
1 D 1

N 2

X
α�

X
i1,i2,...,iN

δk iα δk i� jhψjai1i1j2 . . . jhψjaiN
iN j2 . (A83)

We have N cases where α D � and it allows us to evaluate jhψjakij2/N , and
N(N � 1) terms where α ¤ �, thus, providing the following result: jhψjakij4/N 2.
In total we get

I
(N )
1 D 1

N
jhψjakij2 C

�
1 � 1

N

�
jhψjakij4 . (A84)

Inserting (A82) and (A84) into (A78) we obtain

lim
N!1

D
Φ (N )

k

ˇ̌̌
Φ (N )

k

E
D 1

N

�jhψjakij2 C jhψjakij4� D 0 , (A85)

and any vector jΨ i is therefore an eigenvector of the operator Fk with the corre-
sponding eigenvalue jhψjakij2.

A.7
Green’s Function of a Harmonic Oscillator

The equation for a driven harmonic oscillator is

Rx C ω2
0x D f (t) . (A86)

We make a Fourier transform and get the solution

x (ω) D � f (ω)
ω2 � ω2

0
. (A87)

The inverse Fourier transform will be also performed. First we rewrite

1
ω2 � ω2

0
D 1

2ω0

�
1

ω � ω0
� 1

ω C ω0

�
. (A88)

Then we can write a convolution expression

x (t) D
1Z
0

dt0G(t � t0) f (t0) , (A89)
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where

G(τ) D
1Z

�1

� 1
2ω0

Z
dω
2π

e�iωτ
�

1
ω � ω0

� 1
ω C ω0

�
(A90)

is called a Green’s function. For calculation of the integral over the frequency we
apply the Cauchy integration formula. However, we want to construct a causal
function that reflects f (t) causal relation to the x (t). We should then have t0 < t

in (A90). Specific selection of the integration contour and poles give the following.
For poles we have to check the exponent exp(�iωτ) at τ > 0; if we take the complex
frequency ω D ˙ω C iη with η ! C0, the exponent exp(�iωτ C ητ) diverges for
positive τ. When we take ω D ˙ω0 � iη, the exponent exp(�iω0τ � ητ) decays
with τ > 0. So the poles must be taken at the lower complex half plane and this will
ensure that G(τ) is nonzero only for positive times. The integration then yields:

G(τ) D � θ (τ)
ω0

sin(ω0τ) . (A91)

To emphasize the complex nature of the causal Green’s function in the frequency
domain we write

G(ω) D � lim
η!0

1
2ω0

�
1

ω � ω0 C iη
� 1

ω C ω0 C iη

�
(A92)

or

Gx (ω) D � lim
η!0

1
ω2 � ω2

0 C iωη
. (A93)

Here we rescaled 2η ! η as it approaches zero.

A.8
Cumulant Expansion in Quantum Mechanics

The wavefunction propagator for a time-dependent Hamiltonian in quantum me-
chanics is given by:

OU(t) D expC

0
@�i

tZ
0

dτ OH (τ)

1
A . (A94)

It is reminiscent of the characteristic functional, and thus, we can apply the cu-
mulant expansion. When the time-dependence is due to Gaussian fluctuations of
energy values (the adiabatic approximation) in the eigenstate basis we have

haj OU(t)jai D expC

0
@�i

tZ
0

dτεa(τ)

1
A . (A95)
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for the state jai. The propagator is given by series of the expansion and its statistical
averaging gives

h OUaa(t)i D e�iεa t

*
1 � i

tZ
0

dτ Qεa(τ) �
tZ

0

dτ2

τ2Z
0

dτ1 Qεa(τ2) Qεa(τ1) C . . .

+
.

(A96)

The mean value of the fluctuation has been included into εa , and Qεa is a zero-mean
Gaussian fluctuation. The first integral vanishes as averaging is performed. Taking
the cumulant expansion we find the exact expression

h OUaa(t)i D e�iεa t�gaa(t ) , (A97)

where

gaa(t) D
tZ

0

dτ2

τ2Z
0

dτ1hQεa(τ2) Qεa(τ1)i (A98)

is a linear transformation of the correlation function and it is denoted as the line-
shape function. Here we use two indices for the lineshape function. Sometimes we
use four indices for the lineshape function. That form correlates two elements of a
general fluctuating hamiltonian matrix. For instance

gab,cd(t) D
tZ

0

dτ2

τ2Z
0

dτ1h Qhab(τ2) Qhcd(τ1)i (A99)

and gaa,bb(t) � gab(t).
Some useful properties related to the lineshape functions are

gaa(0) D 0 , (A100)

bZ
a

dτ2

dZ
c

dτ1Cab(τ2 � τ1) D gab(a � d)� gab(a � c)� gab(b � d)C gab(b � c) ,

(A101)

which become apparent by considering the geometry of triangular integration ar-
eas; moreover

tZ
0

dτCab(τ) D Pgab(t) , (A102)

Cab(t) D Rgab(t) , (A103)
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as well as

gab(t) D g�
ba(�t) . (A104)

As the correlation function is defined using the spectral density C 00(ω), the line-
shape function can be conveniently expressed using the Fourier transform of the
correlation function

g(t) D
1Z

�1

dω
2π

C(ω)
ω2 (1 � e�iω t � iω t) , (A105)

or using the spectral density

g(t) D
1Z

�1

dω
2π

C 00(ω)
ω2

	
1 C coth

�
�ω
2

�
 �
1 � e�iω t � iω t

�
. (A106)

A.8.1
Application to the Double Slit Experiment

The recipe described above applies to the dephasing. Let us consider (6.34). We
expand the exponential and evaluate individual terms

hη1jη2i � 1 � i
„

tZ
0

dτhη0j OU†
1 (τ)∆� OU1(τ)jη0i

� 1
„2

tZ
0

dτ

τZ
0

dτ0hη0j OU†
1 (τ)∆� OU1(τ � τ0)∆� OU1(τ0)jη0i C . . .

(A107)

We will make an assumption that hη1j∆� jη1i D 0, which can always be enforced
by redefinition, ∆� ! ∆� � hη1j∆� jη1i, when it not satisfied. The first nonzero
term is, therefore, the one of the second order. We define functions

C(τ, τ0) D hη0jU†
1 (τ)∆� U1(τ � τ0)∆� U1(τ0)jη0i , (A108)

and

g(t) D 1
„2

tZ
0

dτ

τZ
0

dτ0C(τ, τ0) . (A109)

In terms of the cumulant expression the overlap can be written as an exponential

hη1jη2i D e�g(t ) . (A110)

This expression is exact if the bath effect is Gaussian.
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A.8.2
Application to Linear Optical Response

The linear optical response is given by the correlation function of the dipole opera-
tor

C (2)(t) D TrBf Oµ(t) Oµ(0)W(0)g . (A111)

Here W(0) is the full density matrix at zero time. The dipole operator can be easily
obtained if we take system eigenstate basis, and assume that the bath adds diagonal
fluctuations to the system energies. The dipole operator in the presence of the bath
is then

Oµ(t) D ei OH t Oµe�i OH t

D
X
ab

µabeiωab t jaihbj expC

0
@�i

0Z
t

dτεa(τ) � i

tZ
0

dτεb(τ)

1
A . (A112)

For the density matrix we assume the canonical distribution in the observable sys-
tem and bath subsystems. We use the cumulant expansion by assuming that the
bath is arranged by a set of harmonic oscillators and thus the fluctuations are Gaus-
sian. The correlation function is then given by cumulant expansion

C (2)(t) D
X
ab

µab µba

Z
e��εa e�iωba t

TrB

8<
:expC

0
@�i

0Z
t

dτεa(τ) � i

tZ
0

dτεb(τ)

1
A �B

9=
; . (A113)

The exponent denotes the expansion

expC

0
@�i

0Z
t

dτεa(τ) � i

tZ
0

dτεb(τ)

1
A D 1 � i

0Z
t

dτεa(τ) � i

tZ
0

dτεb(τ)

�
0Z

t

dτ2

τ2Z
t

dτ1εa (τ2)εa(τ1) �
tZ

0

dτ1

t1Z
0

dτ2εb(τ2)εb(τ1)

� i

0Z
t

dτ1

tZ
0

dτ2εa(τ1)εb(τ2) C . . .

(A114)

Taking the statistical average yields*
expC

0
@�i

0Z
t

dτεa(τ) � i

tZ
0

dτεb(τ)

1
A+

D 1 � gaa(�t) � gbb(t) � gab(t) � gab(�t) . (A115)
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For the correlation function we then have

C (2)(t) D
X
ab

µab µba

Z
e��εa exp(�iωba t � g�

aa(t) � gbb(t) � gab(t) � g�
ba(t)) ,

(A116)

where

Z D
X

a

e��εa (A117)

and is the partition function and � D (kBT )�1.

A.8.3
Application to Third Order Nonlinear Response

The third order optical response is given by the correlation function of the dipole
operator

C (4)(t4, t3, t2, t1) D TrBf Oµ(t4) Oµ(t3) Oµ(t2) Oµ(t1)W(0)g . (A118)

It is mathematically more involved than the two-point correlation function of the
previous subsection, but it is straightforward to proceed with the cumulant expan-
sion. The result is given in a following form:

C (4)(t4, t3, t2, t1) D
X
abcd

µad µd c µ cb µba

Z
e��εa

� exp(�iωd a t43 � iω ca t32 � iωba t21

C f d cba(t4, t3, t2, t1)) , (A119)

where ti j D ti � t j . To calculate f d cba we have to consider the propagator

expC

0
@�i

t4Z
t3

dτεd (τ) � i

t3Z
t2

dτε c(τ) � i

t2Z
t1

dτεb(τ) � i

t1Z
t4

dτεa(τ)

1
A . (A120)

The cumulant expansion finally gives

f d cba(t4, t3, t2, t1) D �gd d(t43) � gcc(t32) � gbb(t21) � gaa(t14)

C gd c(t32) C gd c(t43) � gd c(t42)

� gd b(t32) C gd b(t31) C gd b(t42) � gd b(t41)

� gd a(t31) C gd a(t34) C gd a(t41)

C gcb(t21) C gcb(t32) � gcb(t31)

� gca(t21) C gca(t24) C gca(t31) � gca(t34)

C gba(t14) C gba(t21) � gba(t24) . (A121)

This expression again holds for the adiabatic regime when observable states do
change their states due to bath fluctuations.
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A.9
Matching the Heterodyned FWM Signal with the Pump-Probe

Imagine two experiments: one in which we excite our system with three pulses
coming from three directions k1, k2 and kpr, and one in which the first two pulses
merge into one, coming from the direction kpu � k1. The first and the second
pulse comes at exactly the same time, while the last pulse comes with a given
delay time T . The former of the two measurements gives us a background-free
signal field Es(t) into the direction �k1 C k2 C kpr (and to many other directions),
while the latter one results in exactly the same signal, but going into the direction
�kpu C kpu C kpr D kpr. The latter scheme clearly represents the pump probe
measurement, and it enables us to determine the differential intensity

∆ Ipp � Re
�

Es(t)E�
pr(t)

�
. (A122)

In the former situation we can use heterodyne detection and we obtain a similar
result

∆ ILO � Re
�
Es(t)E�

LO(t)
�

, (A123)

which only differs by an arbitrary phase of the local oscillator.
Let us assume the three involved fields have phases φs, φpr and φLO so that we

can write

Es(t) D Es(t)e�iΩ tCiφs , Epr(t) D Epr(t)e�iΩ tCiφpr . (A124)

ELO(t) D ELO(t C t4)e�iΩ (tCt4)CiφLO . (A125)

The local oscillator comes usually from the same source as all other pulses, and
their envelopes are, therefore, the same, that is ELO(t) D Epr(t). We assume all
pulses to have a central frequency Ω and the local oscillator is sent prior to all
other pulses. The delay between the last pulse of the sequence, which is the probe
pulse, will be denoted t4. The two differential intensities then read:

∆ Ipp � Re
�Es(t)Epr(t)ei(φs�φpr)

�
, (A126)

∆ ILO � Re
�Es(t)ELO(t C t4)ei(φs�φLO)CiΩ t4

�
(A127)

The measurement can be performed equally well in frequency domain, that is by
first dispersing the signal according to the frequency and then looking at the inten-
sity at each frequency:

∆ Ipp(ω) � Re
�Es(ω)Epr(ω)ei(φs�φpr)

�
, (A128)

∆ ILO(ω) � Re
�Es(ω)ELO(ω)ei(φs�φLO)�i(ω�Ω )t4

�
, (A129)

where argument ω denotes the Fourier transform of the corresponding real en-
velops. A quick look at (A129) shows us that ∆ ILO(ω) is modulated by the factor
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eiω t4 , and correspondingly as a function of ω it oscillates with frequency t4. The
frequency of this oscillation is therefore given by the delay t4 which is set experi-
mentally.

Now we can use a numerical trick which will enable us to compensate for the
arbitrary phase change between (A128) and (A129). We will Fourier transform the
differential absorption measured with the local oscillator:

∆ ILO(t) D 1
2π

1Z
�1

dω∆ ILO(ω)e�iω t . (A130)

Because ∆ ILO(ω) is a real function, its Fourier transform is symmetric, that
is ∆ ILO(�t) D ∆ ILO(t). Setting the negative time part of the function to ze-
ro, and Fourier transforming the function back to frequency domain we ob-
tain a complex function, which should correspond to the function ∆ I 0

LO(ω) D
QEs(ω) QELO(ω)ei(φs�φLO)�i(ω�Ω )t4 of which we measured the real part:

∆ I 0
LO(ω) D 2

1Z
�1

dtΘ (t)∆ ILO(ω)eiω t , (A131)

The last step of the procedure is to multiply ∆ I 0
LO(ω) by a phase factor ei∆φ such

that

Re
�
∆ I 0

LO(ω)ei∆φ� D ∆ Ipp(ω) . (A132)

In theory we can easily see that

∆φ D �φpr C φLO C (ω � Ω )t4 , (A133)

but experimentally, the only way to determine the phase is by fitting. It is important
to realize that if we would not have set a delay between the local oscillator and the
signal, and if we were extremely unlucky in setting our local oscillator phase, we
could have had it such that ∆ ILO � 0. With a considerably long delay t4, any value
of φs � φLO is allowed, and any value can be compensated by fitting. It is, therefore,
these “artificial” oscillations on ∆ ILO caused by the delay t4 which enable us to
recover the signal phase.

This phasing procedure is of extreme importance for the two-dimensional coher-
ent spectroscopy that is introduced in Chapter 16. There the phase of the spectrum
in the experiment is adjusted by comparison with the pump probe spectrum just
as described here. However, this is not necessary in simulations where the signals
are given by response functions.

A.10
Response Functions of an Excitonic System with Diagonal and Off-Diagonal
Fluctuations in the Secular Limit

Here we present the third order response function expression written in terms of
resonant Liouville space pathways (or Feynman diagrams, shown in Figure 15.4).
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We break the response function into the following contributions: induced absorp-
tion (IA), stimulated emission (SE) and ground state bleach (GSB). Additionally,
we distinguish terms with the population (p ) in the second interval t2 or the coher-
ence (c), and the population can be transferred from e to e0 – such diagrams are
indicated by prime.

The rephasing response function is given by the following seven terms:

S IAp D �
X

e

X
f

Gee(t2)
˝jµ egj2jµ e f j2˛

� exp
�
iω eg t1 � iω f e t3

C conj
��g�

ee(t2) � g�
f f (t3) � gee(t1 C t2 C t3)

� g�
e f (t2 C t3) C g�

e f (t2) C g�
e f (t3)

� gee(t1) C g�
ee(t2 C t3) C gee(t1 C t2) � g�

ee(t3)

� ge f (t1 C t2) C g�
e f (t3) C ge f (t1 C t2 C t3)

��
(A134)

S IA0
p D �

X
e0¤e

X
f

˝
µ e0 µ e0 f µ e f µ e

˛
� exp

�
iω eg t1 � iω e0 e t2 � iω f e t3

C conj
��g�

e0 e0 (t2) � g�
f f (t3) � gee(t1 C t2 C t3)

� g�
e0 f (t2 C t3) C g�

e0 f (t2) C g�
e0 f (t3)

� ge0 e(t1) C g�
e0 e(t2 C t3) C ge0 e(t1 C t2) � g�

e0 e(t3)

� ge f (t1 C t2) C g�
e f (t3) C ge f (t1 C t2 C t3)

��
(A135)

S IAc D �
X
e0¤e

X
f

˝
µ e0 µ e0 f µ e f µ e

˛
� exp

�
iω eg t1 � iω e0 e t2 � iω f e t3

C conj
��g�

e0 e0 (t2) � g�
f f (t3) � gee(t1 C t2 C t3)

� g�
e0 f (t2 C t3) C g�

e0 f (t2) C g�
e0 f (t3)

� ge0 e(t1) C g�
e0 e(t2 C t3) C ge0 e(t1 C t2) � g�

e0 e(t3)

� ge f (t1 C t2) C g�
e f (t3) C ge f (t1 C t2 C t3)

��
(A136)

SSEc D
X
e¤e0

˝jµ ej2jµ e0 j2˛
� exp

�
iω eg t1 C iω ee0 t2 � iω e0 t3

� g�
ee(t1 C t2) � ge0 e0 (t2 C t3)

� g�
ee0 (t1) C g�

ee0 (t1 C t2 C t3) C gee0 (t2) � g�
ee0 (t3)

�
(A137)
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The nonrephasing response function is a sum of
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Finally the double-quantum coherence response function is given by
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Luke, V., Hauer, J., Kauffmann, H.F.,
and Sperling, J. (2010) Vibrational wave
packet induced oscillations in two-
dimensional electronic spectra. I. Ex-
periments. J. Chem. Phys., 132, 184514.

154 Voronine, D.V., Abramavicius, D., and
Mukamel, S. (2008) Chirality-based sig-
natures of local protein environments of
photosynthetic complexes of green sul-
fur bacteria. simulation study. Biophys.

J., 95, 4896–4907.
155 Abramavicius, D. and Mukamel, S.

(2009) Exciton delocalization and trans-
port in photosystem I of cyanobacteria
synechococcus elongates: Simulation
study of coherent two-dimensional opti-
cal signals. J. Phys. Chem. B, 113, 6097–
6108.

156 Raszweski, G., Saenger, W., and
Renger, T. (2005) Theory of optical spec-
tra of photosystem II reaction centers:
Location of the triplet state and the
identity of the primary electron donor.
Biophys. J., 88, 986–998.

157 Palmieri, B., Abramavicius, D., and
Mukamel, S. (2009) Lindblad equations
for strongly coupled populations and co-
herences in photosynthetic complexes.
J. Chem. Phys., 130, 204512.

158 Moerner, W.E. and Kador, L. (1989) Opti-
cal detection and spectroscopy of single
molecules in a solid. Phys. Rev. Lett.,
62(21), 2535–2538.

159 Ambrose, W.P., Goodwin, P.M., Mar-
tin, J.C., and Keller, R.A. (1994) Single-
molecule detection and photochemistry

on a surface using near-field optical-
excitation. Phys. Rev. Lett., 72(1), 160–
163.

160 Xie, X.S. and Dunn, R.C. (1994) Prob-
ing single-molecule dynamics. Science,
265(5170), 361–364.

161 Nirmal, M., Dabbousi, B.O., Bawen-
di, M.G., Macklin, J.J., Trautman, J.K.,
Harris, T.D., and Brus, L.E. (1996) Flu-
orescence intermittency in single cad-
mium selenide nanocrystals. Nature,
383(6603), 802–804.

162 Dickson, R.M., Cubitt, A.B., Tsien, R.Y.,
and Moerner, W.E. (1997) On/off blink-
ing and switching behaviour of single
molecules of green fluorescent protein.
Nature, 388(6640), 355–358.

163 Bopp, M.A., Jia, Y.W., Li, L.Q.,
Cogdell, R.J., and Hochstrasser, R.M.
(1997) Fluorescence and photobleach-
ing dynamics of single light-harvesting
complexes. Proc. Natl. Acad. Sci. USA,
94(20), 10630–10635.

164 Krüger, T.P.J., Ilioaia, C., and van Gron-
delle, R. (2011) Fluorescence inter-
mittency from the main plant light-
harvesting complex: Resolving shifts
between intensity levels. J. Phys. Chem.

B, 115(18), 5071–5082.
165 Krüger, T.P.J., Ilioaia, C., Valkunas, L.,

and van Grondelle, R. (2011) Fluores-
cence intermittency from the main plant
light-harvesting complex: Sensitivity to
the local environment. J. Phys. Chem. B,
115(18), 5083–5095.

166 van Oijen, A.M., Ketelaars, M., Köh-
ler, J., Aartsma, T.J., and Schmidt, J.
(2000) Spectroscopy of individual light-
harvesting 2 complexes of Rhodopseu-

domonas acidophila: Diagonal disorder,
intercomplex heterogeneity, spectral dif-
fusion and energy transfer in B800 band.
Biophys. J., 78, 1570–1577.

167 Hofmann, C., Aartsma, T.J., Michel, H.,
and Köhler, J (2003) Direct observation
of tiers in the energy landscape of a chro-
moprotein: A single-molecule study.
Proc. Natl. Acad. Sci. USA, 100(26),
15534–15538.

168 Rutkauskas, D., Novoderezhkin, V.,
Cogdell, R.J., and van Grondelle, R.
(2004) Fluorescence spectral fluctua-
tions of single LH2 complexes from

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
Chap. b01 — 2013/6/3 — page 445 — le-tex

�

�

�

�

�

�

References 445

Rhodopseudomonas acidophila strain
10050. Biochemistry, 43(15), 4431–4438,
PMID: 15078088.

169 Valkunas, L., Janusonis, J.,
Rutkauskas, D., and van Grondelle, R.
(2007) Protein dynamics revealed in the
excitonic spectra of single LH2 complex-
es. J. Lumin., 127(1), 269–275.

170 Janusonis, J., Valkunas, R.L.,
Rutkauskas, D., and van Grondelle, R.
(2008) Spectral dynamics of individual
bacterial light-harvesting complexes: al-
ternative disorder model. Biophys. J., 94,
1348–1358.

171 Weiss, S. (1999) Fluorescence spec-
troscopy of single biomolecules. Science,
283(5408), 1676–1683.

172 Joo, C., Balci, H., Ishitsuka, Y., Bu-
ranachai, C., and Ha, T. (2008) Advances
in single-molecule fluorescence meth-
ods for molecular biology. Ann. Rev.

Biochem., 77(1), 51–76.
173 Kuno, M., Fromm, D.P., Johnson, S.T.,

Gallagher, A., and Nesbitt, D.J. (2003)
Modeling distributed kinetics in isolated
semiconductor quantum dots. Phys. Rev.

B, 67(12), 125304.
174 Cichos, F., von Borczyskowski, C., and

Orrit, M. (2007) Power-law intermitten-
cy of single emitters. Curr. Opin. Colloid

Interface Sci., 12(6), 272–284.
175 Basche, T., Kummer, S., and Brauchle, C.

(1995) Direct spectroscopic observation
of quantum jumps of a single-molecule.
Nature, 373(6510), 132–134.

176 Stefani, F.D., Hoogenboom, J.P., and
Barkai, E. (2009) Beyond quantum
jumps: Blinking nanoscale light emit-
ters. Phys. Today, 62(2), 34–39.

177 Chung, I. and Moungi Bawendi, G.
(2004) Relationship between single
quantum-dot intermittency and fluores-
cence intensity decays from collections
of dots. Phys. Rev. B, 70, 165304.

178 Kuno, M., Fromm, D.P., Hamann, H.F.,
Gallagher, A., and Nesbitt, D.J. (2000)
Nonexponential “blinking” kinetics of
single cdse quantum dots: A univer-
sal power law behavior. J. Chem. Phys.,
112(7), 3117–3120.

179 Verberk, R., van Oijen, A.M., and Or-
rit, M. (2002) Simple model for the
power-law blinking of single semicon-
ductor nanocrystals. Phys. Rev. B, 66(23),
233202.

180 Tang, J. and Marcus, R.A. (2005)
Diffusion-controlled electron transfer
processes and power-law statistics of
fluorescence intermittency of nanoparti-
cles. Phys. Rev. Lett., 95, 107401.

181 Frauenfelder, H., Sligar, S.G., and
P.Wolynes, G. (1991) The energy land-
scapes and motions of proteins. Science,
254, 1598–1603.

182 Valkunas, L., Chmeliov, J., Krüger, T.P.J.,
Ilioaia, C., and van Grondelle, R. (2012)
How photosynthetic proteins switch. J.

Phys. Chem. Lett., 3, 2779–2784.
183 Tang, J. and Marcus, R.A. (2005) Mecha-

nisms of fluorescence blinking in semi-
conductor nanocrystal quantum dots. J.

Chem. Phys., 123(5), 054704.
184 Agmon, N. and Rabinovich, S. (1992)

Diffusive dynamics on potential-energy
surfaces – nonequilibrium co binding
to heme-proteins. J. Chem. Phys., 97(10),
7270–7286.

185 Zondervan, R., Kulzer, F., Orlinskii, S.B.,
and Orrit, M. (2003) Photoblinking of
rhodamine 6G in poly(vinyl alcohol):
Radical dark state formed through the
triplet. J. Phys. Chem. A, 107(35), 6770–
6776.

186 Shimizu, K.T., Neuhauser, R.G.,
Leatherdale, C.A., Empedocles, S.A.,
Woo, W.K., and Bawendi, M.G. (2001)
Blinking statistics in single semiconduc-
tor nanocrystal quantum dots. Phys. Rev.

B, 63(20), 205316.
187 Schlegel, G., Bohnenberger, J., Potapo-

va, I., and Mews, A. (2002) Fluorescence
decay time of single semiconductor
nanocrystals. Phys. Rev. Lett., 88(13),
137401.

188 Wang, J., Chen, J., and Hochstrass-
er, R.M. (2006) Local structure of �-
hairpin isotopomers by FTIR, 2D IR,
and ab initio theory. J. Phys. Chem. B,
110(14), 7545–7555.

189 Novoderezhkin, V., Palacios M.A., van
Amerongen, H., and van Grondelle, R.
(2005) Exciton dynamics in the LHCII
complex of higher plants: Modelling
based on the 2.72 Å crystal structure. J.

Phys. Chem. B, 109, 10493–10504.
190 Morse, P.M. and Feshbash, H. (1953)

Methods of Theoretical Physics, McGraw-
Hill, New York.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by South C

hina N
orm

al U
niversity, W

iley O
nline L

ibrary on [14/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



�

� Leonas Valkunas, Darius Abramavicius, and Tomás Mancal: Molecular Excitation Dynamics and Relaxation —
2013/6/3 — page 447 — le-tex

�

�

�

�

�

�

447

Index

A
absorption coefficient, 286
action functional, 8, 228
adiabatic approximation, 102
Anderson localization, 130
antisymmetric wavefunction, 177

B
Bloch theorem, 77, 119
Bloch wavefunction, 77
Boltzmann statistics, 170
Born approximation, 247
Born rule, 55, 149
Born–Oppenheimer approximation, 102
Bose–Einstein statistics, 93, 179
boson, 177
bra vector, 56
Brownian motion, 27

C
Caldeira–Leggett model, 190
canonical equations, 10
canonically conjugated momentum, 10
Chapman–Kolmogorov equation, 33
charge-transfer exciton, 121
classical harmonic oscillator, 11
closed system, 162
coherences, 63
coherent states, 98
conditional probability, 30
continuity equation, 15
correspondence principle, 52
Coulomb gauge, 14

D
damped mode, 206
Davydov ansatz, 127
Davydov splitting, 109, 118
Davydov subbands, 117

de Broglie wavelength, 52
decoherence, 139, 144
density matrix, 61
density matrix tomography, 371
density of modes, 19
density operator, 62
dephasing, 300
detailed balance condition, 35
dipole–dipole interaction, 107
disorder, 305
displaced oscillator, 203
displacement operator, 99, 360
displacement vector, 25
doorway-window representation, 352
double excited state, 112
double quantum coherence, 326
double sided Feynman diagrams, 322

E
effective mass, 81
Einstein coefficient, 90
electromagnetic field modes, 94
energy gap operator, 297
energy relaxation, 295
entanglement, 136
entropy, 163
Euclidean action, 231
excitation self-trapping, 126
excited state absorption, 291, 352
excited state emission, 291, 352
excitons, 107, 116
expectation value, 55

F
Fermi golden rule, 88–90
Fermi–Dirac statistics, 93, 181
fermion, 177
Feynman–Vernon functional, 234
filter, 150
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fluctuation–dissipation theorem, 193, 196
fluorescence blinking, 404
fluorescence excitation spectrum, 312
fluorescence intermittency, 404
fluorescence line narrowing, 309
Fokker–Planck equation, 39
four wave mixing, 288
Franck–Condon energy, 106
Franck–Condon factor, 360
Franck–Condon transition, 203
Frenkel exciton, 112

G
gauge function, 14
gauge invariance, 14
generalized coordinates, 8
generalized master equation, 247
Green’s function, 66
ground state bleach, 291, 352

H
Hamilton equations, 10
Hamilton principle, 8
Hamiltonian density, 18
harmonic oscillator, 11, 41
heat, 163
Heaviside step function, 285
Heisenberg representation, 59
Heisenberg uncertainty principle, 52
Heitler–London approximation, 108, 112
Helmholtz theorem, 15
heterodyne detection, 293
hierarchical equations of motion, 244, 263
highest occupied molecular orbital, 122
high-temperature limit, 175
Hilbert space, 53
homogeneous broadening, 305
Huang–Rhys factor, 203, 362

I
independent events, 30
induced absorption, 291, 352
induced polarization, 282
influence functional, 232
inhomogeneous broadening, 305
interaction representation, 60
irreversible process, 163
isolated system, 162

J
J aggregates, 115

K
ket vector, 56

kinetic energy, 8
Kolmogorov axioms, 29

L
Lagrange equation, 9
Lagrangian, 8, 227
Lagrangian density, 17
Lambert–Beers law, 286
Langevin equation, 47
lifetime induced dephasing, 301
Lindblad equation, 260
line shape function, 298
linear susceptibility, 285
Liouville equation, 40
Liouville space, 66
Liouville space pathways, 319
Liouville superoperator, 210
Liouville theorem, 169
Liouvillian, 210
local oscillator, 293
lowest unoccupied molecular orbital, 122
low-temperature limit, 184

M
Markov process, 32
master equation, 35
Maxwell–Liouville equations, 279
microcanonical ensemble, 167
minimal coupling Hamiltonian, 23
mixed states, 64
mixing angle, 111
modes of electromagnetic fields, 18
modified Redfield theory, 256
molecular exciton, 101

N
Nakajima–Zwanzig identity, 215
nonadiabaticity operator, 103
nonlocality, 136
nonphotochemical quenching, 405
nonrephasing pathway, 326

O
open system, 162
overdamped mode, 206, 207

P
p A Hamiltonian, 23
partially deterministic process, 44
partition function, 170
path integral, 227
Pauli commutation relations, 114
Pauli exclusion principle, 93, 177
permanent, 177
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phase space, 6, 172
photon echo effect, 338
photon echo peakshift, 342
physical delta function, 327
Poisson brackets, 41, 168
potential energy, 8
preferred states, 145
probability, 29
probability amplitude, 55
probability space, 28
probability theory, 27
pump probe experiment, 291
pure dephasing, 295

Q
quantum entropy, 168
quantum harmonic oscillator, 67, 174, 183,

196
quantum Langevin equation, 195

R
Raman scattering, 222
random process, 31
random variables, 31
Rashba effect, 130
Redfield equation, 250
reorganization energy, 106, 206
rephasing pathway, 326
resonance interaction, 109
response function, 282
rotating-wave approximation, 198, 251, 323

S
scalar potential, 14
Schrödinger representation, 57
secular approximation, 250
secular Redfield equation, 252
single-exciton state, 113
Slater determinant, 177
spectral density, 185, 194
spectral diffusion, 404

spontaneous emission, 90
state vector, 53
stationary Schrödinger equation, 54
statistical mixture, 64
stimulated emission, 291, 352
stochastic Liouville equation, 244
stochastic Schrödinger equation, 239, 240
stochasticity, 27
Stokes shift, 122
superoperator, 66
superselection, 145
supramolecule, 23
system state, 162
system–bath coupling, 190

T
theorem of large numbers, 29
thermal contact, 162
thermal equilibrium, 162
tight-binding approach, 122
time-ordered exponential, 58, 143
total density matrix, 295
transition probability, 31
Trapped exciton, 130
two dimensional pump probe, 347
two-photon absorption, 222

U
undamped mode, 206

V
vacuum fluctuations, 183
vector potential, 14

W
waiting time distribution, 45
Wannier–Mott excitons, 119, 121
Wiener–Khinchin theorem, 187

Z
zero phonon line, 311
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